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PHAN MG PAU

Trong luin vin nay ching t6i s dung phuong phdp phin ti hitu han dé gidi bai
to4n elliptic phi tuyé&n hai chiéu :

0 du 0 ou
— —M1(X9 Y9_(Xa Y)j B _M2(X9 Y’a_y(x’ Y)]

(0.1) o0x ox oy
+glxyuxy)sinu(x,y)=Glx,y) , (xy)eQ,
lién két véi diéu kién bién hdn hop

0.2) u(x,p(x))=0 , 0<x<1,
ou ou

(0.3) MI(X, Y, —jvl + Mz[x, y, —jvz =H(x,y) , (x, y) el,
ox oy

v6i Q:{(x,y)eIR2 |O<x<1,0<y<(p(x)},

T, ={xy)elR> , 0<x<l , y=o(),
I'=Q\Iy,
¢ e C[0.1] .

trong d6 v = (v1, v2) 12 phdp vectd don vi trén I'; huéng ra ngoai ddi v6i mién Q. M, M,
g, G, H 1a cdc ham sd cho tru6c théa man mot s§ diéu kién s& chi ra sau. Him ¢ xdc
dinh trén Q thda diéu kién :

04) oliéentuctrén[0,1]va Cl—tirng khictrén (0,1), 0 (x)>0 Vxe(0,1).

Trudng hgp mot chiéu v6i Q= (0, 1), bai todn tuong tw(0.1) — (0.3) da dugc khédo
sdt bdi Tucsnak [6], va N.T. Long, T.V. Ling [5].

Trong [6], Tucsnak da xét bai todn:
- diM(u'(x))+ (=r+(y, —v,F(x)-G'(1))sinu(x)=0 , 0<x<I,
X
0.5) u(0)=0,
Mlu' (1)+y,G(1)sinu(1)=0.

Bai todn (0.5) m6 ta sy udn clia mot thanh dan hoi phi tuyén c6 khdi lugng riéng
Yo dugc nhing trong mdt chat 16ng c6 khdi lugng riéng vy, trong d6 A > 0 12 hiing so,
F(x) va G(x) 1a cdc ham sd cho trude c6 mdt ¥ nghia cd hoc ndo dé, u la géc giita ti€p
tuy€n cdia thanh & trang thai bi udn tai di€m c6 hoanh do cong x va truc thing ding.

Trong [5], cdc tiac gia da xét bai todn:
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— %M(X’u'(x)) + g(x,u(x))sin u(x) =0 , O<x«<l,

0.6) u(0)=0,
M(1,u'(1))+ bsinu(l)=0.

D¢ gidi bai todn (0.6), cic tic gid trong [5] si dung phudng phap phin t hitu han
cap 1, mot chiéu.

Bai todn (0.1)-(0.3) ma chiing
toi khdo sit § didy la truGng hgp hai
chiéu véi mién Q cé bién 6Q gdm ba
canh thing OA, AB, OC va mot phin C
bién cong I’ = BC , trong dé O (0,0),
A(1,0), B(1,0(1)), C(0,¢(0)) (xem hinh
veE). Q

Vi viy d€ st dung phuong
phdp phin t& hitu han véi cic da thitc ! >
x4p xi cap 1 can xap xi bién cong Iy O A
thanh bién c6 “hinh rdng cuva” (dudng
gap khiic).

Ngoai phan mé dau, két luan, tai liéu tham kh3o, luin vin dugc chia thanh 5
chuong.

Chuong 1 gidi thiéu mot s& ky hiéu va cdc két qua chung chuin bi d€ khio sit
trong cdc chuong sau.

Trong chudng 2 chiing t6i chifng minh sy ton tai duy nhat 15i gidi clia bai todn
(0.1)-(0.3). K&t qua thu dugc & chuong nay di tdng quét héa tuong ddi cdc két qua trong
[51.[6].

Trong chuong 3 chiing tdi sit dung phuong phap phan ti hitu han tam gidc dé x4p
xi 131 gidi chinh xdc bai todn (0.1)-(0.3) trong trudng hgp Q xac dinh bdi ham ¢ lién tuc
va bic nhat tirng khic trén [0, 1], tifc 12 bién 6Q 13 da gidc. K&t qua thu dudc trong phin
nay la ddnh gid sai s6 gifta 15i gidi xap xi va 151 gidi chinh xdc theo mot cAp dd phu
thudc vao tinh “tron” cla 13i gidi chinh x4c. Ciing trong phin nay chiing tdi cho két qua
cu thé tng véi trudng hdp rieng M (X,y,z) = Ma(X,y,z) = z. K&t qua trong phan nay tong
quat héa cac k€t qua trong [5].

Chuong 4 4p dung k&t qua clia chuong 3 cho mién Q,, trong d6 Q, < Q va bién
0Q, dinh bdi ba canh thing OA, AB, OC va dudng gap khiic xdc dinh bdi ham @, lién tuc
va bac nhat tirng khic trén [0, 1], ¢, “xa4p xi” ¢ trén [0, 1]. K&t qud cla chuong nay la
cdc danh gid sai so giita 15i gidi phan t& hitu han va 15i gidi chinh x4c trong trudng hop
Q.. Ngoai ra chiing tdi ciing ddnh gid dudc sai so giita 15i gidi x4p xi biing phin t hitu
han trén Q, va 16i gidi chinh xdc trén Q.
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Chuong 5 cho mdt vi du v6i My, My, G, H, g, ¢ cu thé. Trong chuong nay chiing
tdi da tinh todn cu thé cho ra cic k&t qua s6.
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CHUONC 1:
KY HIEU VA PINH NGHIA

1. CACKY HIEU VA PINH NGHIA
Cho ¢:[0,]] > IR"
Qz{(x,y)eIR2 : 0<y<o(x) O<x<1}

59) : bién Q
I, :{(X,y)eIR2 :y:(p(x),OSXSI}
Il =0Q\T,

Ching ta bd qua cdc dinh nghia clia cdc khong gian ham théng dung C" (Q ), LP (Q),
H™(Q), W'P(Q). Cin thiét ta ¢6 thé tham khio trong [11, [2], [4]...

Ta ky hi€u

p : s6 thuc , p> 1
, . , o1 1
p : lién hdp cla p, nghiala —+ —= 1
p bp
|| . ||X : chudn trén khong gian dinh chudn X
|| : || : chuén trén L*(Q)
| |m 0.0 ntta chuin trén W™P(Q)
< .y >X : tich vo hudng trén khong gian Hilbert X
< . > : tich vo hudng trén L*(Q) hoic cip tich d6i ngiu ctia mot phi€m
ham tuyén tinh lién tuc v6i mdt phan ti ctia mot khong gian ham
VcLY(Q)
mes(Q) : d6 do Lebesgues cua tip Q
mes(I") : d6 do Lebesgues cua tip I’

V:{VGWI"’(Q):V|FO :O}

2. MOT SO CAC BO P QUAN TRONG

Trén V ta dinh nghia nira chuin
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B6 d@é 1.1: (Xem [1], [3], [4])

(i) V la khéng gian Banach phdn xa, khd ly (véi chudn H . “Wl,p(g)).

(ii) Nita chudn trén V (nhu dinh nghia trong (1.3)) la mét chudn trén V va tuo ng
dvong véi chudn H . HWl,p(Q).

Bé dé 1.2: (Pinh Iy vét) (Xem [1], [4])
Cho Q la tdp mé bi chén trong IR, c6 bien T = 6Q “dii tron”. Khi dé tn tai :
. 1
Yo @ WP(Q)-L(),
Yo tuyén tinh lién tuc sao cho
YoV=V, VVECl(ﬁ) :
Yo ditgc goi la dnh xa vét.

(P6i khi ngudi ta vin viét v | thay cho yo v mic dit v e W'P(QQ)).

B§ dé 1.3: (B4 dé Brouwer) (Xem [4])
Cho V., la khéng gian hitu han chiéu véi chudn H . Hv tuwong ung vdi tich vo huong

<"'>v va cho

P, : V,—> V,liéntuc, thoa :

Tontai p >0 sao cho

YueV

m ?

uHVm =p = <Pm(u),u>V >0.

m

Khidoé coup eV,

u, H <P théa phuong trinh

Vm

Pm(u0)20~

B& dé 1.4: (Xem [4])
Cho Q la tdp ma bi chdn trong IR"va G,,, G e L! (0), 1 < g < o sao cho

H G, HLq(Q) <C , C la hdng s6 khong phu thuéc m va G,,—> G hdu hét x € Q.

Khi dé G,,—> G yéu trong LY(Q).
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CHUGNG 2 - R
SU TON TAI VA DUY NHAT LOI GIAI

1. CAC GIA THIET
Véip> 1 dat p'=ﬁ
H1) 9eC([0,1]),0(x)>0,  vxe[o,],

¢ la C' titng khiic trén [0,1].
(H2) G e V".
(H3) H e L ().
(H4) M,,M, :QxIR IR,

g :QxIR - IR
la cdc ham théa diéu kién Caratheodory, nghia la:

Vz € IR, cdc ham M; (., . ,z), g(., ., z) do dugc trén £ va véi hdu hét (x, y) € Q2
cac ham M; (x, y, .) va g (x, y, .) lién tuc theo z, i=1,2.

(HS5) M, M; don diéu ting theo bién thit 3, titc la:
(Mi(x, y, z) - M, (X, y,E))(z - i) >0 , Vz,Ze€lR,z#7Z, ae (x, y)e Q
1i=1,2

(H6) Tén tai ba hiing s& diwong C,,C,,C,va ham h € L?'(Q) sao cho
(i) zM,(x,y,z)>C|z["-C, , VzelR,
ae(x,y)eQ ,i=12;
(ii) |Mi(x,y,z)1SC2(|h(x,y)|+‘z \‘”), vzelR,
ae(x,y)eQ, i=12.

(H7) Tén tai hiing s6 duong C, < %p théa:
0
|g(x, y,z)‘ <C, (1 + |Z|p_1) , VzelR, a.e (X, y)e Q.

trong do C, = Sup{”V”—WW,V eV, v# 0}.

M

(HS8) p > 2 théa:
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' 1, ~ r
ooy 2] SCl ol el || aciol (Shee.)
P7AD C,-C,CP Cc,-C,C? /CC

1
trong dé ‘Q‘ =mes Q= j(p(x)dx ,
0

C=sup{V = veW™ (@) . vy =1),

( C tén tai do phép nhing W' (Q)C% C(ﬁ) la compact)

C la héing s6 trong dinh Iy vét chuong I,

Ezsup{ v VECI( ), HVHWlp )—1}.

(H9) Véi mbi o € (0, 7/3) c6 hai hing s6 duong g, va kg sao cho:

r

(i) ko <ggcotg a;
(ii)  g(xy,2) 28a , Vzel-a al, ae (xy) € 2;

Gi)  |g(xyz)—gxyz2)| <kalzi—22|, V2, 22 €l-a al, ace. (xy) € Q.

Bai todn (0.1)-(0.3) dugc dua vé bai todn bién phan nhu sau:
Bai toan (P):

Timu €V sao cho

(2.1) <M (X y’ZuJ 68\:>+<M2(X’ y’%}’%>+<g(xa y,u)Sinu,w>+

= <G, w> + Ides , Vw e V.

I

2. PINH LY TON TAI VA DUY NHAT LOT GIAI

Pinh Iy 2.1:

Gid s M;, M>, g, G, H théa (H1)-(H7). Khi dé bai todn (P) cé loi gidi . Hon nita, néu
thém vao cdc gid thiét (H8) va (H9) thi loi gidi ciia (P) la duy nhdt .

Chitng minh:



Phutong phdp phan tit hitu han cho bai todn elliptic phi tuyén bién cong 8

Pinh 1y dudc chitng minh qua nhiéu buéc:
BuGc 1: Xdap xi Galerkin

ViV tich dugc nén ton tai mot “cd sé” d€m dugc {Wj }j_l 5 theo nghia:

e w; eV,

e Vm, W, ...,W, | doclap tuyén tinh,

e Tap céc td hgp tuyén tinh hitu han cdc w; trd mat trong V .

Ta tim 131 gidi x4p xi dudi dang:
22 u,(xy)=Ye, w(xy).
j=1
trong do6 cédc Cn, thda hé phuong trinh phi tuyén sau

ow . ow .
<M1(X,y,%j, ’>+<Mzix,y,%], ’>
23 ox ) ox oy )’ oy

+<g(x,y,um)sinum ,wj>:<G,wj>+ IHWde j=1,..,m.
0

Trudc hét ta chitng minh hé (2.3) c6 15i gidi.
Dit V,, 1a khong gian hitu han chi€u sinh b&i w;, j = 1..m.

Coi P, : Vi, —> V., xdc dinh bdi

2.4 Pm(um):Zij (um)wj >
=1

ow ow
Pm-(um): Ml(x,y,%J’ WJ + M2 Xay:% ) WJ
25 ox ) 0Ox dy ) oy

+<g(x,y,um)sinum ,wj>—<G,wj>— Iijds , j=1,..,m,

I

u, =20mjwj .

—_

—

Khi d6 (2.3) tuong duong véi:

26) P (u )=0.

Ta c6 thé nghiém lai khong khé khin ring:
2.7) P, :Vyu—— Vylién tuc.

P& 4p dung b dé Brouwer (b3 dé 1.3, chuong 1) ta chi cAn chiing minh tdn tai p.,. >0

sao cho
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28 |u,|, =P = (P.(u,)u,), 20.

Chi ¥ ring trén V,, ta 13y tich vd huéng sau

29 {(u,,v.), =icmjdmj
&

m m
véi  u, =Y c. W, , v,o=>.d w..

Chudn trén Vy, sinh bdi tich vo hudng < . , . >vm duge ky hiéu | .| .

Ta co
<Pm(um)’um>vm :lemj (um)cmj
j=
ou ou ou ou
2.10 =(M ,_m , m M , ,_m , m
(2.10) <1(X,y 5Xj 5X>+< 2[Xyayj 6y>
+(g(x,y,u, )sinu, ,u,)—(Gu,)- IHumds
N

Tu gid thi€t (H6)(i), ta dugc:

<M1(X,y, U ) , aum>+<M2[x,y,%J , 8um>
oX oX oy oy

(2.11) >C|lu,|, —2C, |9 .

T gid thi€t (H7) suy ra:

(212) (gl y.u, )sinu, ., ) <C,ClQ ¥, [, +C,Chlu, |0
St dung dinh 1y vét (bd dé 1.2, chuong 1) ta thu dudc:
(2.13) [Hu,ds < [H| 0 [ voun |oe)
I
< E:COHH () Hum Hv )

Tu (2.10)-(2.13) va do G € V’ suy ra:

2.14) (P, (u,)hu,), 2(C = CCh)u, [ -2CijQ)
. ‘ i
_(C3Co‘Q% +| G|, +CC0HHHLP'(F1))‘UHIHV
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(e -c.eoNfunll B uaf, -7.).

trong d6 B, >0, y; > 0 dugc xac dinh bdi

(Cc /" +]G |, +Ec,|H], )
ciy  p GG+ uL(% )

_2¢[Q
h (Cl —C3C8)'

Chi y ring st dung bat ding thitc Holder ta c6:

1 1(B,
10 o< bl P o]

trong d6 € > 0 dudc chon sao cho
e’ 1 p /b
(2.17) —=— hay ¢&=|— .

Khi dé tu (2.14), (2.16), (2.17) suy ra:

1 1028\

p

1 28, )
SR I R

Chd y ring moi chuén trén V,, déu tuong duong, do dé tdn tai hai hiing s6 duong C;p, va
Cym sao cho:

(2.19) ClmH VHVm SHV HV SCZmHV va , VveV,_.

Chon p,_ >0 thda p_ =

p véi

Im

p' %
(2.20) p z[(p — 1)(2—[31J + 2le .
p

Khi d6 néu | u,, |, =P, thitr(2.18)-(2.20) ta suy ra

<Pm(um),um>vm >0.

Vay (2.8) thda, do d6 4p dung bS dé Brouwer suy ra (2.6) c6 18i gidi uy, thda
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(2.21) |ua], <P.-

m

Bu6c 2: Ddnh gid tién nghiém
Tl Py, (um) =0 , v6i tinh todn tuong ty dAn dén (2.18), ta suy ra:

28, )
‘;—(p—l)(%J —2y, [<0.

(2.22) |u,

Do d6

2B p' %
(2.23) [u,], <p= (p—l)(?lj +2y, |

Tu gid thi€t (H6)(ii) va (2.23) suy ra:

p-1
m

[5).4

<C,||h

L (@)

) T

(2.24) HM1 (x, y, up, j
OX

Do (2.23) va (2.24) ta dugc

ou
Ml(x,y, Emj

C 1a hiing s& ddc 1ap v6i m.

(2.25) <C,

(@)

Tuong ty v6i M, ta cling c6:

<C.

()

(2.26) HM ) (X, Y, %j
1),

Dénh gid tuwong tu, tr gid thi€t (H7) va (2.23) ta suy ra
(2.27) Hg(x, y,u, )sinu, HLP,(Q) <C,
C 1a hiing s& ddc 1ap v6i m.

Chi y ring phép nhiing V —_, L? (Q) 1a compact, khi dé tir (2.23), (2.25), (2.26) suy ra
ton tai mot ddy con clia {uy } van ky hiéu 1a {uy, } sao cho

(2.28) Un — u trong WP (Q) y&u,
(2.29) Un —_— u trong L” (Q) manh,
(2.30) Um _— u a.e (x,y) € Q,

(2.31) M (X,y,0Um/ OX) ——> i trong LP (Q) y&u,
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(2.32) My(x,y,0uy/ Oy) ——> %2 trong L? (Q) yéu.
Mit khéc tir gid thi€t (H4) suy ra:
(2.33) 2(X,y,Upy) sin Uy ——> g(x,y,u) sinu a.e (x,y) € Q.
Ap dung bd dé 1.4, chuong 1 v6i

N=2, q=p, Q=Q,

G = g(X,y,up) sin up va G = g(x,y,u) sin u,
tur (2.27) va (2.33) suy ra

(2.34) 2(X,y,Upy) sin Uy, ——> g(x,y,u) sinu trong L? (Q) yéu .

Bué6c 3: Qua gidi han

Qua gidi han trong phuong trinh (2.3), st dung (2.31), (2.32) va (2.34) ta suy ra u thda
phuong trinh:

oW oW i
DT P ——
(2.35) X oy

=<G,w>+ ijds , VweV.

I

Nhu vay d€ chitng minh u 12 15i gidi bai toan (P) ta chi cAn chitng minh

ou ou
X :Ml(xz}G&] va X2 :M2£X7YagJ-

Tu (2.3) ta cé

o
(2.36) ox

= —(g(x,y,u, )sinu, ,u,)+(Gu, )+ fHu ds

St dung (2.28), (2.29), (2.34), (2.35) va qua gidi han trong (2.36) ta c6

el ) 3]
_ < @> oy ou
=\ X ox X2> By .

Tu (2.28), (2.31)-(2.33) va (2.37) suy ra

(2.37)
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: %_
LIE.} X, Y, Xya 9 Ox 1
ou
(2.38) , 0,), ——0,
+< [Xy J (:4.) "oy d)ﬂ

ou
= M1 > D1 1 Mz 2 Yo W) T 702 /s
<x (XY¢) <I>> < (x,,4,) oy ¢>

Vo,,9, e L’ (Q) '

%\8)

%\?

Do gid thi€t (H5) ta suy ra:

(2.39) <x1 —MI(X,y,¢1),%—¢1>+<x2 _Mz(X=y9¢2)s%_¢2>20 :

V.9, € L°(Q).
Trong (2.39) chon
ou

o, =——Aw, , w, e’ (Q), A>0,
5X
b, :5
Ta co
(2.40) <X1 X y,——kwl),wl>20

Cho L, —— 0, , st dung gid thi€t (H6)(ii) va do dinh ly hoi tu bi chiin Lebesgue ta suy
ra

(2.41) <X1 —M{x,y,%),wl>20 , Vw, el (Q).
Do d6

ou
(2.42) % :Ml(x,y,&j.

Ly ludn tuong ty, tur (2.39) ta cling c6
ou

(2.43) X, =M, (X, Y, —J .
oy

VAay su ton tai 15i gidi u clia bai todn (P) dudc chirng minh.
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BuGc 4 : Sy duy nhdt loi gidi
Trudc hét ta chi ¥ ring 15i gidi clia bai todn (P) ton tai va bi chin trong V
(2.44) |ul, <p.
trong d6 p dugc xdc dinh tir (2.23). Tir gid thi€t (H8) va (2.15) ta c6:
(2.45) | uo@ <CCop< E
Goi uy, uy 1a hai nghiém cida (P) thda
T )
(2.46) [ u; o) <CCop < 3 i=1.2.
Khi d6 u; — u; thda
ou ou oA
M1 XsYa_l _Ml X, Y, 2 s
ox ox ) 0Ox
ou ou, | ow
(2.47) +(M,| X, y,— |- M, X, y,—= |, —
oy ox ) Oy
+ <g(x, y,ul)sin u, — g(x, y,uz)sin u,, W> =0 ,VweV.
Chonw=u;-u; trong (2.46) ta c6
ou, 0
X Y7 M Xy, —— _( - u2 )
ox ) ox
ou 0
(2.48) x y, -M, | x,y,—= | —(u, —u,)
ox ) oy
< X,y,U )(smu —sinu, ), u, ~u,)
<( (X y.u ) g(X y,u ))Sinuza u, _u2> =0
Chd y ring tir cdc gid thi€t (H9) va tir (2.46) ta c6
<g(x, y,u, )(sin u, —sin uz), u, — u2>
(2.49) +<(g(x,y,u1)—g(x,y,uz))sinuz,ul _u2>
> (g, cosa—k, sina)ju, —u,| >0,
trong d6 a = CCy p.
Twr (2.48) va (2.49), do tinh don diéu ting ngdt cia M; va M ta suy rau; — u; = 0. Viy

U; = Uy,

Pinh ly dugc ching minh. M
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3. TRUONG HQP RIENG

Trong trudng hgp riéng véi

(2.50) M, (x,y,z) =M, (x,y,2) =z,
bai todn (0.1)-(0.3) trd thanh
(2.51) —Au + g(x, Y, u)sin u=G , (X, y) eQ,
(2.52) ul_ =0, CLIg
0 ov|r,

Bai todn bi€n phan tuong tng véi (2.50)-(2.51) 1a:
Bai toan (P’):

Tim u 6“7/'2{ VEHI(Q): V|F0 20} sao cho

(2.53) a(u,w)+<g(x, y,u)sinu,w>=<G,w>+ j-des , Vwe 7,

N

trongdé a(.,.) la dang song tuyén tinh xdc dinh béi

Oou Ow Ou Ow
2.54 R = ——+—— |dxdy .
( ) a(u W) g( j X

Ta ciing chii ¥ ring 714 khong gian Hilbert d6i véi tich vo huéng a ( ., . ) va chudn sinh
bdi tich vé huéng la

(2.55) | v =+alv,v
Mit khac, trong 7 hai chuin | . |1 va || . ||H1(Q) l1a tuong tuong do do
(2.56) 3Co>0 (V] < V] Gl V] vver:

Ta thanh 14p cdc gia thiét sau:

(H1) o¢e C([O,l]), o(x)>0 , Vxe [O,l] ,
¢ C° ting khiic trén [0,1].

H2) G 7" /7" la ddi ngdu ciia 7,

(H3') HelL* (7).

(H4") g QxR - IR

la ham théa diéu kién Caratheodory.
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(H5') Tén tai hing s6 duong C, < %:2 théa:
0

|g(x,y,z)|SC3(1+|z|) , VzelR , ae (x,y)eQ,

trong dé C, =sup ve 7, v#0 }

(H6") Véimdbi a € (0, 7/3) c6 hai hiing sé duong g, va kg sao cho:
(iv) ko <gqcotg a,

(v) g(xy,2) >8a , Vzel-a, al,ae. (xy) € 0,

i) lgyz) —ganz)| sk z-2 |, Va2 el-a al ae (vy) € Q.
Pinh Iy 2.2:
Gid sit cdc gid thiét (H1’)-(H5’) la diing. Khi dé bai todn (P’) c¢é loi gidi . Hon nita, néu
thay thé gid thiét (H2’) bdi gid thiét
(H2”) G e L* (D)
thi bai todn (P’) co loi gidi u e H(Q) NV
Hon nita, néu bé sung thém gid thié¢t (H6’) va thay gid thiét (H2’) bdi gid thiét (H2’’) sao
cho

P

1
@) ( j (p(x)dxj G+ ., i o
0

thi bai todn (P’) c6é duy nhdt mét 10i gidi trong H(Q) N7:

Chitng minh:
Tuong ty dinh 1y 2.1, dinh ly 2.2 dugc chitng minh qua nhiéu budc.

BuGc 1: Xdp xi Galerkin

Gid st {w |

i “cd s8” d€m dugc clia 777 Ta tim 15i gidi xap xi dudi dang:

Cm-wj(x7 y)’

J

(2.57) u, (x, y) =

i hgE

trong d6 cdc ¢ thdéa hé phuong trinh phi tuy€n sau
J
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a(um,wj)+ <g(x,y,um)sinum ,wj> = <G,wj> + ijjds
(2.58) 0
j=1,..,m.
Trudc hét ta chitng minh hé (2.58) c6 15i gidi bi chin.
Pit 71, 1a khong gian hitu han chi€u sinh b&i w; , j = 1..m.

(2.59) P (u, )= iPmi (u, )w,
j=1
P, (u,)= a(um,wj)+ <g(x,y,um)sinum , wj> - <G,wj> - IHWjds
(2.60) ¥
j=1,..,m,

u,(xy)=dc, wlxy).

j=1
Khi d6 (2.58) tuong duong véi:
(2.61) P (u )=0.
Ta c6 thé nghiém lai khong khé khin ring:
(2.62) Pun : Zm—— 7 lién tuc.

P& 4p dung b dé Brouwer (b3 dé 1.3, chuong 1) ta chi cAn chitng minh tdn tai p. >0

sao cho

(2.63) v, |, =Pn = (Pu(uy)u,), =0,
trong dé || . ||v 12 chuén sinh béi tich vd huéng sau:

(2.64) (Ups Vi), =200 d,

j=1
m m

véiu, =3, wi, v, =>d, w;.
&, -

—

Ta co

:a(um,um)+<g x,y,um)sinum ,um>—<G,um> = jHulnds .

N

Tu gid thi€t (H5’) suy ra:
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2.66) [(g(x,y,u,, )sinu,u, )< C3CO‘Q‘%‘ u, | +CColu, ‘?

St dung dinh 1y vé&t (bd dé 1.2, chuong 1) ta thu dudgc:

(2.67) [Hu,ds

N

< |H

L2<r1>HV0“m 2(r)

< H H HLZ(FI)H YoUm HLZ(F)

< (|H

L2(F1)H U HHI(Q)
< ECOHHHLZ(FI) u,, ‘1
Tu (2.66)-(2.67) va do G € 7” suy ra:
<Pm(um)’um>v 2 (1_C3C§) Un ‘12

(2.68)
“lese, o +| G

L+l )

um 1

= (1_C3C3)‘ um‘

1

“lese, 2 +| G

L+CC,|H

Lz(l"l)) :|‘ Un ‘1'

Do moi chuin trén 7;, déu tuong dudng, suy ra c¢é hai hing s6 duong Ci, va Copn 520

cho:

(2.69) ClmHVH%‘mg ‘ A% ‘1 SszHVHa;/-m , VveZ,.

Chon P, >0 thda p_ = p v6i

Im
C.Col > +[ G, +CC,|Hs,,
(1 - C3C(2))

(2.70) p=

Khi d6 néu |u,,| =P, thitir(2.68) tasuyra

<Pm(um),um> 7m=0.
Viy (2.63) thda, do d6 4p dung bd dé Brouwer suy ra (2.58) c6 15i gidi u, thda
(2.71) |u.], <P, .

u

m

BuGc 2: Ddnh gid tién nghiém va qua gidi han
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Tu (2.61) va (2.68) ta suy ra:

(2.72) lu, |, <p.

véi p > 0 cho bdi (2.70).

Tir (2.72) va gia thi€t (H5’) ta suy ra

(2.73) ”g(x, y,u, )sinu, ” <C,
C 1a hiing s6 doc 1ap véi m..

Chi y ring phép nhing 7', L?(Q) 1a compact, khi d6 tir (2.72) va (2.73) suy ra ton tai
mot diy con cda {uy } vin ky hiéu 12 {u, } sao cho:

(2.74) Un — u trong H' (Q) y&u,
(2.75) U —_ u trong L’ (©2) manh,
(2.76) U e u a.e (x,y) € Q.

Tur gid thi€t (H4) suy ra:
2.77) 2(X,y,Upy) sin Uy ——> g(x,y,u) sinu a.e (x,y) € Q.
Ap dung bd dé 1.4, chuong 1 v6i
N=2, q=2, Q=Q,
G = g(X,y,uy) sin up va G = g(x,y,u) sin u,
tur (2.73) va (2.77) suy ra
(2.78) 2(X,y,Upy) sin Uy ——> g(x,y,u) sinu trong L? (Q) yéu .

Do (2.74) va (2.78), qua gi6i han trong (2.58) ta suy ra ring u 1a 15i gidi cla bai todn
(P?).
Sy tdn tai 15i gidi dugc chitng minh.

Bay gid ta thay gia thi&t (H2’) bdi gia thist (H2”).

Chi ¥ ring 13i gidiu € 7 clia (P’) thda min phuong trinh sau day:

(2.79) Au = g(x, Y, u)sin u—G trong D'(Q).
Tu cdc gid thi€t (H2"’) ,(H5”) va (2.79) ta suy ra

(2.80) Au e L (Q).

Do d6

(2.81) u e H( Q)"

Gia st (H2”’) thda ding thay cho (H2’) va thém vao cdc gia thi€t (H6’) va (H7’). Khi
do, cliing tr (H2”) (HS) va (2.79) ta suy ra
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esn [au]<cfo) + )+l

Ta chd y ring:

(2.83) Trong HZ(Q) hai chuin 2(Q)VEI \/‘ A% ‘12 + H Av H2 la tuong duong.

(2.84) Phép nhiing HX(Q) =, C(Q) lién tuc (n = 2).
Do d6 tur (2.83) va (2.84) ta suy ra:
(2.85) 3G, >0 ¢ V] <Gl v] +av]) . wer(Q).

Mit khéc, vdi gid thi€t (H2”) thay cho (H2’) ta c6 thé danh gid 15i gidi u trong 7 tuong
ty nhu trong (2.72) nhu sau:

(2.86) lu, |, <P,
véi

C,
1-C,C;

~

(2.87) b=

(e +|a]+ el )

Tu (2.82), (2.85)-(2.87) ta suy ra

P N
C, A
(2.89) oo (1+CC[Q 2 +[ G+ €, Cl+C.C N H sy

() dt nhd sao cho
1

Chi ¥ ring véi gia thi€t (H7’) ta c6 ‘Q‘ j(p dX H G H H H H

(2.90) a<m3.
Ta sé& chiing minh riing bai todn (P’) c6 15i gidi duy nhit trong H*(Q)N7"

That vay, gid st u, v e H(Q)N7 1 hai 13i gidi cda (P’) thda

(2.91) [u HC(Q) Sagg
[ =<

Khi d6 u— v thda
2.92) a(u-v,u—v)+(g(x,y,u)sinu—g(x,y,v)sinv,u-v)=0

hay
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lu-v |12 + <(g(x, y,u)-g(x,y,v))sinu,u— V)

(2.93)
+{g(x,y,v)sinu—sinv)u-v) =0

St dung gid thi€t (H6) ta danh gid hai s6 hang th@ hai va thd ba cta v€ trdi (2.93) nhu
sau:

294 ((g(x,y,u)-g(x,y,v))sinu,u—v)+{g(x,y,v)sinu—sinv),u—v)
> (g, cosa—k,sina)u—v|" >0
T hop (2.93) va (2.94) ta thu duge | u—v | <0 hayu=v.

Pinh 1y dugc ching minh. W
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CHUCGNC 3
XAP Xi BANG PHUGNG PHAP PHAN TU
HUU HAN VOI Q CO BIEN PA GIAC

I.  TRUONG HOP TONG QUAT

Trong phan nay ta xét trudng hop:
(3.1) @ la ham bac nhat tirng khiic trén [ 0,1].

Choh>0, goityla tdp cdc tam gidc K € Q sao cho

32 Q= |JK,
KeT,
0 0
KlﬂKsz) ) VK., K, et,, K, #K,
diam K =hgx <h, VKer.

Goi IPy 1a tip cdc da thitc hai bi€n c6 bac < k. it
I

3.3) th{ u, €C(@): w,| =0, u,| elP, VKerh}.

Khi d6 Vy, 12 khong gian hitu han chiéu cia V, dit my, = dim Vy,, Vy, sinh bdi my ham co
sd {wi},j=1,2,..my thda

1, 1=j, .
G4 w(x,y,)=8,= 0 . 1% 1<j1<m,,

trong d6 (Xl,yl)e£ UZK \1:0 )

KeTh

r,=0,N [ U =y | (tap cdc diém niit (x, y)) trén Ty), (K, IPy, Xx) 1a phan &

KeT,
hitu han tam gidc loai k trng v6i K € 1, ( xem [2 ] P.G.Ciarlet).

Ta xdc dinh todn tf tuyén tinh r, : Vi, ——> Vi, ( phép chi€u trén V) bdi han ché ctia né
trén tap trl mat Vﬂ D(Q) ctia V nhu sau

35 (nulxy)=Yulc.y w(xy) . (xy)eQ,
j=1

ue V[ D(ﬁ)
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(xem [2] P.G.Ciarlet) .

Ap dung dinh 1y 3.1.5 trong [2] v6ip =q, Tk =Th | K » sau d6 13y tong theo K € 1, ta
dudgc:

B6 dé 3.1:

Cho m, k la s6 tw nhién théa 0 < m < k+1. 7, la ho tam gidc phdn chinh qui. Khi dé cé
hang s6 C chi phu thuéc m, p, k, 2 sao cho

3.6) |[v-r1,v| ~<Ch“'"™|v| Vve WP (Q) V.

k+L,p ?

Xét bai toan x4p xi sau day:
Bai toan (Pp) :

Tim uy, thuéc Vi, sao cho

I O e

+<g(x,y, )s1nuh,wh> <G Wh IHths , Vw, eV,

Khi d6 ta c6

Pinh ly 3.1:
Gid sit pthda (3.1) va M;, M, g, G, H thda cdc gid thiét (H2)-(H9). Khi dé
(i) Bai todn (Py) ton tai duy nhdt loi gidi uy, € V).

(i)  Loi gidi uy hoi tu déu vé 1oi gidi duy nhdt u ciia bai todn (P).

Chitng minh:
Tuong tv nhu chitng minh dinh 1y 2.1, chuong 2.

Sy ton tai 15i gidi clia uy, cla (Py) trong khong gian hitu han chiéu Vy, dude chitng minh
nhd bS @& Brouwer (b3 dé 1.2, chuong 1). Pdnh gid tién nghiém tuong ty budc 2 trong
chirng minh dinh 1y 2.1, chuong 2 ta cling c6:

38 fu,, <p

véi p 12 hiing s6 x4c dinh nhu (2.23),

aum
(3.9) M1 X, y,g
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alll'l'l

(3.10) ‘Mz(x,y,—j <C,
Ox ()

(3.11) ”g(x,y,um)sinum i SC-

trong d6 C 1 hiing s6 doc 1ap véi h.

Ta cling chd ¥ ring v6i p > 2, phép nhing Vc, C(ﬁ) compact nén cdc danh gia (3.8)-
(3.11) din dén tdn tai mot day con ciia {uy} van ky hiéu 1a {uy} sao cho

(3.12) uy — u* trong V yéu,
(3.13) uy — u* trong C(ﬁ) manh ,

(3.14) M (x,y,0un/ 0x) ——> vi*  trong LP (Q) y&u,
(3.15) Ms(x,y,0up/ oy) —> v2*  trong L? (Q) y&u,

3.16) g(x.,y,up) sinu, —> g(x,y,u*) sin u* trong L? (Q) yéu .

Dung k¥ thudt todn t& don diéu tuong tutrong chiing minh cta dinh 1y 2.1 chuong 2 ta thu
dugc:

: ou’” . ou’
3.17) 7y, =M1[x,y,8—XJ va %5 =M2[x,y,EJ .

Do d6 qua gi6i han trong (3.7) ta c¢6 thé chiing minh u* 12 15i gidi cda bai toan (P).

Mit khic do tinh duy nhA't 15i gidi cia bai todn (P) ta ¢6 u* = u, hon nita, toan bo day
{up} hoi tu v& u va thda (3.12)-(3.16) thay vi ddy con clia né.

Pinh ly dugc ching minh. W

D€ danh gi4 sai sd gifta uy va u ta cAn dit thém mot s6 gia thiét sau:

(H10) Ton tai p > 2, C4> 0 sao cho:

(Mi(x,y,z)—Mi(x,y,i))(z —2’)2 C4|z —2’|p ,Vz,Z€IR, ae (x,y)e Q,
i=1,2

(H11) VB>0,3mg>0:

|Mi(x,y,z)— Mi(x,y,i)f < mﬁ|z - §| , V2,7 € [— B,B], a.c (x,y)e Q
i=1,2

Khi do6 ta c¢6 dinh 1y

Dinh 1y 3.2:

- Gid sit othda (3.1) va M}, M, g, G, H théa cdc gid thiét (H2), (H3), (H6)-(H11).
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- Gid sit ho tam gidc phdn { 7,} la chinh qui.

Néu 10i gidi u € VAW™!? thi ta c6 danh gid sai s6-

(3.18) Ju=u,[, <C/h|["*[u]

k+1,p’

C la hang s6 chi phu thudc ¢, o, M, M, g, H, p.

Chitng minh:

bit
€h=Up—U
E,=u-ryu

(3.19) dy=up-rmu=ey+Ej
Wh = Ihu

gmax = sup g(X, y,Z)

X,y)eQ,|z|<pCC
0

T gid thi€t (H10) ta c6:

3.20)
M

\_/
Z _Z
S} TN S}
e >
» ';< »
2|2
N——
o))
|2
\/

éE"_hdl X:yaa“HI :adh
8X ox ox

OW od
9 M2 79—h9 b
< Xy (Xyay] ay>

Chd ¥ ring tir (2.1) va (3.7) hai s6 hang diu tién cla v€& phai (3.20) dugc viét lai:
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ou ou) ad
<M1(X9Yaa—xhj_Ml(XaY9a_Xja 6Xh>

321) + <M2 [x, y, %j ~M,| x,y, @] , ad—h>
oy oy ) Oy

=—(g(x,y,u, )sinu, —g(x,y,u)sinu,d,)
=—((g(x,y,u,) - g(x,y,u))sinu, ,e,)
~((glx,y,u,) - glx,y,u))sinu, L E, )
—(g(x,y,u)sinu, —sinu),e,)
—(g(x,y,u)sinu, —sinu),E,)

4
:_ZJi

i=

—_

Dénh gid J:
T diéu kién (H7)(ii) ta cé
‘Jl‘ = K(g(X, y,u, ) - g(X, Y, u))sm u,,¢ >‘

(3.22) )
]

<k, sina
trong d6 a.= C Co p
Dinh gid Js:
(3.23) J, =(g(x,y,u)sinu, —sinu)sinu, ,e,)>g, cosde, |’
Vay tir (3.22), (3.23) , k&t hop véi gid thi€t (H7)(i) ta c6:
(3.24) ~J,-J,<(k, sina—g, cosoc)ﬂeh Hz <0

Pinh gid J:
St dung diéu kién (H7)(iii) ta dudc:

(3.25) ‘Jz‘ = K(g(x, y.u, )_ g(X, y, u))Sin u,,E, >‘
<(k, sin oc)mehEh |dxdy
Q

<(k, sin O‘)ﬂ Ch HLP(Q)H E, HLP'(Q)

Dénh gid J4:
Tuong tu v6i J; ta c6
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(3.26) ‘Jz‘ = ‘<g(X, yz ll)(Sil’l uh B Sil’l U.) ’ Eh >‘

< gmax J..”ehEh ‘dXdy
Q

< Emax || €n LP(Q)H Eh (Q)
Vay tu (3.24)-(3.26) ta thu dudc:
4
(3.27) — ZJi <-J,-J,<(k,sino+g,. ) e, HLp(Q)H E, HLP'(Q)

Pénh gid s6 hang thit 3 va thd 4 cda v€ phdi (3.20):

St dung bat ding thitc Holder suy ra

o) o) 2
+<M2(X,y,@j—M2EX,y,awh £>
oy dy ) Oy
S{HMI(X,y,@j—MI( Wy
OX

" 0x
MZ[X, y,%} - Mz[x,y,%J

Chd y ring v6ip>2taco
(3.:29) W2 (Q) <, W (Q) <, C(Q)

(3.28)

X,y

L (@)

J‘ dh‘l,p
(@)

+

vdi cac phép nhing li€én tuc (thdm chi compact).

T gid thi€tu € WP (Q)"V va do b8 dé (3.1) ta suy ra riing ton tai f > 0 sao cho:

(3.30) A <B : qu <p,
8X ( ) 8}’ C(ﬁ)
ow, | g ow, [ g
X () Y )
Tir (H11) va (3.30) suy ra:
ou oW
(3.31) ‘Ml(x,y,—j—Ml(x,y,—hj <mylE,| .
OX 1), ()
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smy ‘Eh‘l,p'
(@)

(3.32) HM2 (X, Y, @j -M, (X, Y, %j
oy oy

T8 hgp (3.20), (3.21), (3.27), (3.28), (3.31), (3.32) ta dugc:

333 C,ld,[] <(k,sina+g,,)

Ta chi ¥ ring trong khong gian Banach
(3.34) V, = {V ceW(Q) v = O}

Iy

hai chudn H . Hwhpy(g) va ‘ . ‘l,p' tuong duong, tifc 14

(3.35) V], IVl SCIV, s Yvevi.
Do d6

(336) IBu oy SIEw L) S C[EM, -
Tuong ty

(3.37) e v S e le»p(g) < CO‘eh‘l,p

Vay tu (3.33), (3.36), (3.37) suy ra

338)  C,ld,[, <(k,sina+g,,)C,

h‘l,pv + 2mﬁ‘Eh‘1,pv‘ dh‘l,p
St dung bat ding thitc Holder

1 1
(3.39) ab<—gfa® +—¢,"b" Ve, >0, Va,b>0.

p p'
Tu (3.38) suy ra

C ‘dh‘ k Slna—l—gmax C C ‘eh‘ ‘Eh‘l,p'

(02

(3.40) 1 |
+;81p (2mB‘Eh‘l,p')p +Bgﬂdh‘ip '

trong d6 €; dugc chon nhu sau

1 C
(3.41) 58110:74.
Tur (3.41) ta vi€t lai (3.40)
G4 [, <2k, sina+g,, )C,Cle,), B +—& 2myfE,| ).
’ P

Mait khac,

Ch HLP(Q)H Eh HLP'(Q) + 2mB‘Eh‘l,p" dh‘l,p
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‘eh‘l,p S ‘ dh‘l,p + ‘Eh‘l,p

(3.43) e, <2m'(a, [ +[E,[" )

1 1 _. '
s Cef B =t + Lo (e )
trongds C, =2(k, sina+g, )Co(f0
va & > 0 dudc chon sao cho 2P 185 = & )

p 2

Tur (3.42)-(3.44) suy ra ring:

345 C,le, | szpl(CAdh\‘l’,p +C4\Eh\‘:’p)

<o Cley| By + e omyE, )‘“'+c4\Eh\pj
Lp Lp p Lp' Lp

<o Laer +Lerlc,fe, ]
_p >P p sP

+2evlmye,| [ el }
p Lp' Lp

C ST 2 ~ ' _
:74‘6}1‘1; 40P {Eg;’cg +;glp (2m, j\Eh\‘ip, +27CE, |
Tu (3.43) suy ra:

20001 2 , :
w0, <G erm e e, |
hay
(3.47) el gcéth\{p, +E, jp).

Chd y ring p>2>p’ >1, vi vy
L’ (Q) c, LY@,
WP (Q) c, W),

‘V‘l’p' SCP‘V‘LP , YWweW'r(Q),

) <(c,E, |
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(3.48) e]” <C B, +CTE[" ).
Lp Lp Lp

Ap dung bd dé 3.1 suy ra:

(3.49) u-ru =[E,| <Ch%u|_

Tu (3.48) va (3.49) suy ra

(3.50) |eh |lip <Cq |_(Chk |u |k+1,p>p + Cz' (Chk |u |k+1,p )PJ

p'
k+1,p

p
s

< C7(hkp + hkp')max{ u u

k+1,p

<Cgh®ul’
k+1,p
Vay
kP’ k
(3.51) u, —uf,_=le, |, <Csh 4|u =C9h4*1 uf

Pinh 1y dugc ching minh. W

II. TRUONG HQP RIENG

Bai toan xap xi (Py):

Tim uy, € Vy, (dinh nghia trong (3.3)) ung voi k=1 sao cho

3.52) au,,w, )+ <g(x,y,uh )sinuh,wh> = <G,Wh> + jHths Vw, eV,
0

Béng chitng minh tudng ty dinh 1y 3.1, ta c6 dinh 1y sau:

Pinh 1y 3.3:
Gid sit cdc gid thiét (HI’)-(H7’) théa. Khi dé
(iii)  Bai todn (Py’) tén tai duy nhdt 1oi gidi w, € V).

(iv)  Loi gidi u, hoi tu déeu vé 1oi gidi duy nhdt u ciia bai todn (P’).

Vé déanh gid sai s ta c¢6 dinh 1y sau:
Pinh 1y 3.4:
- Gid sit cdc gid thiet (HI'), (H2”), (H3')-(H7’) théa.

- Gid stt ho tam gidc phan {7,} la chinh qui.

Khi dé ta cé ddnh gid sai so:
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(3.53) lu—u,| <Ch|ul,
C la hang s6 chi phu thudc ¢, g, G, H.
Chitng minh:

Tur dinh nghiaciaa (.,.)tacé

(3.54) a(d,.d,)=|d,| .
Mait khac
(3.55) a(d,,d,)=a(u, —u,d,)+alu-w,,d,).

Tuong ty trong chiing minh dinh 1y 3.2, ta ¢c6 ddnh gié sau:

a(uh —u,dh)S (ka sino + gmax) ehHH EhH
(3.56) e .
< Co(koL s1na+gmax) e, H E, ‘1
Ngoaira
(3.57) a(u-w,,d,)<|E, | |d, |
K&t hdp (3.54) — (3.57) suy ra
(3.58) ‘ d, ‘? <Ci(k, sin(x+gmax)( e, H E, ‘1 +‘ E, H d, ‘] :

Ap dung bat déng thic Cauchy cho s& hang cudi ciia v& phii (3.58) ta dugc
(3.59) d, [ <2Ci(k, sina+g,, ) e, || E,| +E, | .
Mat khéc ta cdn c6

(3.60) le, [ <2 E, [[+24d, ][

Do d6 tif (3.59) va (3.60) ta dudc:

(3.61) le, [ <Cyle, | |E, | +4E, [

Trong d6

(3.62) Cg = 4C§(ka Sin(x’—’_gmax)
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Ti€p tuc 4p dung bt ding thitc Cauchy cho s& hang diu cda v€ phdi (3.61) suy ra

(3.63) ey | <{C+8[E, | .

Ap dung bd dé€ 3.1 ta c6 (3.53).
Pinh ly dugc ching minh. H
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CHUGONG 4 -
XAP XI BAI TOAN BIEN CONG BOI
BAI TOAN BIEN PA GIAC

I SU HOI TU CUA LOT GIAI BAI TOAN BIEN PA GIAC VE LOI GIAI BAI
TOAN BIEN CONG:

Cho { ¢, } 12 ddy cdc ham lién tuc trén [0,1] va bic nhAt titng khiic thda cdc diéu kién
sau:

0,(0)=0(0) . ¢,1)=0(),
4.1)

0<e,(x)<o(x) , Vvxelo]].
on—> ¢ trong C([0,1]) khi n—— o va
42 o =0l =

n con) =y -

Pit
4.3) \“’/n={ v, eW(Q) : Valoo :O} , p>2,

trong d6 €2, dugc dinh nghia :

O<x<l1 ,
Q :{(X,y)eQ : } .

0<y<o,(x)

Khi d6 \N/n la khong gian con déng ctia V. Trén \N/n x4c dinh chuén nhu sau:

[vals, =lvaly
Pit

4.4) V, =, eW?(@,) 1 v,|. =0f , p>2,

n I*On

trong d@6 I'j = {(X,(pn(x)) : 0<x< 1|} :

Vayvéimdi v, €V tacé v € V. va ngugc lai, v6i v, € V, ta xét m§ rong

nlg
N \'A (x,y)eQIl ,
V =

"0 (x,y)eQ\Q,

Khi d6 v, € V,,.

Xét hai bai toan sau
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Bai toan (P,):
Tim i, €V, sao cho

<M1(x, y,—()aun j , w, > + <M2(x,y, o, j , w, >
4.5) ox ox oy
d

+ <g(x, y,U,)sin T, ,w,)=(G,w,)+ [Hw

I

S Vw_ eV .

n 5

Bai toan (P,):
Tim u, €V, sao cho

] Ml(x,y,%jm—”Mz X,y,ﬁu“ ow, dxdy
ox ) ox dy | oy

(4.6)
+ ”g(x,y,un )sinunwndxdy:<G W)+ jHWndS , Vw_eV_,
Q 0
- W, (x,y)eQ, .
trong dé6 W =
0 (x,y)eQ\Q,

Dinh ly 4.1:

Cho M, M, g, G, H théa cdc gid thiét (H2) — (H7). Khi dé

(i) Bai todn (P, ) ¢6 loi gidi duy nhdt u,.

(ii) MG¢ réng i, ciia u, trén 21a 10i gidi ciia (P,). Hon nita i, hdi ty dén 10i gidi chinh
xdc u ctia (P).

Chitng minh:

St dung dinh 1y 2.1, suy ra su ton tai vad duy nhat 15i gidi u, ca bai todn (P,). Ta mé
rong u, trén Q nhu sau:

_ {un (x,y) € @

€
4.7 =
@7 ! 0 (x,y) € Q\Q_ .

n 2
n

Bing chitng minh tuong ty dinh 1y 2.1 chudng 2 ta c6 cdc ddnh gid sau:

[T [l <P

Ml(xay’au—nj SC(pn) ’
ox ’'(Q)

M2(X9Ya% SC(pn)’
5}/ L’ (Q)
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Lp'(Q) < C(pn) :

Tu cdc chitng minh trong chuong 2 ta dudc:

Hg(x, y, U, )sind,

Ocn =CCO pn’

, 1
_ 2B1n ’ A
pn - (p_l) T +2YIn ’

y' ~
, _lecial gl +Seil,,,)
" (Cl —C3CE) ’

_20;\9/
YIn - (Cl —C3Cg) .

Céc hiing s6 C,C;,C,’,Cs,Co,vaC khong phu thudc n.

D& dang thdy do la. | < Q|
ta co Yin < Y1,
B]n < B] Vn.

suy ra
4.8) |a, [, <p.

ou
4.9) M, (X, Y, —“j <C,

X Jlir(a)

ou
(4.10) Mz[x, y,— j <C,

ay LPV(Q)
4.11) lg(x,y, @, )sin®, v SC

trong d6 C va p 12 hai hiing s6 khong phu thudc n.
Tu (4.8)-(4.11) suy ra

4.12) i, —— @ yéutrongV,
(4.13) M (X,y,0,/ 6X) —> i trong LP (Q) y&u,
4.14) My(X,y,0l,/ Oy) ——> %2 trong L? (Q) yé&u.

Ap dung bd dé 1.4 chuong 1 ta dudc:

(4.15) g(x,y,{iy) sin i, —> g(x,y,i) sin @ trong LP (Q) y&u.
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B& dé 4.1:
Vdi mbiw €V ta déu tim dugc mét day {w,} < V,, sao cho

W,—— W manh trong V. khi n—— o

Chifng minh b dé 4.1:
Trong C'([0,1]) cho hai ham ¢ va ¢ thda:

(4.16) P, =o(x)- 2 50, vxe [0.1] .
n

(4.17) ®, =o(x)- 350, vxe [0.1] .
n

véin du 16n.

Viay ta cé
O S (bn (X) < (’\lin (X) < (pn (X) S (p(X) s VX € [O’l] ’
bit
& - (x )eQ . O<x<l1 O - (x )eQ . O<x<l1,
I o<y <a, ) T T 0<y <o,
A
O(x.v)
1
0.5
\%
>
0 - On(X)  Ou(X)  ©O(X)
0

Hinh vé biéu dién do thi véi

0\Q, 0.0, ® x & dinh

Chon @(x) d(X,y) Pn(x) (X)
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1 H (X’ Y) € 5“ 2
(4.18) ¢ =40 : (x,y) € Q\Q,,

y -3, (x) ~
- - , (xy) € Q \Q
507,00 &Y

Khi d6 ¢x 12 ham lién tuc xdc dinh trén Q.

m

n*

Véiw € V ta xdc dinh day {wy} nhu sau:

(4.19) Wy (X,y) = don (X,y) W (X,Y) .

Pé chitng minh w, —> w trong V ta cAn chitng minh

(4.20) Win =0p W — W trong L? (QQ) ,
(4.21) OW,/OX ——> Ow/ox trong LP (),
(4.22) Ow,/0y ——> 0ow/oy trong L? (Q) .

e Chitng minh w,—> w trong L (Q)

mwn - w|pdxdy = ”|¢HW - W|dedy
Q Q

- J'J' ¢, w —w|" dxdy +~J._[ ¢, w —w| dxdy + J]

. 0\, Q\Q,

o w— W|p dxdy

Viy tir dinh nghia cda ¢, ta suy ra

(4.23) mwn — w|p dxdy = md)n — 1|p |w|p dxdy + ” w|p dxdy.
Q Q,\Q Q\Q,

V6i mdi ham v e LP (Q) bat ky ta déu c6

(4.29) [[v]"dxdy — 0 khi n— o
Q\Q,

That vay, do

Il

Q\Q,

V| * dxdy =”|V|p Lo, dxdy ,
Q

trong do Lo, 1a ham dic trung clia mién Q\Q, . Ap dung dinh 1y hoi tu bi chin suy ra
(4.24) .

Ap dung (4.24) v6i v bing w ta suy ra

(4.25) ”|w|p dxdy —» O khi n—> .

Q\Q,

Chi y ring 0< ¢, (x,y)<1 V(x,y) € Q .dods
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(4.26) “ —1‘ ‘w‘ dxdy < mw‘ dxdy = mw‘ Xaa, dxdy
Q,\Q, Q\Q,

Tu (4.25) va (4.26) suy ra

(4.27) [[lo, —1"|w|"dxdy — 0 khi n—ow
Q,.\Q,

Cudi cuing ta thu dugc (4.20) tir (4.23), (4.25) va (4.27).
e Ching minh Gwnlay —> 0w/dy trong L? (Q)

ow  ow 8(1)
dxd
” "oy oy oy
| ! 5¢ ’
(4.28) < 2P d d 2P -
J116, xdy + 27 [lw =

Ap dung (4.20) véi w thay bGi ow/dy e LP (Q) ta ¢6

p
(4.29) ” “——ldxdy > 0 khi n—oo.
Xét ”Wad)“ ldedy :.m ‘p%pdxdy
o Oy 3 oy
(4.30) = [[Iw|"ndxdy
Q,\C

To w (X, ¢ (x) ) =0 ta suy ra:

W(X,y) = W(X,(p(x))+ (|y; %(X,t)dt

(4.31)

Ap dung bat ding thitc Holder, ta dudc:



Phutong phdp phan tit hitu han cho bai todn elliptic phi tuyén bién cong 39

4.32) |
[ ek p A
o)) T2 o)
y
Ta lai cé
L B,(x)
(4.33) mw‘p‘n‘pdxdy =Idx I ‘w‘pnpdy
Q,\O 0 o, (x)
P el o] S P
<fdx [ n"(p(x)-y)""| [ |=(x,t) dt(dy
O )2 v 10y
o (X)% 3N 00| o P
<[d 2 “(x,t) dt |d
o 1 (2 {I ay(x)‘ Jy
on (x)——
R o(x) )
dex I 3*'n _[ —(X,t){ dt [dy
RO (x)-2
p
<3r ” dxdy =37 X ong dxdy.
Q\Q Q

Dung dinh 1y hoi tu bi chin ta c6 tich phan sau cing clia v& phai ctia (4.33) ti€n v& 0, do
do ta suy tur (4.33)

(4.34) ”np‘w(x, y){p dxdy —0 khi n—>oo.
Q,\Q

Tur (4.28), (4.29), (4.30), (4.34) ta suy ra (4.22) ding.
e Chirng minh ow,/0x —— Ow/ox trong LP (Q)

8w B 6w 8(1)
I I 8X Cox ax ‘ dxdy
. o |”
p-1 _ p s p-1 ~tn
(4.35) <2 g ¢, — 1| dxdy + 2 o dxdy

Ap dung (4.20) véi w thay b3i Ow/0x ta c6:
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p

(4.36) [[lo, 1= dxdy — 0  khi n—w

0 OX
Xét ” w , pdxdy = mw‘p %, pdxdy

Q aX Q 5X

= wa‘p‘n(p' (x)‘pdxdy
0,\O,

437) <|o'|"  J{w]lnl"dxdy

LB,
TS hdp (4.34) —(4.37) ta dugc (4.21).
B& dé 4.1 dugc ching minh. M

LAy w, = ¢, W, chuyén sang gidi han trong (4.5), nhd vao (4.12) —(4.15) ta dudc

OxX

ow ow ~\ .~
X1 ,—> +<X2 ,E>+<g(x,y,u)smu , W)

(4.38) <

:<G,w>+ j-des , VweV.

N

X

. : L ou R
Chidng minh tuong tu dinh 1y (2.1) suyray, = M| X, y,a— ,vay, =M,

Suy ra @i 1a 151 gidi cta (P). Do tinh duy nhAt 15i gidi ctia (P) ta suy ra i = u.

Pinh 1y dugc chitng minh. H

Sau diy ta s& ddnh gid t6c do hoi tu cda @i, vé 15i gidi u cda (P).

Pinh 1y 4.2:

ay]'

Gid sit My, M>, g, G, H, ¢ théa cdc gid thiét (HI)-(H9), day {¢, } théa diéu kién (4.1),
va (4.2). Gid sit 10i gidi u € Vo WP(Q) théa diéu kién &w/éx, aw'dy e V. Khi dé 1on tai

hang s6 C* chi phu thuéc M; , M>, g, G, H, ¢ sao cho

N 1 Jolo-1)
439) U, —u[ <C*| = .
7p n
Chitng minh:
Pit
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=l

=

v = dn v, trong d6 ¢, dudc dinh nghia trong (4.18).

ol
=
I
[
=
|
[

es]]
Il
=

I
-
=

(4.40)

el
I
=
=

!
=1
c

I
es]
+
ol

<
Il
-
=

n n

Ta chii ¥ riing véiu € W>P(Q) thda u, du/dx, du/dy € V. Biing chiing minh tuong tu b8
dé 4.1 ta c6 ¢,u —> u trong W2P(Q) manh, do d6 ta chon B doc 1ap vé6i n sao cho:

al g al g
X | (a) Y |e(o)
ow <B , ow B
X (o) % lea)
Tuong tu trong chitng minh dinh 1y (3.2), chudng 3 ta ¢6 két qua sau:
— , _ - _ _
(4.41) C4‘ d, o <C,C, (ka sina + gmax)en l,p‘En o T 2mﬁ‘En l,p" d, .
baty= COC'O (k, sino.+g__ ). Suyra
— I _ _
<
(4.42) C,ld,[ <ve.l [E.],, +2my[E,| |d|
= (8‘5111 )P ‘Enl' p
<vle,), ‘En +2m, P+ — =
P 1Lp p p' c
1 C
Chon & > 0 thda 2m, —g? =24,
p 2
C, - = 2m, —
@43) —*|d,|" <y, [E,| +=—F[E,[
2 Lp Lp Lp' p'gp Iy
Ma
(4.44) e, 32"‘1(‘ 4, +[E,[ J
Lp Lp Lp
2P _ — mg — p =
<%, [E.| +—%[E,| [+2"'E.[
C nlip n Lp ' P nf o
4 " pe P P
=Cye,| [E.| +CJE[" +2"[E,[ .
P Lp' Lp' Lp
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2p 2p mﬁ - 2 ’
trong 46 C, =—vy va C, =— -. St dung bat dang thic Holder cho s6 hang

C C,p'e’

4 4P
‘En ‘En ta c6
1p L'
(81 En )p 1 1 — > — ' J—
445 [e,[" <C, ng— —E. +C,E,|" +2"'[E,[" .
p p\e,

1 1 .
trong d6 €; > 0 dudc chon sao cho C5 — Sf = E Ta viét lai (4.45) nhu sau:

o
1. C.[ 1= — =
(4.46) —fe.|” <=2|—[E, +CyE,[" +2"[E,[
2 Lp p' 81 1p’ Lp' Lp
Hay
— |p = |p’ pl= |P
(4.47) e, <CJE,[ +2°E,|" .
Lp Lp' Lp
2C
trong 46 C, =——=+C, .
p'e;
Do phép nhiing L? (Q) —_, L? (Q) lién tuc , ta c6:
(4.48) |v| . <C,|v Vvel?(Q).
Lp Lp
Ap dung vao (4.47) ta suy ra
= |P i) v = |P = |V
(4.49) e, sc7(cp\En j +2’E,|" <CE,
Lp Lp' 1,p Lp

trong d6 Cg 12 hiing s chi phu thudc M;, M», g, G, H, o.

Mitkhdc, tt E, =u- T, u = u—¢,u suyra

n

4.50) |E, ip:‘u—d)nuip
ou 0 * lou @ ’
— - - - d
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8u p
f[ o Y
u_g ou_ % ou 2 20. )"
SADE
oul’ ’
— p
< 2B° J[ o ¢, —1"dxdy +2"" j\[} ¢, —1"dxdy
+2° J‘ dxdy+2pl J‘ dxdy :
Q
Ta chd y ring 0 < ¢, < 1 trén O, \ Q, . Do do
4.51) E,| szﬁp‘Q\ﬁn‘JrzpBP‘ﬁn \Q,|
+2r! ” ‘ ‘ dxdy+2pl ” ‘ ‘ dxdy
oy

Dua vao (4.33) va (4.37), hai s6 hang cudi trong v&€ phai ctia (4.51) 1an lugt dugc danh
gid nhu sau:

(4.52) ” ‘u‘ dxdy = J.ﬂu‘p‘n‘pdxdy
Q\Q,
p
<3r! — | dxdy
<3PIBP
(4.53) ” ‘ dxdy = _m u‘p‘n(p'(x)(pdxdy
Q,\Q,

< 3p—IBp

L*(0,1)

Tu (4.51) — (4.53) suy ra

E,

L (0,1) ))

’ SB (4+2p+3 61“(

(4.54) S

Tir (4.49) va (4.54) suy ra
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(4.55) €

n

<C*
Lp — 1
np(pfl)

C* chi phu thuéc M, , M, g, G, H, ¢.
Tir d6 suy ra (4.39).
Pinh ly 4.2 dugc chitng minh. H

I SU HOI TU LOI GIAI CUA BAI TOAN XAP Xi PHAN TU HUU HAN BAI
TOAN BIEN PA GIAC VE LOI GIAI CHINH XAC CUA BAI TOAN BIEN
CONG

Cho { @ }.- 12 ddy cdc ham lién tuc trén [0,1] va bac nhat titng khic thda cdc diéu kién
(4.1) va (4.2).

C6 dinh n.
1. Goi u, la 15i gidi cia bai todn:

Bai toan (P,):
O<x<l

0<y<(pn(x)}’ T, ={x0,x) : 0<x<1}.

bat Q= {(x,y) eQ

n

ou_\ow ou_ | ow
” M,| X, y,— |[— + M, | X,y,— | — [dxdy
0 ox oy ) oy

Tim UHEVHZ{ Vnewl’p(Qn) D Valp 20} , p>2,saocho

Q X

n

+ ”g(x,y,un)sinunwndxdyz ”Gwn + ijnds , Vw_eV_.
Q, Q, T

M4 rong u, 1€n Q thanh @, :

N u, (x,y)eQIl ,
u
0 (x,y)eQ\Q,

2. Khi d6 0, la 15i gidi cia bai todn :

Bai toan (P,):

ﬁmﬁnevnz{ v, eWr(Q,) 1 v,

aa, = 0} i, €V, théa
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B S e 5 5
Ox [0) oy oy
+<g(x,y,fin)sinﬁn ,wn>=<G,Wn>+IHwnds , Vw, eV .

I

Chon —— oo thi i, —> u trong V (dinh 1y 4.1) va c¢6 d4nh gid sai s6

~ *
u, — u‘ <C 1
Lp
np(pfl)

3. C& dinh n va cho trude h > 0 dd nhd.

Xét mot tam gidc phan 1, cia mién Q, bdi cdc tam gidc K ¢6 diam (K)<h VK € 1.

N h 8 78 22 9 N z
Goi u la Ioi giai cua bai todn:

Bai toan (Pf) :

szuEer:{ VeC(ﬁn) DV =0 V‘KEIPk,VKE’Ch}saochO

n l—‘On

”{ (xy, hj%+M2£X, ,%J%}dxdy

+ ”g(x,y,un)sinuﬂwhdxdyz ”GWh + jHths , Vw,eV'.

I

n

M6 rong uﬂ nhu sau:

Khi d6 ta c¢6 dinh 1y sau:

Dinh ly 4.3:
- ChoM; M, g, G, H, ¢ théa cdc gid thiét (H1)—(H9).
- Gid st { @} thoa (4.1).
- Gid sit ho tam gidc phdn 7, chinh quy.

. , ~h A A 7N s , ’ 2 N\ e ’ 2z, z .z . A
Khido U hoi tu ve loi gidi chinh xdc u cia bai todn (P) vdi ddnh gid sai s6 nhu sau:

u

n | k+Lp.Qp

b 1 Jo(o-1) kY,
(4.56) ) —u| SCH +C,h /"
’ n

Chitng minh:
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~

<[u" -1 +u

Lp " n

—u ‘
Lp.Q n 1,p,Q

h
u —u

n n

+
Lp.Qp

u —u ‘
o 1,p,Q

< Cnh%‘l

un

1 j%w

+C*| —
k+1,p
’Qﬂ (n

Ta dudgc (4.56).

Pinh 1y dugc ching minh. W
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CHUGONC D :
AP DUNG TiNH TOAN SO

L PHAT BIEU BAI TOAN:
Xét bai todn (0.1) v6i :

2

X

5.1 =1-—,

(5.1) o(x)=1-=

(5.2) Ml(x,y,z):Mz(x,y,z):z ,
(5.3) g(x,y,2)=2,

54 G(x,y)= %x + {(1 - %xz - yjjsin(x(l — %xz - yD

(y-1) , 0<y<o(0)=1,x=0 |,

H(X,y): X , O<x<l,y=0 |,
1 3
—— 0 l)=—,x=1.
(4 YJ ) <y<(P() 4,X

2
X
Bai todn niy c6 nghiém chinh xac 1a u(x,y)= x[l T y].

Dé dang ki€m chiing cdc ham ¢, g, G, H, M;, M, nhu dinh nghia trong (5.1) —(5.5) thda
céc gid thi€t (H1’) — (H7’). VAy bai todn tim 13i gidi xap xi bing phuong phdp phan t

hitu han cla u trén 7 'hoi tu vé 15i gidi chinh x4c theo cdc dinh 1y 3.3 va 3.4 chuong 3.

II. THUAT TOAN:

Duéi ddy ta s& dé nghi mot thuat todn xAp xi 15i gidi chinh x4c cda bai todn.

- Buéc 1: Xap xi mién Q va chon 1u6i tam gidc trén mién x4p xi.

- Bui6c 2: Xy dung bai todn x4p xi phin tif hitu han trén mién Q, ¢ bién da gidc.

- Buéc 3: Dung xap xi Newton dua bai todn phi tuy&n vé bai todn tuyén tinh.

- Buéc 4: Xay dung cdc ma trin cifng va vector tai cho bai todn bi€n phan.
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- Budc 5: Gidi hé phuong trinh thu dugc tir budc 4 x4c dinh 15i gidi xap xi nit cla
u.

Buéc 1: Xdp xi mién Qva chon ludi tam gidc trén mién xdp xi.
- Cho trudc sai s «.

- Tir cong thifc (4.46), xdc dinh n, h sao cho | u—T}| <g.
P

- Chia déu doan [0,1] thanh m doan , m doan nay chia Q thanh m hinh thang cong,
trén mdi hinh thang cong ta lai chia thanh cdc tam gidc c6 dinh trén canh bén
hinh thang sao cho phép chia tam gidc thoa :

e Tinh chinh quy.
e Dudng kinh mdi tam gidc khdng qué h.
e N =Tobng sd di€m niit trén toan mién — s6 niit trén bién Ty .

e E =Téng s6 phin tif (tam gidc) trén toan mién — s6 tam gidc c6 dinh
trén .

- Xdc dinh Ty, biing cdch ndi cdc dinh nim trén Iy clia cdc tam gidc.
Buéc 2: Xay dung bai todn xdp xi phdn tit hitu han trén mién £, ¢é bién da gidc.

BuGc nay dugc thuc hién nhu trong cdc chudng 3, 4. Bai todn tim u € 7 thda (5.1) —
(5.5) dudc dua vé bai todn x4p xi sau:

Bai toan (Pyp) :

Timu, € V) co dang

N
(5.5 u, :Zujhwj(X9Y)
j=1
sao cho
ou, OW. 0Ou, OW.
P- = — h J h J d d
i) Q[ax x| oy 6yj e
(5.6) + J.J.uh sinu, wdxdy — ”G(X, y)w jdxdy
Q, Q,
— [Hwds =0 , j=1.N,
l—‘ln

trong do €2,, V, dugc dinh nghia trong chuong 4, cdc wjla cdc ham co sé ciia Vi, N la 56
chiéu ciia V,,

u, = (ulh,uZh, ...... Ay, ) -
Hay néi cach khéc, bai toan (Pp) dudc phat bi€u lai nhu sau:

Tim U, sao cho
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(5.7) P(i, )=0,
véi
(5.8) P(d, )= (P (i, ),P, (i, )........ Py (i, )

BuGc 3: Diing xdp xi Newton dua bai todn phi tuyén vé bai todn tuyén tinh.

Hé phuong trinh (5.8) 12 hé phi tuyén. P€ gidi hé nay ta st dung phuong phdp xap xi
Newton nhu sau:

Cho truéc ﬁﬁo).

- Gia st biét u(m o)

- Tim ﬁ£1 m) _ v( m) 4 ( 1) , trong d6 vglm) 12 nghiém clia hé phuong trinh dai
s6 tuyén tinh sau:

59 = o)

véi
@ aPl aPl
ou, ou, o
op, P, oP,

(5.10) =l o ow T A
oP, oP, &P,
du, ou, ou.

BuGc 4: Xdy dung cdc ma trdn ciing va vector tdi cho bai todn bién phan.
Vi cdc w; 12 cdc ham ¢ s bac nhdt ¢6 tinh chat

(5.11) w, (M, )=5, .

tir cong thitc (5.7) ta tinh dugc

ou, OW, 8u ow
dxd
25(@( x oy ayJXy
(5.12) + i“uh sinu, wdxdy — i”G(X,y)Wjdxdy
s=1 K, s=1 K,
- [Hwds =0 , j=L.N
1—‘ln

Mit khac,
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2o, E 1 ST 20 oy

(5 13) i s=1 Ks aX 8X 8y ay
E
- ZH(Sinuh +u, cosu, Jw,w dxdy
s=1 K,

Tur d6 ta tinh dugc ma trin ciing va vector tai.

Budc 5: Gidi hé phuong trinh thu dugc tif budc 4 xdc dinh 13i gidi xap xi nit cla u.

M. KET QUA TINH TOAN:

1. DO thicia uey :
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2. Truong hgp lu6i gom 72 miit, sau 10 buéc Lip ta c6 két qua sau :

X Y Uo Uex U Sai s6 Max sai s6
tai 8 nut
lién ti€p

0.000{ 0.000 0.0000 0.0000 0.0000 0.0000 0.0966
0.000| 0.125 0.0223 0.1115 0.1038 0.0077
0.000{ 0.250 0.0396 0.1981 0.1918 0.0063
0.000{ 0.375 0.0527 0.2635 0.2620 0.0015
0.000f 0.500 0.0625 0.3125 0.3125 0.0000
0.000{ 0.625 0.0701 0.3507 0.3413 0.0094
0.000{ 0.750 0.0770 0.3848 0.3464 0.0384
0.000{ 0.875 0.0845 0.4224 0.3258 0.0966
0.125( 0.000 0.0000 0.0000 0.0139 0.0139 0.1139
0.125| 0.125 0.0220 0.1098 0.1139 0.0041
0.125/ 0.249 0.0392 0.1958 0.1982 0.0024
0.125] 0.374 0.0523 0.2616 0.2648 0.0032
0.125| 0.498 0.0624 0.3118 0.3119 1E-04
0.125| 0.623 0.0704 0.3521 0.3375 0.0146
0.125) 0.747 0.0778 0.3891 0.3397 0.0494
0.125| 0.872 0.0861 0.4303 0.3164 0.1139
0.250{ 0.000 0.0000 0.0000 0.0278 0.0278 0.1258
0.250{ 0.123 0.0215 0.1074 0.1233 0.0159
0.250| 0.246 0.0385 0.1923 0.2035 0.0112
0.250{ 0.369 0.0516 0.2582 0.2664 0.0082
0.250| 0.492 0.0619 0.3096 0.3104 0.0008
0.250| 0.615 0.0704 0.3519 0.3334 0.0185
0.250| 0.738 0.0783 0.3913 0.3337 0.0576
0.250| 0.862 0.0870 0.4351 0.3093 0.1258
0.375| 0.000 0.0000 0.0000 0.0417 0.0417 0.1319
0.375] 0.121 0.0208 0.1042 0.1321 0.0279
0.375| 0.241 0.0375 0.1876 0.2078 0.0202
0.375| 0.362 0.0507 0.2534 0.2671 0.0137
0.375| 0.482 0.0611 0.3057 0.3081 0.0024
0.375| 0.603 0.0699 0.3496 0.3293 0.0203
0.375| 0.724 0.0782 0.3910 0.3287 0.0623
0.375| 0.844 0.0873 0.4366 0.3047 0.1319
0.500f 0.000 0.0000 0.0000 0.0556 0.0556 0.1317
0.500| 0.117 0.0201 0.1003 0.1403 0.0400
0.500{ 0.234 0.0363 0.1816 0.2113 0.0297
0.500{ 0.352 0.0494 0.2469 0.2668 0.0199
0.500, 0.469 0.0600 0.2999 0.3053 0.0054
0.500/ 0.586 0.0690 0.3451 0.3252 0.0199
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0.500
0.500
0.625
0.625
0.625
0.625
0.625
0.625
0.625
0.625
0.750
0.750
0.750
0.750
0.750
0.750
0.750
0.750
0.875
0.875
0.875
0.875
0.875
0.875
0.875
0.875
1.000
1.000

1.000
1.000
1.000
1.000
1.000
1.000

0.703
0.820
0.000
0.113
0.226
0.338
0.451
0.564
0.677
0.790
0.000
0.107
0.215
0.322
0.430
0.537
0.645
0.752
0.000
0.101
0.202
0.303
0.405
0.505
0.606
0.708
0.000
0.094

0.188
0.290
0.375
0.468
0.563
0.656

0.0776
0.0868
0.0000
0.0191
0.0349
0.0477
0.0584
0.0676
0.0763
0.0855
0.0000
0.0181
0.0332
0.0457
0.0563
0.0656
0.0743
0.0834
0.0000
0.0169
0.0312
0.0433
0.0538
0.0630
0.0716
0.0803
0.0000
0.0155

0.0289
0.0405
0.0506
0.0597
0.0681
0.0764

0.3879
0.4342
0.0000
0.0957
0.1744
0.2387
0.2919
0.3380
0.3815
0.4277
0.0000
0.0904
0.1659
0.2287
0.2816

0.328
0.3716
0.4169
0.0000
0.0844
0.1560
0.2167
0.2688
0.3148
0.3580
0.4017
0.0000
0.0776

0.1447
0.2026
0.2531
0.2983
0.3404
0.3821

0.3248
0.3025
0.0694
0.1481
0.2141
0.2659
0.3020
0.3212
0.3218
0.3025
0.0833
0.1556
0.2163
0.2643
0.2984
0.3172
0.3196
0.3042
0.0972
0.1627
0.2181
0.2623
0.2943
0.3132
0.3177
0.3070
0.1111
0.1696

0.2194
0.2597
0.2898
0.3088
0.3158
0.3101

0.0631
0.1317
0.0694
0.0524
0.0397
0.0272
0.0101
0.0168
0.0597
0.1252
0.0833
0.0652
0.0504
0.0356
0.0168
0.0108
0.0052
0.1127
0.0972
0.0783
0.0621
0.0456
0.0255
0.0016
0.0403
0.0947
0.1111
0.0092

0.0747
0.0571
0.0367
0.0105
0.0246
0.0072

0.1252

0.1127

0.0972

0.1111
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3. Truong hgp lu6i gdm 99 niit, sau 10 buéc Lip ta dugc:

X Y Uo Uex U Sai s6 Max sai s6
tai 9 nut
lién ti€p

0.000{ 0.000 0.0000 0.0000 0.0000 0.0000 0.0966
0.000| 0.125 0.0223 0.1115 0.1038 0.0077
0.000{ 0.250 0.0396 0.1981 0.1918 0.0063
0.000| 0.375 0.0527 0.2635 0.2620 0.0015
0.000{ 0.50 0.0625 0.3125 0.3125 0.0000
0.000| 0.625 0.0701 0.3507 0.3413 0.0094
0.000| 0.750 0.0770 0.3848 0.3464 0.0384
0.000| 0.875 0.0845 0.4224 0.3258 0.0966
0.125] 0.000 0.0000 0.0000 0.0139 0.0139 0.1139
0.125| 0.125 0.0220 0.1098 0.1139 0.0041
0.125| 0.249 0.0392 0.1958 0.1982 0.0024
0.125| 0.374 0.0523 0.2616 0.2648 0.0032
0.125| 0.498 0.0624 0.3118 0.3119 1E-04
0.125| 0.623 0.0704 0.3521 0.3375 0.0146
0.125| 0.747 0.0778 0.3891 0.3397 0.0494
0.125| 0.872 0.0861 0.4303 0.3164 0.1139
0.250] 0.000 0.0000 0.0000 0.0278 0.0278 0.1258
0.250| 0.123 0.0215 0.1074 0.1233 0.0159
0.250| 0.246 0.0385 0.1923 0.2035 0.0112
0.250| 0.369 0.0516 0.2582 0.2664 0.0082
0.250| 0.492 0.0619 0.3096 0.3104 0.0008
0.250| 0.615 0.0704 0.3519 0.3334 0.0185
0.250] 0.738 0.0783 0.3913 0.3337 0.0576
0.250| 0.861 0.0870 0.4351 0.3093 0.1258
0.375( 0.000 0.0000 0.0000 0.0417 0.0417 0.1319
0.375| 0.121 0.0208 0.1042 0.1321 0.0279
0.375] 0.241 0.0375 0.1876 0.2078 0.0202
0.375| 0.362 0.0507 0.2534 0.2671 0.0137
0.375| 0.482 0.0611 0.3057 0.3081 0.0024
0.375| 0.603 0.0699 0.3496 0.3293 0.0203
0.375] 0.724 0.0782 0.391 0.3287 0.0623
0.375| 0.844 0.0873 0.4366 0.3047 0.1319
0.500{ 0.000 0.0000 0.0000 0.0556 0.0556 0.1317
0.500| 0.117 0.0201 0.1003 0.1403 0.0400
0.500| 0.234 0.0363 0.1816 0.2113 0.0297
0.500| 0.352 0.0494 0.2469 0.2668 0.0199
0.500{ 0.469 0.0600 0.2999 0.3053 0.0054
0.500{ 0.586 0.0690 0.3451 0.3252 0.0199
0.500{ 0.703 0.0776 0.3879 0.3248 0.0631
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0.500
0.625
0.625
0.625
0.625
0.625
0.625
0.625
0.625
0.750
0.750
0.750
0.750
0.750
0.750
0.750
0.750
0.875
0.875
0.875
0.875
0.875
0.875
0.875
0.875
1.000
1.000
1.000
1.000
1.000
1.000
1.000
1.000

0.820
0.000
0.113
0.226
0.338
0.451
0.564
0.677
0.790
0.000
0.107
0.215
0.322
0.431
0.537
0.645
0.752
0.000
0.101
0.202
0.303
0.404
0.505
0.606
0.708
0.000
0.094
0.188
0.281
0.375
0.469
0.563
0.656

0.0868
0.0000
0.0191
0.0349
0.0477
0.0584
0.0676
0.0763
0.0855
0.0000
0.0181
0.0332
0.0457
0.0563
0.0656
0.0743
0.0834
0.0000
0.0169
0.0312
0.0433
0.0538
0.0630
0.0716
0.0803
0.0000
0.0155
0.0289
0.0405
0.0506
0.0597
0.0681
0.0764

0.4342
0.0000
0.0957
0.1744
0.2387
0.2919
0.3380
0.3815
0.4277
0.0000
0.0904
0.1659
0.2287
0.2816

0.328
0.3716
0.4169
0.0000
0.0844
0.1560
0.2167
0.2688
0.3148
0.3580
0.4017
0.0000
0.0776
0.1447
0.2026
0.2531
0.2983
0.3404
0.3821

0.3025
0.0694
0.1481
0.2141
0.2659

0.302
0.3212
0.3218
0.3025
0.0833
0.1556
0.2163
0.2643
0.2984
0.3172
0.3196
0.3042
0.0972
0.1627
0.2181
0.2623
0.2943
0.3132
0.3177
0.3070
0.1111
0.1696
0.2194
0.2597
0.2898
0.3088
0.3158
0.3101

0.1317
0.0694
0.0524
0.0397
0.0272
0.0101
0.0168
0.0597
0.1252
0.0833
0.0652
0.0504
0.0356
0.0168
0.0108

0.052
0.1127
0.0972
0.0783
0.0621
0.0456
0.0255
0.0016
0.0403
0.0947
0.1111
0.0920
0.0747
0.0571
0.0367
0.0105
0.0246
0.0720

0.1252

0.1127

0.0972

0.1111
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KET LUAN

O mdt mic dd nhat dinh, luin vin da gidi quy&t dugc nhitng van dé& dit ra trong
chuong m& dau. Cic két qua da dugc trinh bay trong cdc chuong 1, 2, va 3. Nhin chung,
luan viin da dat dugc mot s6 két qua :

1. Chting minh sy tdn tai va duy nhit 15i gidi cia bai todn (0.1) — (0.3). K&t qua thu

dudc trong luan vin di tong quat héa tuong ddi cdc k&t qua trong [5],[6].

2. Xap xi 151 gidi chinh x4c biang 15i gidi s6 qua cdc budc:

. Xap xi 16i gidi chinh x4c bai todn (0.1)-(0.3) trong trudng hdp Q xdc dinh
bdi ham ¢ lién tuc va bac nhat tirng khiic trén [0, 1], titc 1a bién 0Q 12 da
gidc. Cho ra ddnh gi4 sai s0 giita 151 gidi xap xi va 15 gidi chinh x4c theo
mdt cAp dd phu thudc vao tinh “tron” cda 15 gidi chinh x4c.

Tim k&t qui cu thé Gng vdi trudng hop rieng M (x,y,z) = Ma(X,y,z) = z.
K&t qua trong phan nay tdng quit héa cic két qua trong [5].

e  XAp xibién cong 'y bsi bién gip khiic. K&t qui clia phan nay la cdc danh
gid sai s giita 13i gidi phan ti hitu han va 18i gidi chinh x4c trong trudng
hop Q.

e  Dinh gid dugc sai so giita 151 gidi xap xi bing phan ti hitu han trén Q, va
161 gidi chinh xdc trén Q.

3. Tinh todn cu thé trén mdt vi du véi M, Ma, G, H, g, ¢ cho trudc.
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