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LOT CAM ON

Ldi dau tién, xin trAn trong cAm on hai Thay huéng din toi 1a
Ti€n si Nguyén Thanh Long va Tién si Nguyén Cong Tam, cdc thdy
da tn tinh gidp dd tdi trong qud trinh hoc tip cling nhu trong viéc
hoan thanh luian van.

Xin trin trong cdm on cdc Thay, C6 thudc thudc Khoa Todn-Tin
Hoc trudng Pai hoc Khoa hoc Ty nhién da tin tinh gidng day cho toi
trong thdi gian hoc tap.

Xin trin trong cdm on cdc Ti€n si Nguyén Dinh Phu, Ti€n si
Nguyén Hoi Nghia, Tién si Ding Ptic Trong va Ti€n si Nguyén Vin
Nhin da doc luin vdn va cho t61 nhitng nhan xét quy bau.

Xin trdn trong cdm on Thac sy Bui Ti€n Diing da doc va stra
chira gitip nhitng sai sét trong ban thao ludn vin.

Xin trn trong cdAm on Phong Quéan ly Khoa hoc- Hgp tic Qudc
t€- Sau Pai hoc Trudng Pai Hoc Khoa Hoc Ty Nhién TP. H6 Chi
Minh, Ban Gidm Hi¢u trudng THPT V6 Thi Sdu da dong vién va tao
moi di€u kién thuin 1gi cho t6i hoan ti't chuong trinh hoc.

Xin chan thanh cdm ban bé ddng nghiép, cic ban hoc 16p Cao

hoc khéa 10 da ludn dong vién va nhi€t tinh gidp dd tdi trong qua
trinh hoc.

Chau Anh Diing
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CHUGONG 1
PHAN TONG QUAN

Trong ludn viin nay, chiing t6i nghién cfu mot s6 phuong
trinh nhiét phi tuyén trong mot hinh tru thudc dang:

(1) U= (Uyy +2u )+ F (u) = f(r,t), 0<r<L 0<t<T,
r

Iim+\/Fur(r,t)

r—0

(1.2) <400, Up(Lt)+h(t)(u@t)-0,)=0,

(1.3) u(r,0) =uq(r),
hodc

@.3) u(r,0)=u(r,T),
(14) F (u)=¢culu \%,

trong d6 U, £ >0 1a cdc hiing s6 cho trude, h(t), f(r,t) 12 cdc ham
s6 cho trudc thda mot s6 diéu kién ta sé chi ra sau.

Phuong trinh (1.1) mo t& qué trinh truyén nhiét trong mot dia tron
don vi r <1, trong do

e u(r,t) 12 nhiét 6 tai moi diém trén dudng tron
C, :{(x, y)Ix2 +y2 = r2} tai thosi diém t, véi r<1, 0<t<T.

o f(r,t)— F.(u) 12 ngudn nhiét.

e Diéu kién bién (1.2) trén dudng tron r = 1 md t3 sy trao
ddi nhiét véi mdi trudng bén ngoai, md moi trudSng bén ngoai cé
nhiét do khong ddi 1a U,, & ddy ham h(t) 12 hé s6 trao ddi nhiét

v61 moi trudng bén ngoai.



lim vru,(r.t)

r—0"

Trong (1.2), diéu kién <+ s€ tu dong

thda n&u u(r,t) 12 nghiém cd dién cda bai todn, ching han
ueC([02]x[0,T])NC?((0,1) x (0,T)). Viéc dua diéu kién nay

vao c6 lién quan dén viéc st dung khong gian Sobolev c6 trong
va chuyén d6i vé& bai todn bi€n phan. ( xem [5,7]).

Véi F.(u)=0, Uy =0, Minasjan [6] d& nghién cttu phuong

trinh

(1.5) ut—a(t)(urr+%u,):f(r,t),0<r<1, O<t<T,
vdi diéu kién bién

(1.6) u, (0,t) =u, (Lt) + h(t)u(Lt) =0,

va véi diéu kién T - tuan hoan

(1.7) u(r,0) =u(r,T),

& day cac ham a(t), h(t), f(r,t ) 12 T — tuan hoan theo thdi gian t.

Y nghia vat 1y ctia bai todn (1.5) — (1.7) 12 mot dong nhiét tuin
hoan trong mdt hinh tru v6 han véi gid thi€t ring hinh tru phu
thudc vao su trao d6i nhiét mot cach tudn hoan & bé mit (r =1)
v61 moi trudng bén ngoai ¢6 nhi€t do z€ro, phia trong hinh tru,
ngudn nhiét ddi xing truc va thay d6i mot cich tudn hoan,
Minasjan [6] d3 tim mdt nghiém cd dién clia bai todn nay bing
cdch diing bi€n ddi Fourier. Phuong phdp nay din d€n mot hé gia
chinh quy v6 han cdc phuong trinh dai s6 tuyén tinh. Tuy nhién
tinh gidi dudc clia hé nay khdng dudc chitng minh chi tiét trong
[6].



Trong [3] Lauerova di chiéng minh ring v6i dit kién T —
tuan hoan, bai todn (1.5) — (1.7) c6 mot nghiém y&u T- tudn hoan
theo t. Trong trudng hgp T, =0,f =0, F, e C'(IR), F/(u)>-3, >0
dl nhd, céc tdc gid trong [4] di chitng minh ring bai todn (1.1),
(1.6), (1.7) c6 duy nhat mot nghiém y&u T —tudn hoan trong cic
khong gian Sobolev thich hgp. Hon nita, nghi€ém nay cling phu
thudc lién tuc theo ham h(t).

Trong ludn vdn nay, chung td61 nghi€n cttu bai todn phi
tuyé&n vdi diéu kién dau (1.1) — (1.4) va bai todn diéu kién T -
tuan hoan (1.1), (1.2), (1.4), (1.7).

N&i dung ludn van dudc trinh bay theo thit ty nhu sau:

Chuong 1 12 phan gidi thiéu bai todn va néi qua mot sd két
qua trude dé va trinh bay bd cuc clia ludn vin.

Chuong 2 12 phan trinh bay mot s§ ky hiéu, cong cu, cic
khong gian ham Sobolev c6 trong, tinh chit cdc phép nhiing ¢
li€n quan.

Chuong 3, ching toi trinh bay chitng minh sy ton tai va duy
nhat nghiém yé&u cla bai todn (1.1)-(1.4) trong cidc khong gian
Sobolev ¢6 trong thich hgp bing phucng phdp Galerkin.

Chuong 4, ching t6i trinh bay chitng minh sy ton tai va duy
nhit nghiém y&u T —tudn hoan clia bai todn (1.1), (1.2), (1.4),
(1.7) trong d6 bai todn xap xi hitu han chiéu cho bai todn tim
nghiém T - tudn hoan c6 thé tim dudc nhd vao bai todn diéu
kién dau thong qua mot dinh 1y 4nh xa co.

Phin cudi cling 12 tém Iugc cdc phan di trinh bay trong
Iuan van, sau do la phﬁn tai liéu tham khéao.



) CHUONG 2 ,
CAC KET QUA CHUAN BI
CAC KHONG GIAN HAM

I1.1. CAC KHONG GIAN HAM
bit Q=(0,1), ta bé qua dinh nghia cdc khong gian ham thdng
dung: C™(Q), L’ (Q), H™(Q),W™P(Q).

V6i mbi ham veC®(Q) ta dinh nghia |v| nhu sau

1 1/2
@n  |v=|v], Urvz(r)er .

0
Ta dinh nghia H 13 ddy dd héa cia khong gian C°(Q) d6i véi
chuin HH
Tuong tv, v6i mdi ham ve CH(Q) ta dinh nghia H : Hv nhu sau

, 22

e vl =(IvIP+v]°)
va dinh nghia V 1a ddy dd héa cta khong gian C1(Q) doi véi
chuin HHV .
Chi y ring cdc chuin HH va HHV 1an lugt dugc sinh ra tr cdc

tich vo huéng

1
(2.3) <u,v>:Iru(r)v(r)dr,
0

1
24) (uv)+(u' V)= [rlu(ov(r) +u' (v (] dr.

0
Khi d6, ta dé dang ching minh ring H, V 12 cdc khong gian
Hilbert.



BG6 dé 2.1. V tri mit trong H vdi phép nhiing lién tuc.

Chirng minh. Hién nhién ring |v|<|v|, ,vveV do d6 phép
nhing tir V vao H 1a lién tuc. Mit khdc CHQ)cV va trd mat
trong H, do d6 V tru mat trong H.

B3 dé sau cho mot s6 ddnh gid thudng st dung.

B3 @8 2.2. Vi moiveCYQ), £>0 va re[0,], ta co:

(2.5) HvH2 SH V/H ’ +v2(),

26) V@[3 v,

@7 =2y, .

2.8) v2(1)£gHv’H2+(2+%)HVHZ.

Chirng minh.

Nghiém Iai (2.5). Dung tich phan tirng phan va chd y ring

0<r? <r<l taco
Iv]|? :}rvz(r)dr Lo —}rzv(r)v’(r)dr
0 2 0
S%VZ(l) + ir‘v(r)v/(r)‘ dr
0
<@+ Vv

g%vz(m%(uvuz+HV/HZJ.

Suyra |v]* <@ +|V| * va do d6 (2.5) dutgc chitng minh.
Nghiém lai (2.6).

1
Tacs V()= j (rv3(r)) dr
0



= Zjl‘rvz(r)dr + Zjl'rzv(r)v’ (r)dr
0 0
<2|v|* +2]v| |V
<2vf*+]v]* V]
<a(]v)® +[v]")=3]vl;-
Vay |[v(1)|<+/3||v], va (2.6) dugc chiing minh.
Nghiém lai (2.7).

Ta cé
1 1
zjsv(s)v’(s)ds =jsd(v2(s))

1
=v2(1) — rv3(r) —jvz(s)ds <V2 (1) = rv3(r).
Suy ra

1
rv2(r) <v?(l) - ZIsv(s)v’ (s)ds

1
<v?(1) + er‘v(r)v’(r)‘ dr
0
<v2(1) +2||v| Hv’H
<@+ [v)* + V]
<3|v]ly +[vly =4lv]y-
vay r|vin|<2)v],.
Do d6 (2.7) dugc chirng minh.
Nghiém lai (2.8).
Theo chitng minh (2.6) ta c6

v <2vlf +2v][v [=2v)? +Z%HVH-@-HV’H



1 2 / 2
<@+3)|v| +5Hv H .

&
Do d6 (2.8) dugc chirng minh.
B4 dé 2.3.
Ta ddng nhat H voi H' (d67 ngdu ciaH ). Khi dé ta co
VGH=H/'GV/, vdi cic phép nhiing lién tuc va nim tri mat.
Chitng minh. Trudc hét ta ching minh riing H nhing trong V' .
ViV cH, v6imoi weH, dnhxa T,:V >R

1

xdc dinh bdi v T, (v) = (w,v) =jrw(r)v(r)dr
0

12 tuy€n tinh lién tuc trén V, tic 1a T, eV’

Ta xétdnhxa T:H —V/
Wi T(w)=T,,.

Khi do ta c6
(TwV)yr y =(Wv), VveV,vweH.
Ta sé& chitng minh ring todn tif T thda cdc tinh chat sau
(i) T:H V' ia dondnh,
(i) || Tafyr <|w], vweH,
(iii) T(H)={T,:weH} /2 tra mit trong V'
Chitng minh (i). D€ thdy ring T tuyén tinh. Néu T,, =0 thi
(w,v) =<TW,V>V/’V =0, VveV.
ViV tru mét trong H, nén ta c6
<W,V>=O, YweH.
Do d6 w =0. Vay T la don dnh, nghia 1a, mot phép nhiing tot H

vao V',



Ching minh (ii). Ta c6 v6i moi ve H,

[Tl = sup [(Tyv)= sup [(wv)

veV v Hvzl veV || v Hvzl

< sup |wlfv|< sup [wv], =]w].
vev | v, =L veV v, =1

Ching minh (iii). Ta chitng minh ring moi phi€m ham tuyén tinh
lién tuc trén V' va triét tiéu trén T(H) thi ciing triét tiéu trén V' .
Coi Le(V') véi <L’TW>V”,V’ =0, VT, eT(H). Ta ching minh
ring L = 0, that vay, do V phan xa, tic 1a (V') =V theo nghia
() vLe('),3eV (L), =(z1)y, VzeV'.
Lay z=T, eV’ taco 0=(L,T,),n s =(wI),vweV.
Do V tru mat trong H nén ta c6 <W,I> =0,VweH.
Vay | =0. Theo (*) ta c6
<L,z>V,,,V, :<Z’|>v’,v -0, vzeV'.
Vay L triét tiéu trén V' .
Chii thich 2.1. Tir b dé 2.2, ta ciing dung ky hiéu tich vo huéng
(.,.) d& chi cap tich d&i ngdu gitta V, V.
B4 dé 2.4. Phép nhiingV G H Ia compact.
Ching minh xem [5].

,\1/2
Chi thich 2.2. Tir b6 dé 2.2 suy ra ring (VZ 1) +H V/H ) va
H Vv Hv 12 hai chudn tuong duong trén V va ta c6

1
@9 SV o=y, wev.

8



Thay vay, bit ding thic tht nhat cda (2.9) ¢ dugdc 1a do
Il =]+t s [+ v
<" o).
B4t ddng thic con lai cia (2.9) dudc suy ra tir
V" v <]+ 3)v]2 <4 v]2.
Ta chd ¥ ring

(2.10) lim /rv(r)=0,vveV.

r—0
(xem [1] trang 128 )
Mitkhdc, do H'(¢,1) & C°([¢,1]), O<e<lva
@10 Ne|v] i <lvly,, vvev.
Ta suy ra riing
2.12)  vl5eC’([ed]), Ve O<e<l.

Tu (2.10), (2.12) suy ra
2.13)  rveC’([01]), WveV.

I1.2. KHONG GIAN HAM LP(0,T;X),1<p<o

Cho X 1a khong gian Banach thyc d6i v6i chudn |. |, .
Ta ky hiéu LP(0,T;X),1< p<oo, Ia khong gian cdc 16p tuong
duong chita ham u:(0,T) »> X do dudgc, sao cho

T

IHU(’[)Hi dt <o v6i 1< p<oo

0

hay
aM >0:|ut)||, <M, ae te(0,T) véi p=co.

9



Ta dinh nghia chuén trong L°(0,T;X),1< p <o nhu sau:

T 1/p
i | Jl0lz ]| var sz
0

va [ull i or:xy =58 sup Ju®]]
O<t<T
=inf{M >0:|u(t)|, <M,ae te(0,T)} véi p=oo.
Khi d6 ta c6 ciac bd dé sau ddy ma chitng minh cda ching cé thé
tim thay trong Lions [2].

BGS @é 2.5. LP(0,T; X) /a khong gian Banach.

B8 @& 2.6. Goi X' 12 doi ngdu ciia X. Khi do vdi iJrilzl,
p p

1< p<oo, (L°(0,T;X))'=L” (0,T;X") /4 dbi ngéu ciia L*(0,T;X).
Hon nita, néuX phdn xa thi L?(0,T;X) ciing phdn xa.

BS dé 2.7. (Ll(o,T; X))/ = L*(0,T; X").

Hon nia cdc khdéng gian 11(0,T;X), L”(0,T; X') khdng phin xa.
Chu thich 2.3. N&u X = LP(Q) thi LP(0,T:X) = LP(Qx (0,T)).
Phan bd c6 gid tri vécto.

Dinh nghia 2.1. Cho X la mdt khong gian Banach thuc. Mot 4nh
xa tuy€n tinh lién tuc tr D((0,T)) vao X dudc goi 12 mot phan bd
c6 gia tri trong X. TAp cdc phan bo ¢6 gid tri trong X ky hiéu 12

D'(0,T;X) = L(D(0,T); X)
={f :D(0,T) > X/ f tuyé&n tinh va lién tuc}.

Chu thich 2.4. Ta ky hi¢éu D(0,T) thay cho D((0,T)) hodc
CZ((0,T)) dé chi khong gian cdc ham s6 thyc khad vi vd han c6
gid compact trong (0,T).

10



Pinh nghia 2.2. Cho f € D'(0,T;X). Ta dinh nghia dao hAm 3—:

theo nghia phan bd cia f bdi cong thitc

a N__[s 92
(2.14) <dt,gp>— <f,dt>, VpeD(O,T).

Céc tinh chat.
1/ Cho ve L?(0,T; X). Ta lam tuong (ng véi né bdi dnh xa

T,:D(0,T) > X nhu sau:
T

(2.15) (Tv,¢>=jv(t)¢(t)dt, Ve D(O,T).
0

Ta c6 thé nghiém lai ring T, € D' (0,T; X). That vay
i) Anh xa T, : D(0,T) = X hién nhién 1a tuy&n tinh.
ii) Ta nghiém lai dnh xa T, :D(0,T) —> X lién tuc.

Gia st {goj}c D(0,T) saocho lim ¢; =0 trong D(0,T) ta c6

jo+oo
[{r..01)] -

;
jv(t)gpj (t)dt
0

;
gﬂ\v(t)gp] (t) HX dt

x 0

1

T " B T p/ ;-/
< juv(t)uxdt ngj(t)\ dt | —=——0.
0 0

Do dé lim <Tv,goj>HX=0. viy T, e D' (0,T; X).

jo+o

2/ Anh xa VT, 12 mot don dnh, tuyén tinh tr LP(0,T;X) vao
D/(0,T;X), do d6 ta c6 thé ddng nhat T, =v.

Khi dé ta c6 két qua sau.

B3 @é 2.8. (Lions [2]).

11



LP(0,T;X) = D/(0,T;X) vdi phép nhiing lién tuc.

Pao ham trong L°(0,T; X).
Do b6 d@é 2.8, véi f e LP(0,T;X) ta c6 thé coi f va do d@6 % 1a

cdc phan t& cda D’(0,T;X). Ta ¢6 cdc k&t qua sau.
B3 dé 2.9. (Lions [2]).

Néu f,f/ e }0,T;X) thi f bing hiu hét véi mot ham lién
tuct [0,T] vao X.

Chitng minh b& dé 2.9 gdm nhiéu budc.
t

Budc 1. Pit H(t) :j f/(s)ds. Khi @6 H:[0,T]—> X lién tuc vi
0

f/ e 11(0,T; X).

Trudc hét ta chitng minh ring C:j—l;' :% = f/ theo nghia phan

bd. That vay, ta c6

dH N\ do\ b de
(2.17) <dt ,¢>_ <H,dt>— _([H(t) (O

T/t ) d(ﬂ T ) Td(p
:_g gf (s)ds E(t)olt:-!f (s)ds!a(t)dt

:ij’(s)go(s) ds:<f’,¢)>.
0

. dH df /
Vay —=—=1f"1 D' (0,T;X).
3 rong D’ ( )

Budc 2. Ta chitng minh f =H +C theo nghia phan b6 (C Ia
hing).

That vy, gid st v=H — f ta c6 v/ =0 theo nghia phan b (do
budc 1). Ta sé chitng minh ring v=C theo nghia phan bd. Ta c6

v/ =0 tuong duong véi
12



:
(2.18) jv(s)gp/(s)ds:o, VoeD(0,T)
0

Cho @eD(0,T), ta cé thé vi€t ¢ dudi dang p=Ag, +y', trong

T T
d6 w eD(0,T), @, théajgoo(s)ds:l, ﬂ,z_[(p(t)dt.
0 0
T
That vay, ta c6 j.((p(t)—/i(po(t)) dt =0, nén nguyén ham cla
0
o(t) — Ag, (t) triét tiéu tai t =0 s€ thudc D(0,T).
t
Chon w(t) :I(go(s) — 1,(8))ds. Trong (2.18) thay ¢’ bdi y' ta
0
thu dudc
T T
Jv(©)y' (5)ds = [v(s)lo(s) - Ay (s)] ds =0, Vo eD(OT)
0 0
hay

T T
(2.19) j v(s)gp(s)ds = A [ V(s) @, (s)ds
0 . OT
= [p(s)ds[v(t)p, (D)t Ve D(O,T).
0 0

.
bit C= Iv(t) @, (t)dt ta suy ra tir (2.19) ring
0

(v(s)—C) p(s)ds=0, VeeD(O,T).

o

Vay v(t) =C =const trong D/(O,T; X).
Budc 3. Ta st dung tinh chit sau:

:
Néuwe X0,T;X) va j w(t)p(t)dt =0, VeeD(0,T) i
0

w(t)=0 vdi hdu hét t<[0,T].

13



DPi€u ndy c¢6 dugc 1a do 4nh xa wi>T, tUf L}0,T;X) vao
D/(0,T;X) 1a don 4nh (tinh chat 2/ & trén ). Ta suy ra ring
f =H + C theo nghia phan bd.

Tt cdc bude 1, 2, 3 & trén bo dé 2.9 da duge chirng minh.

Tuong tu ta cé bd dé sau:

B3 @& 2.10. Néu f,f' eLP(0,T;X) thi f bing hdu hét voi mot
ham lién tuc rr [0,T] vao X.

I1.3. BO BE VE TINH COMPACT CUA LIONS

Cho 3 khong gian Banach X, X;, X v61 X, © X < X, sao cho
(2.20) X,, X, la phan xa,

(2.21)  Phép nhing X, G X la compact.

Véi 0<T <400, 1< p; <400, 1=0,1. Ta dit

(222) W(0,T)= {Ve LPo(0,T:X,):V e L™ (0,T; xl)}

Ta trang bi cho W(0,T) bdi chuin

(2.23) HVHW(O,T) :HVHLpO (0.T:X,) +H V/HLF’l(O,T;Xl)

Khi d6 W(0,T) 12 mot khong gian Banach.

Hién nhién W(0,T) < L™ (0,T;X).

Ta ciing c6 két qua sau diy lién quan d€n phép nhiing compact.
B6 @€ 2.11. (B6 dé vé tinh compact ciia Lions).

Vdi gid thiét (2.20), (2.21) va néu 1< p; <o, i=0,1 thi phép
nhing W(0,T) G L™ (0,T;X) /a2 compact.
Chitng minh. C6 th€ tim thdy trong Lions [2], trang 57.
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1.4. BO PE VE SU HOI TU YEU TRONG L Y(Q)
B6 dé 2.12.

Cho Q I3 tip md, bi chin ciia RY va G,,,GeL%(Q),1<q<+mo,
sao cho
[ GmHLq(Q) <C, trong do C Ia hing s6 déc Iip vdi m va
G, > G ae.(r,t) &ongQ.
Khi do G, —» G trong LY(Q) yéu.
I1.5. BO BE GRONWALL
B3 dé cudi cung nay lién quan dén mot bit phuong trinh tich
phin, né rit cin thi€t cho viéc dinh gid tién nghiém trong cédc
chuong sau.
B4 dé 3.13. (B&' dé Gronwall).
Gid sir f:[0,T]—> R /a ham khd tich, khong 4m trén [0,T] va

t
théa bt ding thic (t)<C,+C, j f(s)ds vdi hdu hét te[0,T]
0

trong do C,,C, 12 cdc hang s6 khong am.
Khi do f(t) <Ce®" vdi hidu hét t<[0,T].
Ta cling dung cdc ky hi€u

u(t),u’(t)=ut(t),ur(t)=Vu(t),urr(t), lan lugt @€ chi  u(r,t),

ou ou o°u
—(r,t), —(r,t), —=(r,1).
at( ) at( )arz( )
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CHUONG 3

NGHIEM BAI TOAN BIEU KIEN PAU
PHI TUYEN

Trong chuong nay, ching t6i nghi€n cttu bai todn gid tri bién va

ban dau (1.1) — (1.4) nhu sau:
3.1)  u—(u,, +%ur)+ F.(u)="f(rt),0<r<1,0<t<T,

(3.2) Iim+\/Fur(r,t)

r—0

<+, U (L) + h(®)UL) - d,) =0,

(3.3) u(r,0)=u,(r),

(34) F.(u)=¢|u \llzu,

trong d6&>0,0, 1a hing s6 cho trudc, h(t), f(r,t),u,(r) 1a céc
ham cho trude thda cic diéu kién sau:

(Hy)) 0, eR,

(Hy) u,eH,

(Hy) hew™(0,T),

(Hy) fel?(0T,H).

Khong 1am mat tinh tong quat ta 14y & =1.

Nghiém y&u clia bai todn gid tri bién va ban dau (3.1) — (3.4)
dudc thanh 13p nhu sau:

Tim uel?(0,T:V)NL?(0,T;H) sao cho u(t) thda bai todn bién

phin sau

(3.5) %(u(t),v> +{u, (t),v, ) + h@u L t)v(D) + (F (u(t)),v)

=(f(t),v)+G,h(t)v(1), Vv eV, ae,te(0,T),
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va diéu kién diu
(3.6)  u(0)=u,.
Khi d6 ta c¢6 dinh ly sau

Pinh 1y 3.1. Cho T > 0 va (H,)—(H,) dung. Khi do, bai toin
(3.1)-(3.4) c6 duy nhat mot nghiém yé&u u e L?(0,T;V)NL*(0,T;H)
sao cho

(3.7) tuel”(0,T;V), tu' el®(0,T;H), r*Puel®?(Q,).
Chitng minh. Gom nhiéu budc.

Bu6c 1. Phuong phap Galerkin.

Lay {w;},j=12,... 1a mdt cd s& tryc chudn trong khong gian

Hilbert taich dugc V. Ta tim u,(t) theo dang
m

(3.8)  up(t) =D Cmj )W),
j=1

trong d6 Cp, j(t), 1< j<m théa hé phuong trinh vi phan phi tuyén
<u,/n(t),wj > + (U (0,W, )+ (8 Uy (L) w; (1)
+(FUn (). ) =( (0. w; )+ Goh(t)w; (), 1< j<m,

(3.10) Uy (0) =Ugy,

(3.9)

trong do

(3.11) u,, — U, manh trong H.
DE thay riing v6i mdi m, tdn tai mot nghiém U, (t) c6 dang (3.8)
thda (3.9) va (3.10) hau khip ndi trén 0<t <T,, v61 moét T, nao

d6, 0<T, <T.
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Céc dénh gid tién nghiém sau diy cho phép ta 1dy T, =T vdi

moi m.

Bu6c 2. Pinh gid tién nghiém.

Ta s& 1an lugt thi€t 14p hai ddnh gid tién nghiém dudi day. Khé

khin chinh & phian nay 13 s6 hang phi tuyén F,(u,(t))

= |u, ®"*u, () tham gia vao phuong trinh do d6 viéc ddnh gid tinh

bi chiin va qua gidi han clia s& hang nay ciing 124 mot khé khin.

Tuy nhién, véi s& hang phi tuyén cu thé trong trudng hdp nay

khong gy ra nhiéu trd ngai so véi s6 hang phi tuyén téng quat.
a) Dédnh gid 1. Nhan phuong trinh tht j cia hé (3.9) v6i ¢ (t)

va tong theo j, ta cé
(3.12) %H Un® [ + 2] up, ®]* + 2030)
+2_1[r\um(r,t)\5/2dr
=2(1- r:)(t))uﬁ1 (Lt) + 2( f (1), up (1)) + 20, h(t) Uy, (L)

Tir bat ding thic (2.9), ta suy ra ring

313 2un, O +202@2]u,®]2.

Ta suy tir (3.12), (3.13) ring

(3.14) %Huma)uhuuma)\\j+zir\um(r,t)\5’2dr
<2/1-h®)| Alune O] + @+ YA un )]
+2] £ O un @]+ 2| G0 [V3] un ©) [

<2141 ox oy )| Blun O + @ +Y ) un®
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+Hf(t)H +Hua®]° +—\ ol 10 o, +2B1Un®

L*(0,T)

Zﬂ ‘ H HL (0T) +Hf(t) H +2ﬂ(2+HhHL°O(O,T))H Um(t) H\Z/
#1422+ U P+ [N 2 o) [lun ] ¥B>0.
Chon S >0 sao cho

(3.15) 2B 2+||h] o)) <1/2.

Tir (3.14), (3.15) ta dudc
(3.16) H un | += Hum(t)uv+2jr\u (r,t) > 2 dr

< 2wl 11 g IO

#1422 +1 A+ [N o) [ lun® %
LAy tich phan (3.16) theot va st dung (3 10) (3.11)ta co

G171 |un® | += j”um(s)uvdsujdsjr\ Up (r,s)| > dr

3t
S Jvan]” 55101 01 +£Hf(S)H ds

L(0,T)
t
2
+[1+2@+1 )+ HLOO(O'T))HH Uy (5) | °dls

t
<M P+ MO | up ()  ds,
0

trong do I\/IT(l),MT(Z) 12 cdc hing s8 chi phu thudc vao T va duge
chon nhu sau:
M) =1+ 22 +1/ B)L+ 0] 2 7))

3

e 2HuomH2+(— ]

T
AL I, 7+ 1 @) s m

Nhd bd @€ Gronwall 2.13, tir (3.17) ta dugc
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1t t 1
3.18)  |un(®) H2 +§IH Uy, (S) H\Z/ ds + Zjdsjr\um(r,s) \5/2 dr
0 0

<MPexptMP)<M; ,vm, Vi, 0<t<T, <T,
nghiala T, =T.

b) Pénh gid 2. Nhan (3.9) véi t’cy (1) va tdng theo j, ta c6
/ 2
(319 2ftun ]+
d Htu (I)HZ+h(t)t2u2(1t)+ftzjl‘r‘u (r t)‘5/2dr
dt mr m\— 5 ) m\l,
d
= ZtH U p (1) H 2 + Ur%w(lit)a[tzh(t)]

5/2

8 1
+gt£r‘um(r,t)‘ dr+2<tf(t),tu{n(t)>

+20, %[tzh(t)um 1,1)] - 20,u,, (1,t)%[t2h(t)] .
Tich phan (3.19) theo bi€n thdi gian tir 0 dén t sau d6 sdp x€p lai

céc sd hang ta dugc

(3.20) ZjHSUr/n(S)HZds+Htumr(t)H2+t2ur2n(1,t)
0
+ﬂtzjl‘r\u (r t)\mdr
5 ¢
:[1—h(t)]tzurzn(l,t)+ZJI.SHUmr(s)Hzds+'tf[52h(s)]’u,i(l,s)ds
0 0
+§j‘sdsjl'r\um(r,s)\5/2dr+2j<sf(s),sur’n(s)>ds
0 0 0

t
+20,t%h(t)u, (Lt) - 24, j [s2h(s)]' u,, (1,5)ds.
0

Dung bat ding thirc (2.9), ta c6
(3.21) Htumr(t) HZ +t2u2 (Lt) 2%”wm(t) |2, wte[0,T], vm.
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Dung cédc bat dfmg thire (2.6), (2.8), (2.9) va v6i £ >0 nhu trong
(3.15), ta ddnh gia khong khé khin cdc s6 hang & v€ phéi cla
(3.20) nhu sau
(3.22) [1-h®)]t?ud @1)
<@ o) [ Alttnc O + @ 1At ©1F |
@[N] ory)| Altun @I + @ +1 ) EM; |,

(3.23) 2jsH U ()| ds + j[szh(s)]’u; (L,5)ds
0 0

S[ZT +3H(t2h)’

t
2
can IOl o

<2M [2T + 3” (t2h)’

L(0,T) }

t
(3.24) 2|a, j [s2h(s)]’u,, (L, 5)ds
0

<243| |

t
(t2h)/HL°°(O,T) !)'H Un (S) ]|, ds
L (0.T) V6tMy,

] 3/ 2
02N Uy () [< B tun © | +E(uotu hHLOO(O,T)) :

<2|d, || t*h)’

(3.25) 2

t

j<s f (s),sur’n(s)>ds

0
Do d6, tir (3.20) — (3.26) suy ra

t 2 1 2
327 [|sun(s)| ds +21tun 01
0

(3.26) 2

< jH Sf (s) | 2 ds + szu{n ©)| ds.
0 0

)

<@+ 0 e o) 2+ 1/ B) My + 2M 1 (2T + 3” (t2h)’ o

16 | ; 2
+§N5Um(5) |, ds +N sf(s)||"ds
0 0
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3. 2 ~
+E(uotuhumm) + 2| || 2y’

Lw(O,T)\/W
16! 1t 2
<ME + 2 lsun @1y ds <M+ 2f|sun @], ds.
0 0

trong d6 M M =M & 4 % 1a cdc hing sd chi phu thudc T.
Do b3 dé Gronwall, tir (3.27) suy ra

(3.28) jH sul (s) H2 ds + %Htum(t) H\Z/ <MPet <MPem =M,
Mt khé(z:, it (3.18) ta ¢6 ddnh gis

o1 5/3
(3.29) jdsﬂrg”f’l:l(um(r,s))\ dr
0 0
5/2

t 1
:jdsjr\um(r,s)\
0 O

Bu6c 3. Qua gidi han

dr S%MT <M;.

Do (3.18), (3.28), (3.29) ta suy ra, ton tai mot diy con cla diy
{u,} vin ky hiéu 1a {u.,} sao cho

(3.30) U, —u trong L”(0,T;H) yé€u *,

(3.31)  u, —u trong L2(0,T;V) yé&u,

(3.32) tu, —>tu trong L°(0,T;V) yéu *,

(3.33)  (tu,)’ — (tu)’ trong L?(0,T;H) y&u,

(3.34)  r?*®u_ > r?%y trong L°'2(Q;) yéu.

Dung b3 dé 2.11 vé tinh compact ctia Lions, 4p dung vao (3.32),
(3.33) ta 6 thé trich ra tir day {u,} mdt ddy con vin ky hiéu Ia
{u,,} sao cho

(3.35) tu, —>tu manh trong L>(0,T;H).
m
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Theo dinh 1y Riesz — Fischer, tir (3.35) ta ¢6 thé 1dy ra tir {u,}
mot diy con van ky hiéu la {u,} sao cho

(3.36) uy,(r,t) > u(r,t) a.e. (r,t) trong Q; =(0,1) x(0,T).

Do F(u) = ‘ u ‘1/2 u lién tuc, nén

(3.37)  F(uy(r,t)) > R (u(r,t)) a.e. (r,t) trong Q;.

Ap dung b8 @ 212, véi N = 2, q = 5/3,

1/2 1/2
u.

Gy =¥ °Fy(up) =r¥°Juy| ™ “up, G=r*"°F(u) =¥yl

Tu (3.29), (3.37) suy ra
(3.38) r3’5\um\1/2um - r3’5\u\1/2u trong L°'3(Q;) yé&u
Gid st ¢ e C*([0,T]), ¢(T)=0. Nhan phuong trinh (3.9) véi ¢,

sau d6 tich phan tirng phan theo bién t, ta dugc
T T
~ (U W; }9(0) = [ (U (O, )’ (Ot + [ Uy, (1), W5 )p() it
0 0
T T
(3.39)  + j h(t) Uy, (L) w; (L) () dt + j (R (U (0),W; ) p(t) dt
0 0

T T
=j<f(t),wj>(p(t)o|t+aojh(t)wj (1) p(t)dt, 1< j<m.
0 0
P& qua gidi han cla s6 hang phi tuyén F (u,(t)) trong (3.39) ta

st dung bd dé sau

B6 dé 3.1. Taco

T

.
im £ (Fu(Un (). W; )or(t) dt = £ (RUO)wW;)e0 dt.
Chiéng minh. Chd ¥ ring (3.38) tuong duong véi

T 1 T 1
(3.40) J'dtj'rm\um\l/zumd) dr—>_[dtj'r3’5\u\1/2ud)dr
0 O 0 O
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vo (L@ =L77(@Qr).

Mit khac, ta co

(3.41) }<F1(um(t)),wj Jo(t)dt =ﬁr\ Up| ™% Uw; (1) (1) dr dit
0 00
:ﬁ(ﬁ’5 |Un| "' Uy )(r2’5wj (r)(p(t))dr dt.
00

Do (3.40), ta chitng minh @ = r2’5wj (Ne(t) e L5/2(QT ).

That vay, do bat ding thic (2.7), ta c6

T1 5/2 T1 5/2
(3.42) m@\ drdt:”r\wj(r)(p(t)\ drdt
OO1 » 005/2 . -

= [r w0 dr [l o) | dt
; 5/21 14 TO 5/2
(2w, ) Jrit oot a

]
:%ﬁuwj H\S//Zg‘gp(t)‘5/2dt<+oo.

Do d6, bd dé 3.1. dugc chitng minh.
Cho m — 4o trong (3.39), tir (3.11), (3.30), (3.31) va bd dé 3.1

ta suy ra u thda phuong trinh bi€n phan
T T
~ (U, w; ) @(0) - [(u()),w; )’ ®)dlt + [(u, (1), w;, ) p(t)clt
0 0
T T
(3.43) +jh(t)u(1,t)wj D) p(t)dt +j<Fl(u(t)),wj>¢(t)dt,
0

0
T T
= [{f (@©),w;)p(t)dt +d, [h(t) w; D p(t)dt,
0 0

Vo eCH0,T]),p(T)=0,Vj=12,..,m.
Do d6 ta c6

T T
~ (U v)@(0) - [(u(), V)¢ ®)dt + [{u, (), v, () dt
0 0
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T T
(3.44) + j ht)u(Lt)v(l) g(t)dt + j (FL(u(t)),v)e(t)dt
0 0

T T
= [{f ®).v)p®)dt + 0, [ VD) p(t)dt,
0 0

Vo eCH[0,T]),@(T)=0,vveV .
Liy @ e D(0,T), tir (3.44) suy ra

T T
(3.45) j [%{u(t),vﬂ p(t)dt + j (up (t), v, Yop(t) it
0 0
T T
+ [hUEHVO) () dt + [ (R u(D).v)e(t)dt
0 0

T T
= j( f(),V)p(t)dt+ aojh(t)va)(p(t)dt, VoeD(0,T), VeV .
0 0

Do d6 ta co
(3.46 %{u(t),v> +{u, (t),v, ) + h()u L t)v(D) + (R (u()),v)

= < f (t),v> +0,h(t)v(), VvveV
ding trong D(0,T) va do d6 hau hét trong (0,T).

Cho ¢ e Cl([O,T]), @(T) =0. Nhan phuong trinh (3.46) véi ¢, sau

d6 tich phan tirng phan theo bi€n thdi gian ta dugc

T T
—(u(0),v)e(0) - [{u().v)o' (®)dt + [{u, (1), v, )p(t) cit
0 0

T T
(3.47) + j h(t)u(Lt)v() p(t)dt + j (Fu(®),v)e(t) dt
0 0

T

;
= [(f®).v)pt)dt+ 0, [hO) VD) p(t)dt,
0 0

Vo eCH]0,T]), ¢(T)=0,YveV.
So sdnh (3.44), (3.47) ta dugc

(3.48)  —(u(0),v)p(0) =—(u,,v)(0)

VpeCH[0,T]), o(T)=0,VveV,
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ma (3.48) tuong duong véi di€u kién dau

(3.49) u(0) =u,.

Ta chd y ring, tir (3.30) — (3.34), ta c6
uel?(0,T;V)NL”(0,T;H), tuel™(0,T;V) va

tu' e 2(0,T;H), r®uel®?Q,).

Vay sy ton tai nghiém dudc chitng minh.

BuGc 4. Tinh duy nhat nghiém

TruSc hét, ta can bd dé sau diy.

BG dé 3.2. Gid st w la nghiém yéu ciia bai todn sau

(3.50) W, — (W, +1Wr)= f(r,t), 0<r<1 0<t<T,
r

(3.51)

lim ~/r w, (r,t)
r—0"

<400, W, (Lt) + h(t)w(Lt) =0,

(3.52) w(r,0)=0,
we L2(0,T;V) N L?(0,T;H),
353 V€ ( )N LE( )
twe L”(0,T;V), tw/e L2(0,T;H).
Khi dé

1 t
354 SJwo)|” + m W, (8)]|* + h(s)wi.s) |ds

_i< f(s),w(s)>ds =0, a.e. te(0,T).
0

Chi thich. B dé 3.2 1a tong quat hda ciia b dé trong cudn sich
cia Lions [2] cho trudng hdp khong gian Sobolev c6 trong.
Chitng minh clia b @& 3.2 c6 thé tim thay trong [8].

Gid st u va v 13 hai nghiém y&u clia bai todn (3.1) — (3.4). Khi d6

w =u — v 12 nghiém yé&u ctia bai toan (3.50) — (3.52) v6i v€ phai
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1/2 1/2

f(r,t)=-|u®| v(t). Dang b8 dé& 3.2, ta c6

dang thifc sau

u(t) +|v()|

t
(3.55) %H w(t) |2+ [, (9)[% +h(s) WL s)] ds
0

t
:_m u(s) ‘1/2 u(s) —|v(s) ‘1/2V(s),w(s)>ds <0,
0
do tinh chdt don diéu ting cla ‘u ‘1/2 u. Tir (3.55) ta suy ra ring

w = 0. Tinh duy nh4t dudc chitng minh.

Vay dinh 1y (3.1) dugc chirng minh xong.
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CHUONG 4

NGHIEM T - TUAN HOAN CUA BAI TOAN
PHI TUYEN

Trong chuong nay, ching t6i nghién cttu nghiém T — tudn hoan
clia bai todn gid tri bién phi tuyén nhu sau:

@.1) ut—(urr+%ur)+F€(u)=f(r,t),O<r<1,0<t<T,

4.2) <+, U, (Lt) +h(t)(u(Lt) —d,) =0,

lim Vru, (r,t)
r—0"

4.3) u(r,0)=u(r,T),
1/2

44) F(u)=¢lu| “u,

trong d6 U, 1a hing s6 cho trudc, h(t), f (r,t) 12 ham s6 cho trudc
T — tuan hoan theo t, thda cdc gid thi€t sau:

(Hy) 0, eR,

(Hé) h EWl‘OO(O,T), h(0) =h(T), h(t) =h, >0,

(Hs) feC®0,T;H), f(r,0)=f(r,T).

Khong 1am mat tinh tdng quit clia bai todn ta 14y £=1

Nghiém yé&u cda bai todn (4.1) — (4.4) dudc thi€t 14p tir bai todn
bi€n phan sau:

Tim ueL?(0,T;V) N L*(0,T;H) sao cho u' e L2(0,T;H) va u(t)

thda phuong trinh bién phin sau:

T T
@5 | <u’ (t),v(t)>dt + [{ur ©., (©) + hOUE Y, D]dt
0 0

T

T T
+ j (F(u(t),v(t))dt = j (f (), v(t))dt + 0, j ht)v(Lt)dt,
0 0

0
Yel2(0,T:V),
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va diéu kién T—- tuin hoan

4.6) u(0)=u(T).

Khi do, ta c6 dinh ly sau

Pinh Iy 4.1. Cho T >0 va (H,),(H3),(H}) ding. Khi do, bai
toin (4.1) — (4.4) co duy nhit mot nghiém yéu T — tuin hoan
uel’(0,T;V)nL*(0,T;H) sao cho u'el?(0,T;H), r*®uel”*(Q,).
Chitng minh. G6m nhiéu buéc.

Bu6c 1. Phuong phap Galerkin.

LAy mot co sé truc chuin {w;}, 1=12,...trong khdng gian Hilbert

tich dugc V. Ta tim u, (t) theo dang

@7 Uyt = Z;c (W,
e
trong d6 Cy, ;(t) théa hé phuong trinh vi phan phi tuyén
4.8) <ur/n(t),wj>+<umr(t),wjr>+h(t)um(l,t)wj(l)
+H(RUn®)w; )
=(f(t),w;)+GhO)w; (D), 1< j<m,
va diéu kién T — tuan hoan
(4.9 Uy (0)=uy(T).
Pau tién, ta xét hé phuong trinh (4.8) va diéu kién dau
4.9 u,(0)=Uyy,
trong d6 Uy, thudc khdng gian sinh bdi cdc ham {w;}, j=12,..m.
Khi d6, ta dugc mot hé m phuong trinh vi phan thudng phi tuyén

v6i cdc &n ham ¢, (t), j=12,...,m, va céc diéu kién dau (4.9").

Dé thay riing tdn tai U, (t) c6 dang (4.7) thda (4.8) va (4.9") véi
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hau khdp ndi trén 0<t<T,, v6i mot T, €(0,T]. Cdc ddnh gia
tién nghiém sau ddy cho phép ta 14y T, =T v&i moi m.
BuGc 2. Danh gid tién nghié¢m.
Nhan phuong trinh thit j cia h¢ (4.8) véi ¢y ;(t), sau d6 14y tong
theo j , ta dugc

d 2 2 2
(4.10) EH Uy © | + 2]t O] + 200U @D

1
+ Zfr\um(r,t) \5/2 dr
0

=2(f(t),up, (t)) + 20,h(t)uy, (t).
Tir gid thi€t (H3) va bat ding thic (2.9), suy ra

@11 2up O] + 20U 2Cyun 0]

trong d6 C; =min{l,h,}.

Do d6, tir (4.10), (4.11) suy ra

d 1
(4.12) EH Un®]* +Cun®] +2jr\um(r,t)\5’2dr
0

<2(f(t),un, (1)) + 20,h(t)uy, (L1)

2

2
L*(0,T) + 5” Um (t) HV

1 2 2 3.2
<SITO1 +6[un®" + <[]

2

1 2 3142
SEHf(t)H +E‘uo‘ HhHL"O(O,T)

+ 25| u, @)
véimoi 0 >0.

Chon 6 >0 sao cho

4.13) C, -26=C,>0.

Do do, tu (4.12), (4.13) ta thu dugc

d
(4.14) EH Un(®)]* +Co | un @) ||
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d 1
SEH Un () | * +C, | un (t) H\Z/ + ZIr\um(r,t)\S/2 dr
0

1 3. ~
I O1 + Yl |12 g, =R
Nhan bit ding thic (4.14) véi e“2! va sau d6 tich phan ta cé

t
(4.15)  |uy(t) H2 <| uomuze—cgt +e_cztjﬁl(s)eC25ds,
0
Cho T >0, ta xét ham so sau

t
3 (e —1)‘1_[ﬁl(s)ec25ds, 0<t<T,
4.16) R(t)= .

h,(0)/C,, t=0.

Khi d6 ReC°[0,T] va ta dit R= (r)na>§\/li(t).
<t<

NE&u |[ugy||< R tir (4.15), (4.16) cho ta

(4.17) |u,(t)||<R nghiala T, =T v6i moi m.

Goi B_m(O, R) 1a qud cau déng tAm O, ban kinh R trong khong
gian m chiéu sinh bdi cdc ham w;, j =1,2,...,m, ddi v6i chuén |. |
Xét dnh xa : F,, : B, (0,R) —> B, (0,R) cho bdi cong thitc

(4.18)  Fp(Uom) =Un(T).

Ta chéing minh ring F,, 1a 4nh xa co.

Gid st Uy, Vo € B, (0,R) va dat @, (t) =u,, (t) -V, (t), trong d6
Un, (t),V,, (t) 12 cdc nghiém clia hé (4.8) trén [0,T] thda cdc di€u
kién ddu U, (0) =U,, va V., (0)=Vv,, 1an lugt. Khi d6, @, (t) thda
hé phuong trinh vi phdn sau day

(4.19) <q>£n(t),wj>+<q>mr(t),wjr>+h(t)@m(l,t)wj(l)

([ un® " un O = [y O v O w; )12 <m
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va diéu kién dau
(4.20) o (0)= Uom — Vom -
Tinh todn tuong tuw nhu chuong 3, ta dugc

4.21) %H O )] +2[ @ )] + 20(0)| @ L1) |

== 2(|un O U O = [V O
Do (4.11), tir (4.21) suy ra

1/2 1/2

Vi (DU (0= Vi (D) 0.

(4.22) %H (1) +Cy @, )] <0.

Tich phan bat ding thic (4.22), ta dugc

Lrc

423)  |un(M)-vu(M|< e 2 | Uom = Vom |
nghiala F,:B,(0,R) - B,(0,R) la dnh xa co
Do d6 tdn tai duy nhat u,, € B, (0,R) sao cho

Uom = Fin (Uom) = U (T).
Do d6, v6i mdi m ton tai mot ham u,, € B, (0,R) sao cho nghiém
clia bai todn gi4 tri ban dau (4.8), (4.9/ ) 12 mot nghiém T — tuin
hoan ctia hé (4.8). Nghiém nay ciing thda bat ding thic (4.17)
véi hau hét t €[0,T] va nhd (4.14) ta suy ra

4.24) [u, )| 2y Csz Uy, (S) H\i ds + Zj.dsj.r\ u, (r,s) \5/2 dr<C,,
trong d6 C, 12 hiing S(('A)), ddc 1ap v6i m. s

Nhan phuong trinh thi j cia hé (4.8) véi Cr/n i), 14y tong theo j
va sau d6 tich phan tirng phan theo bién t tir 0 dén T, ta c6

T T
(4.25) _[Hur’n(t)HZdt+%I%Humr(t)uzdt
0 0
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1/2

+1}h(t)i[u2(1t)]dt+}<\u O un @5 ) ot
29 dt " AT e

:}< f(£),up (1)) dt + UOT[h(t)ur/n(l,t)dt.
0 0

Tir (4.9) ta thdy riing hai bAt ding thifc sau ddy ding:

1/ — ()| dt=0,
! {dt Humr H

i / }<\um(t)\“2u t),u (t)>dt_—jrdrj( U (r, t)\f”zj
0

1
:%Ir(\um(r,T)\
0

>/ —\um(r,O)\S/Z)dr =0.

Do d6, ddng thic (4.25), nhd tich phan tirng phan ta thu dudc

T 2 T lT
426) | H ul (1) H dt = | < f (t),u{n(t)>dt +2 [ ®u @) d
0 0 0

;
—a, j h (t)u, (Lt)dt.
0

Sau cluing, nhd (4.24), (4.26), suy ra ba't dang thiic sau

T 2 T T 2
4.27) 2jHu;n(t)H dtsjuf(t)uzdt+jHu{n(t)H dt

W] . on ju un j\ (1) [dt
<[lsho H Vg 1015
J [un(®1], ot
vl / I 2
< !Hum(t)H Ll . wum(t)uvdt
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T 1/2
+2,3T |G | mm[f lun @ dt]
0

T 2
< [|lun] " dt+c,,
0

trong d6 C, 1a hing sd doc 1ap véi m.
T 2
/ . )
428) [|up (] dt<C, voi moi m.
0
Mt khdc, 6 (4.24), ta ¢6 d4nh gid

t 1 12 5/3
(4.29) Idsﬂ r¥®|uy (r,9)| um(r,s)‘ dr
0 O

:j'dsj'r\u (r s)\S/ZdrSEC :
0 0 Y 2 i

Budc 3. Qua gidi han.

Do (4.24), (4.28), (4.29) ta suy ra, ton tai mot day con ciua day
{u,}, vn ky hiéu 1a {u.,} sao cho

(4.30) u, —>u trong L”(0,T;H) y€u *,

(4.31) u, —u trong L>(0,T;V) y&u,

(4.32) u! —u’trong L>(0,T;H) yé&u,

(4.33) r?’5u, —r?'°u trong L°2(Q,).

Truc¢ hét ta nghi€ém ring

(4.34)  u(0)=u(T).

Véimoi ve H, tir (4.9) ta ¢6
T

435 <u{n(t),v> dt = (U, (t) - U (0),V) =0
0

Tu (4.32), (4.35) suy ra
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(4.36) ].<ur/n(t),v>dt—>].<u/(t),v>dt=0 khi m — o0
0

0
Tinh todn tuong tu nhu (4.35) ta ¢6
T
437)  (u(T)-u(0),v)= j<u’(t),v>dt ~0 véimoi veH, va
0

do d6 (4.34) ding.

Dung b6 d@é 2.11. vé tinh compact ctia Lions, 4p dung vao (4.31),
(4.32) ta c6 thé 14y ra tir diy {u,} mot ddy con vin ky hiéu Ia
{u,,} sao cho

(4.38) U, — U manh trong L2 (0,T;H)

Do dinh 1y Riesz — Fischer, tir (4.38) ta c6 thé 14y ra tir {u,} mot

day con van ky hiéu 1a {u.,} sao cho

(4.39) ug(r,t) >u(r,t) a.e (r,t) trong Q; =(0,1) x(0,T).

12 . A
Do UI—)‘U‘ U lién tuc nén

1/2 1/2

@.40) P un (n )| T ug (rt) - r¥ P ur b u(rt)
véi ae. (r,t) trong Q.
Ap dung bé dé 2.12, véi

1lzum,G:rS’S\u\l/Zu.

N =2,q=5/3,G, =r*°|u,|
Tu (4.29), (4.41) suy ra

@41)  r¥°u Y2 u, - ¥ ul?u wong L3(Q;) yéu
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Ky hiéu gi(t):isin(l_rlt}izl,&... 1a mdt co s§ truc chuidn

NG

trong khong gian Hilbert thic L*(0,T). Khi d6 tap {g,w;;i,j=12,...}
1ap thanh mot cd s§ tryc chuén trong khong gian L2(0,T;V).
Nhan phuong trinh th i cta (4.8) v6i g;(t) sau d6 14y tich phan

theot, 0<t<T,taco

T T
442 [(un@,w;) g dt+ [(uy (0, w;, ) g (0)
0 0

T T
+ [NOun COW, @ g O dt + [ (un®* un O.w; )i Dt
0 0

O ey, —

T

<f(t),Wj>gi(t)dt +jaoh(t)wj 1) g; (t) dt
Vj=12,..mVieN. 0

Pé qua gidi han clia s6 hang phi tuyén ‘Um (t)‘llzum (t) trong

(4.42) ta dung bo dé sau

B6 @ 4.1. Vi, j=12,..tacé

T

u,, (1), W,)g, (t)dt = [ (uct)

0

1/2 1/2

lim [ qu,, ) u(t), ;) g, (.

Chiéng minh. Chd y rang (4.41) tuong duong véi
t o 1/2 toT 1/2
(4.43) .[dtjr3’5\um\ umq)dr—)jdt.[rsls\u\ uddr
0 0 0 0

/
V(DE(L5/3(QT)) _ LSIZ(QT)-
Mit khac, ta cé

T

T1
J{lun O un @7 g Ot = [ [r|un [y w; () g O e
00

0
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(4.44) H( 35 | u )(r2’5wj(r)9i(t))drdt-
00

Do (4.44), b6 @& 4.1. sé dugc chitng minh néu ta khang dinh dugc
ring @ = r2’5wj (Ng; (t) e >’ (Q; ). That vay, do bat ding thic

(2.7), ta c6

T2 T 5/2
”\CD\ drdt:”r‘wj(r)gi(t)‘ dr dt
00 00

r‘““\\/_w(r)\ olrj\g(t)f”2

O'—.H

5/21 T
@as) =<(2w, | [rHarf| o o
0 0

)
:%\/EHWJ-H\S//ZE[‘gi(t)‘5/2dt<+oo.

Vay bd dé 4.1 dudgc chitng minh.
Cho m — +oo trong (4.42), tir (4.30) — (4.32) va bd d@é 4.1, ta suy

ra U thda phuong trinh bi€n phin

T T
(4.46) I<u/(t),wj>gi(t)dt+I<ur(t),wjr>gi(t)dt
0 0

1/2

)
h(t)u(l,t)wj(1)gi(t)dt+j<\u(t)\ u(t),wj>gi(t)dt
0

+

;
= <f(t),wj>gi(t)dt+aojh(t)wj (1) g; (t)dt, Vi, je N .
0

Tu (4.46) suy ra phuong trinh sau day dung.

T T T
@47 | <u’(t),v(t)>dt + [{ur O ©)dt+ [h@)u@ vt de
0 0 0

T T T
+ <\ u(t)|*'? u(t),v(t)>dt = [(f@®.v(t)dt + 0, [ht)vL e
0 0 0
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Yel2(0,T:V).
VAay sy ton tai nghiém dudc chitng minh.

BuSc 4. Tinh duy nhit nghiém.
Gia st u,v 12 hai nghiém yé&u cta (4.1) — (4.4). Khi d6 w=u -V
thda bai todn bi€n phan sau day

T T T
4.48) | <w’ (t),(p(t)>dt + [(w, (©), 0, (0) dt + [ MO WD p(L t)dlt
0 0 0

1/2 V(t),qo(t)>dt =0,Vpel?(0,T;V),

p 1/2
+j<\u(t)\ u(t) - |v(o)|
0

(4.49)  w(0)=w(T),

véi  uvel?(0,T;V)nL"(0,T;H), u Vv el?(0,T;H),

r2/5u’ I‘2/5V€ L5/2(QT) '

]
L&y ¢ =Ww trong (4.48) va chii y ring | <w’ (t),w(t)>dt _0.
0

Khi d6 st dung (4.11) va (4.49) ta dugc

2

1
(4.50) EClH WH L2(0,TV)

T T
<[ w | dt + [ty w? @ t)dt
0 0

.
== J{Ju®["*u® - VO [ v .u0 - VO )dt <o.
0
Piéu nay din dé€n w=0 nghia la u=v.

Pinh 1y 4.1 dugc chitng minh hoan toan.
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PHAN KET LUAN

Qua ludn vin nay, tic gid da hoc tdp dudc cac cong cu va
cic phuong phap khdc nhau dé chitng minh sy ton tai va duy nhat
nghiém ctia mot s phuong trinh nhiét phi tuy€n trong mot hinh
tru vdi diéu kién bién hdn hop khong thuin nha't.

1/2

(1) u, —(uy, +1ur)+g\u\ u=f(r,t),0<r<1,0<t<T,
r

(2) <+, U, (L,t) + h(t)(u@t)-ad,) =0,

Iim+\/Fur(r,t)

r—o0

(3)  u(r,0)=u,(r), hodc

4) u(r,0)=u(r,T),

trong d6 0,,&>0 1a cdc hing s cho trude, h(t), f(r,t) 1a cdc
ham s8 cho trudc thda mot s6 diéu kién nio do6 ta sé chi rd sau
do.

Sau phan trinh bay cdc khong gian Sobolev c6 trong va mot sd
cong cu lién quan thi phan chinh cda luin vin nim & cdc chuong
3va4.

Trong chuong 3, ching to1 trinh bay chirng minh bai toan phi
tuyén vé6i diéu kién dau (1), (2), (3) c6 nghiém yé&u duy nhat
trong cidc khong gian Sobolev c6 trong thich hgp bing phuong
phédp Galerkin.

Trong chuong 4, ching tdi trinh bay chitng minh sy tdn tai
nghiém y&u T — tudn hoan cda bai todn phi tuyén (1), (2), (4),
trong d6 bai todn xap xi hitu han chiéu tim nghiém T — tudn hoan
dudc thuc hién nhd bai todn diéu kién diu thong qua dinh 1y 4nh

Xa co.
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