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PHAN MG PAU

Trong ludn vin nay, ching t6i khdo sdt phuong trinh séng phi tuyén mot
chiéu lién két vdi diéu kién bién khdng thuan nhit. Chiing t6i thu dugc nghiém
bing cdch thi€t 1ap mdt diy qui nap hdi tu manh trong cdc khong gian ham thich
hgp. Mot so tinh chat vé khai trién tiém cdn clia nghiém theo tham s6 bé ciing
dugc khdo sat sau do.

Trong ludn vin nay, chiing tdi xét phuong trinh séng phi tuyén sau day.

Uy —uy = f(x,tuu,u,),xeQ=(01),0<t<T, 0.1
lién két véi diéu kién bién hdn hdp khdng thuin nhat

U (0,8) = hou(0,1) = g¢ (1), u(l,2) = g, (1), (0.2)
va diéu kién dau

u(x,0) = 1y (x), u, (x,0) =, (x), (0.3)
trong d6 4, la hing s6 khong am cho trudc va f, gy, gy, iy, #; 1a cdc ham cho
trudce.

Phuong trinh (0.1) v6i cdc dang khdc nhau clia /' va cdc diéu kién khdc
nhau di dugc khdo sat bdi nhidu tic gid. Cu thé 1a mot s§ trudng hop sau:

Trong [5] Ficken va Fleishman da thi€t 14p sy ton tai va duy nhit nghiém
toan cuc va tinh &n dinh clia nghiém nay cho phuong trinh

Uy — iy, — 204U, —Ou =cu” +b, € >0 bé. (0.4)

Trong [12] Rabinowitz dd chitng minh sy tdn tai cia nghiém tuin hoan

cho phuong trinh

utt _uxx +2alut :8f(xat>u>uxaut)a (05)



trong d6 & 13 tham s6 bé va f tudn hoan theo thdi gian.

Trong [2] Caughey va Ellison di hgp nhit cdc trudng hgp trude d6 dé ban
vé sy tdn tai duy nhat va dn dinh tiém cin cia cdc nghiém cd dién cho mdt 16p
céc hé dong lyc lién tuc phi tuyén.

Trong [3] Alain Pham Ngoc DPinh d4 chiing minh sy tén tai v duy nhat
cia mdt nghiém y€u cha bai todn (0.1), (0.3) lién két véi diéu kién bién
Dirichlet thuin nhat

u(0,t) =u(l,t) =0, (0.6)
vdi s6 hang phi tuyén trong (0.1) c6 dang
f=¢ f(t,u). (0.7)

Biing su tong qudt clia [4] Alain Pham Ngoc Pinh va Nguy&n Thanh Long

da xét bai toan (0.1), (0.3), (0.6) v4i sd hang phi tuyén c6 dang
/=1t u,u,), (0.8)

Trong [7], [8] Alain Pham Ngoc Pinh va Nguyén Thanh Long di nghién

citu bai todn (0.1), (0.3) v6i s6 hang phi tuyén c6 dang
S =1 uuy). (0.9)

Trong [7] céc tdc gid da xét bai todn vdi di€u kién bién hdn hgp khong

thuin nhat
u,(0,6) = hu(0,¢) + g(t), u(l,t)=0, (0.10)
trong d6 4 >0 13 hiing s6 cho trudc; trong [8] vSi diéu kién bién dugc xét tdng

quat hon

1, (0,1) = g(t) + hu(0,1) - jk(z —9)u(0,8)ds, u(l,t)=0. (0.11)
0



Trong [9] Nguyén Thanh Long va Tran Ngoc Diém d3 xét bai toan (0.1),

(0.3) v6i trudng hgp
u,(0,8) = hyu(0,t) =u, (1,t) + hju(l,¢) =0, (0.12)
trong d6 4y, h 12 hiing s6 khong Am cho trude véi Ay +hy > 0.

Trong phan tht nhat (chuong 2) chiing toi lién k&t v6i phuong trinh (0.1)
mdt diy qui nap tuyén tinh bi chin trong modt khong gian ham thich hdp. Su ton
tai nghiém cuda (0.1), (0.2), (0.3), (0,12) dugc chitng minh bing phuong phdp
Galerkin va compat y€u. Chd § ring phuong phdp tuyén tinh héa trong cdc bai
bdo [4, 9] khong dung dudc trong cdc bai bdo [7, 8].

Phan thit hai (chuong 3 va 4) ching t6i nghién cttu cdc khai trién tiém cin
clia nghiém theo mot tham s& nhiéu & cho bai todn sau:

ustt _Aus :f(x7t’ug ’ugx’ugt

+efi(x,tu, u, ,u,), 0<x<l,0<t<T,
u, (0,0) —hyu, (0,0) = g,(t), u, (1,1) =g, (1),
u, (x,0) =y (x), u,(x,0)=1u(x).

(£.)

Néu cdc ham s6 f e C*([0,1]xIR, xIR®), f, € C*([0,1]xIR, xIR*) va mdt s6&
diéu kién phu, thi nghiém u, ctia bai todn (P,) c6 mot khai trién tiém can dén
cap 3 theo &, v6i ¢ di nhd. Trong trudng hdp f =0, f, = f,(u) v6i f, € C"(IR),
chiing toi thiét 14p k&t qua khai trién tiém cin clia nghiém dé&n cAp N +1 theo ¢
(chuong 4). Cédc két qua trén di tdng quat hda tuong ddi cda [1, 3, 4,9 -11].

Toan b ludn van nay sé chia thanh cdc chuong muc sau ddy:

Phdn mé dau nhim gidi thiéu tdng quat vé& bai todn va néu ra cic két qua
truSc d6, ddng thdi gigi thiéu tém tit cdc chuong ti€p theo.

Chuong 1 gi6i thiéu mot s6 kién thitc chuin bi, cdc ky hiéu va cic khong

gian ham thong dung. Mot s6 két qua vé phép nhiing ciing dudc nhic lai § day.



Chuong 2 ching t6i khdo sit bai todn (0.1) — (0.3), k€t qua chinh clia
chuong nay 13 chiing minh mot dinh 1y tdn tai va duy nhit nghiém yé&u trong
trudng hgp feC'([01]x IR, xIR?), i, € H*(0)l), g,, g, € C'(IR,),v6i hing sO
hy > 0. Phuong phdp st dung 12 x4y dung mot diy qui nap tuyén tinh hodi tu
manh. K&t qua nay di tdng quat k&t qua trong [1, 3, 4, 9 - 11] va chuidn bi cong
bo.

Chuong 3 13 phan nghién citu vé khai trién tiém cin theo mot tham sd bé
& d&€n mot cap thich hgp cho nghiém bai todn (0.1), (0.2), (0.3) v6i sd hang phi
tuyén f c¢6 dang sau:

S tuu u,) = f(x,tuu u,)+e fi(xtu,u ,u,), (0.13)
trong d6 f, f, € C'([0,1]x IR, xIR*) ¢ tinh tron thich hgp.

Chuong 4 13 phan nghién citu vé khai trién tiém cin cho mdt bai todn
(0.1), (0.2), (0.3) cu thé v6i f =eu’.

K&t qua nay di tdng quat tuong ddi cac két qua trong [1, 3, 4,9 - 11] va
chuin bi cong bé.

Phdn cudi ciing 1a k&t ludn vé cdc két qud thu dudc trong ludn vin. Sau

cung 13 phan tai liéu tham khdo.



CHUONG 1
MOT SO CONG CU CHUAN BI

1.1. C4c ky hi¢u vé khong gian ham
Ching ta bd qua dinh nghia cdc khong gian ham thdong dung va st dung
céc ky hi€u gon lai nhu sau:

I’ =1P(Q), H"=H™Q), HJ =HIQ),
Q=(01), Op =0Qx(0,T)=(0,1)x(0,T), T>0.

Cédc ky hiéu () va |.| dung d€ chi tich v6 huéng va chuidn sinh bdi tich
v hudng tuong dng trén L?. Ky hiéu () ciing dung d€ chi cip tich doi ngiu
gitta phi€m ham tuyén tinh lién tuc vd mdt phan tf trong khong gian ham nio dé
nim trong L*. Ta ky hiéu |.|; 1a chuin trén khong gian Banach X. Goi X' 1a
ddi ngiu clia X.

Ta ky hi€u LP(0,7;X),1<p<o la khong gian Banach cdc ham

u:(0,T) - X, do dudc sao cho

T 1/p
”u ”L”(O,T;X) = {N“(ﬂ "; dl} <+, VO 1< p<oo,
0

véi p=oo.

|| u ||LP(O’T;X) = esssup” Z/l(t) | X°
0<t<T

Ta Vi€t u(?), u,(t) = i(t), u,(t) = ii(t), u,(t) = Vu(t) 1an lugt thay cho

2 2
w0, e, S ), ), L8

s T~ o s T~ 9 xat ’
ot ot? ox ox® (1)

theo thu tu.



1.2. Cé4c bd dé quan trong

Cho ba khong gian Banach B, B, B, v6i By c Bc By,
By, B, phdn xa, (1.1)
By, — B v6i phép nhing compact. (1.2)
Ta dinh nghia:
W ={veL(0,T;B,) :% =v e L (0,T;B,)},
trong d6 0<7 <o, 1< p; <0, i=0,1.
Trang bi trén W mdt chuin nhu sau:

v, =1v

Khi dé W 1a khong gian Banach. Hién nhién W < L7 (0,T;B).

/
o o
L0 (0,T;By) 17 (0,T:B))

Ta c6 két qua sau:
B& dé 1.1 ([6], p.57)

Dudi gid thiét (1.1), (1.2) va néu 1< p; <o, i=0,1, thi phép nhiing
W LP°(0,T;B) la compact.
B6 dé 1.2 ([6], p.12)

Cho Q la mé bj chdn ciia IRY | g,g, € L1(0),1<q <o théa

(1) ||gm||Lq(Q) < C, vJi moi m,

(ii) g, — g hdu hét trong Q.

Khi dé g,, — g trong L1(Q) yéu.

Sau cling, ching toi trinh bay mot k&t qua vé 1y thuyét phd duge 4p dung
trong nhiéu bai todn bién.

Trudc hét ta lam mot s6 gid thiét sau:



Cho ¥V va H 1a hai khong gian Hilbert thuc thda cdc diéu kién (1.3)

(i) Phépnhing V' — H la compact,

(ii) V' tru mat trong H .

Cho a:VxV — IR 1a mot dang song tuyén tinh d6i xitng, lién tuc trén
V'xV va cudng btc trén V. (1.4)

Chinh xédc hon, ta goi ¢ 12 mot dang song tuyén tinh:

(j) N&u u > a(u,v) tuyén tinh tit ¥ vao IR véi moi veV, va v a(u,v)
tuyén tinh tir ¥ vdo IR véimoi u V.

(jj) o1 xttng néu a(u,v) = a(v,u) Yu,veV.

(jij) Lién tuc n€u IM >0: |a@,v)| <M |ul, |v], Yu,veV.
(4j) Cudng bitc néu 3o >0:a(v,v) > a” v||12/ VveVl.

Khi d6 ta c6 két qua sau:
B6 dé 1.3 ([13], Pinhly 6.2.1, p.137)
Dudi gid thiét (1.3), (1.4). Khi dé, ton tai mét co sé truc chudn Hilbert

{w;} ciia H gom cdc ham riéng w; tuong iing vdi gid tri riéng A; sao cho

0< iy SAySSAd; <oy lim A =+, (1.5)
Jj—®©
a(w;,v)=4;(Ww;,v) YvelV, Vj=12.. (1.6)

Hon nita, day {w;//A;} cing la mot co sJ tryc chudn Hilbert ciia V doi
vdi tich vo huong a(-,).

Chiing minh b3 dé 1.3 c6 thé tim thay trong [13, Pinh 1y 6.2.1, p.137].



CHUONG 2
KHAO SAT PHUGNG TRINH SONG PHI TUYEN
LIEN KET VGI PIEU KIEN BIEN HON HOP

2.1. Gidi thiéu

Trong chuong 2, chiing toi xét bai todn gid tri bién va ban dau sau day:

U, —uy, = f(x,t,uu,u,), 0<x<1,0<t<T, 2.1)
ux(o,t)_hou(o’t):gO(t)au(l’t):gl(t)s (22)
Uy ()C,O) = 1’70 (X), Uy ()C,O) = 1/71 (X), (23)

trong d6 h, 1a hing s6 khong 4m cho trudc; g, g, iy, ;12 cdc ham cho trudc,
s6 hang phi tuyén f ciing 12 ham cho truc thudc 16p C'([0,1]x IR, x IR*) thda
mot s& diéu kién ndo d6 ma ta sé& chi ra sau.

Trong chuong nay, ta s& thi€t 14p mot dinh 1y tdn tai va duy nhat nghiém
yé&u cta bai todn (2.1)-(2.3) bing phuong phdp x4p xi tuyén tinh k&t hdp véi
phuong phdp Galerkin va phudng phdp compact yéu. K&t qua thu dudc & day la
su tdng qudt héa tuong ddi cic k&t qua trong [3, 4, 9-11] va chuidn bi dugc cong
bo.

Trude hét ching ta dit:

V={veH0]):v(1)=0}, (2.4)

va mot dang song tuyén tinh trén V' xV
1
a(u,v) = j u’ ' (x)dx + hyu(0)v(0). (2.5)
0
¥ 12 modt khong gian con déng cia H', do d6 ciing 12 mdt khong gian

Hilbert di véi tich vo huéng ctia H'.

Khi d6 ta c6 cdc bd dé sau day.



Bo dé 2.1
Cho hy > 0. Khi dé phép nhiing vV — C°([0,1]) la compact va

Il <1v!

” v ||c°([0,1]) <

%Ilvllf,l <] <1Vl < maxithoy ], voimoive.

V’

(2.6)

B§ dé 2.2

Cho hy >0. Khi dé dang song tuyén tinh déi xitng a(-;) dugc xdc dinh bdi
(2.5), lién tuc trén V xV va cudng biic trén V.

Céac bd d@é 2.1, 2.2 1a két qua quen thudc ma ching minh clia né cé thé
tim thiy trong nhiéu tai liéu lién quan dé&n ly thuyé&t vé khong gian Sobolev,
ching han [6].

Cha thich 2.1

Ta suy tif (2.6) ring, trén ¥ ca ba chuin ||v||H1,

V/H va ||v||V =4a(v,v) la

tuong duong.
B dé 2.3
Cho hy >0. Khi dé ton tai mét co sé truc chudn Hilbert {w;} ciia I* gom

cdc ham riéng w; tuong ung vdi gid tri riéng 1; sao cho

0</11 S/lz Sg/ij S, lim 1] = 00, (27)
Jj—+o
a(w;,v)=21;(w;,v) Vvel, Vj=12.. (2.8)

Hon nita, day {w;/,/A;} cing la mot co sd tryc chudn Hilbert ciia V dbi
Vvdi tich vo hudng a(-,).

Mit khdc, ta cling c6 #; thda bai todn bién dudi day
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—AW; = A;w;, trong (0,1),

7 1(0) = o, (0) = (1) = 0, (2.9)
W, eV A C*([0,]).
Chitng minh ctia b dé nay dugc suy tit bd dé 1.3, véi H =L*, va V, a(-’)
dugc xdc dinh boi (2.4), (2.5).
2.2. Thuat gidi xap xi tuyé&n tinh
Ta thanh 1ap cdc gia thi€t sau
(Hy)  hy20;
(Hy) 8. &1 €C (R,);
(Hy) #geVAH?* ) eV;
(H;) feC'([01]xIR, xIR*) thda cdc diéu kién sau
F(Lt,u,v,w)=0 v6i moi >0 va (u,v,w) e IR>.
Thay vi xét bai todn (2.1)-(2.2), ta s& xét dua n6 vé mot bai todn véi diéu

kién bién thuan nhi't nhu sau:

Dit
P(x.1) = th (x-Dgo®)+e™ Vg (@), xe[01],£20. (2.10)
0
Khi d6 phép d6i bi€n
V(xat) :u(xat)_w(xat)a (211)

ta c6 v thda man phuong trinh

vtt—vxxzf(x,t,v,vx,vt), O0<x<1, 0<t<T, (2.12)
véi diéu kién bién hdn hop thuan nhat

v, (0,1) — hyv(0,1) = v(1,¢) = 0, (2.13)
va diéu kién dau

v(x,0) = Vo (x), v,(x,0) = (x), (2.14)
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trong do
f(x,t,v,vx,vt) = f(LLV+ Qv+ OV, + Q)+ P — Py s (2.15)
Vo (x) =11 (x) = (x,0), Vi (x) =1y (x) = 9 (x,0), (2.16)
cling véi diéu kién nhat quin

20(0)= 1, (0,0)— hou(0,0) = & (0) — hyiig (0),

- (2.17)
£1(0)=u(L,0) = uy ().
thda

feC (011 IR, xIR), Vg eV NH?, ¥, eV.

Vay véi phép d6i 4n ham (2.10), (2.11), bai toan (2.1)-(2.3) vé6i diéu kién
bién khong thuan nhit tuong duong véSi bai todn véi didu kién bién thuin nhat
(2.12)-(2.14).

Cho truéc M >0, T >0, ta dat

Ko = KoM, T, ) = supi|F (x,t.u,v, w)| : (x, v, w) € 4}, (2.18)
K, =K, (M,T,)
<1 1= 1= ~ (2.19)
= sup{(( 7|+ |7 |+ 7/ |+ |7 st w) G, v,w) € 3,
trong d6 4 = {(x,t,u,v,w)e IR’ :0<t<T, 0<x<I, ul+ ]+ < M} (2.20)
V6imoi M >0 va T >0, ta dit
W(M,T)={veL"(0.T:V AH?) v, € L (0,T3V),v, € *(Q,),
"v L*(0,T;VnH?)? Vi L*(0,T:V)° Vi *(Qr) SM}’ (2'21)
Wy(M,T)={veW(M,T):v, e L”(0,T;L*)}, (2.22)

trong d6 Qr =(0,1)x(0,7).

Ti€p theo, ta xay dung diy {v,} trong W,(M,T) bing qui nap va ching
minh né hoi tu vé nghiém cta bai todn (2.1)-(2.3) véi sy chon lya M >0 va
T >0. Ta xét thuat gidi x4p xi tuy€n tinh sau:
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Chon s& hang ban dau: v, e W;(M,T). Gia st ring:
Vi1 €W(M,T). (2.23)
Ta lién k&t bai todn (2.12)-(2.14) véi todn bi€n phan tuyén tinh sau:

Tim v,, € W;(M,T) thda bai todn bi€n phan tuyé&n tinh sau:

G (@), wy+a(v, (t),w) =(F,(t),w) Ywel, (2.24)

Y,y (0) =y, v, (0) = 77, (2.25)
trong d6

Foy (,8) = [ (6,1, Vyy g (00, V'V g (0, Vg (1)) (2.26)

Su ton tai ca v,, cho bdi dinh 1y sau day.
Pinh Iy 2.1
Gid sit (H,)—(H,) la diing. Khi d6, ton tai cdc hing s6 duong M,T va
mot day qui nap tuyén tinh {v,,} c W;(M,T) xdc dinh bdi (2.24)-(2.26).
Chitng minh. Gom cic budc sau day:
Buidc 1. Xap xi Galerkin.

Xétmotco s§ {w;} cha V' nhubd dé 2.3, v6i w; =i, /,[4, . Pt
k : k
v (1) =Y e (Ow; (2.27)
Jj=1

trong d6 c,(,fj-) (¢) thda cac hé phuong trinh vi phan tuyén tinh

GO0, w ) +a(iP (O, w) = (F (0).w;), 1< j<k, (2.28)
v 0) = 55,95 (0) =7, (2.29)

trong do

k
Vor = zar(n];')wj — % manh trong VN H?, (2.30)
=
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Vik _Zﬂ(k)wj -V manh trong V.
Jj=1

(2.31)

Gid st ring v,_; thda (2.23). Khi d6, ta d€ dang suy ra ring hé phuong

trinh vi phan (2.28), (2.29) c¢6 nghiém duy nhat vf,f‘)(t) trén mot khodng

0<t<T™ <T. Cdc ddnh gid tién nghiém sau diy cho phép ta 14y 7 =T, véi

moi m va k.
Budc 2. Ddnh gid tién nghié¢m.
bit

500 = X0+ 700 + [0 s
0
trong d6
PO =[0 0| +avP ),

YO 1) = a(® (1), (1)) + H Av® (1) Hz

Khi d6, ta c6 b6 dé sau
Bé dé 2.4.

S (1) = S (0)+ 2F,, (1,0) Vi, (1)

+2 j (F, (5),55) (s))ds +2 j a(F, (5),7% (s))ds

4 t
o] 2o

—2j (5, )Nds.VvE (1,6 - 2F, (1,0)VvE (1, 7).

Chitng minh b6 dé 2.4.

Nhan (2.28) bi ¢*) (1),sau d6 14y tdng theo ;, ta dudc

mj

(2.32)

(2.33)

(2.34)

(2.35)
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1d

XD 0 =20 0] + a0 P 00 )=, 0.5 )

Tich phan theo ¢ ta dudc

X0 @ = x®0)+ 2j<F (), (s))ds. (2.36)
Trong (2.28) thay w; = %ij, sau d6 don gidn 1, ta dugc
J
GO (O.~Aw ;) +a(viy) (O),~Aw;) = (F,, (H),~Aw) ). (2.37)

Chi ¥ ring cdc cong thitc sau ddy 1a ding

G (O),~Aw ) = a@GP (1), w,), (2.38)
a(vi) ().~Aw;) = (AvS) (1), Aw ), (2.39)

1
(Fy(£)~Aw)) = - j F,, (x,0)Aw ; (x)dx
0

= =F,, (LOVw; (1) + hgw ;(0) + Jl.VFm (x,))Vw; (x)dx (2.40)
=—F,,(LOVw; (1) +a(F,, (1), w;)).
Viy, nhd vao (2.38)- (2.40), ta viét lai (2.37) nhu sau:
a5 (1), w;) (A (1), Aw ) = a(F,, (), w;) = F,, (LOVw; (D). (2.41)
Trong (2.41) thay w; bdi v\ (1), ta dugc

a@P (0),v 50 (1)) + (AP (1), v (1))

(2.42)
= a(F,,(0),vP (1)) - F,, 1,0 )vvP (1,1).
hay
1d ¥ (0 ®) 1y o(6) *) A\I”
LD 0= LR 0.0 @)+ [ o] 043

= a(F,, 1),V (1)) - F,, 1,)vvP 1,0).

Tich phén theo ¢, ta dugc
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Y300 = Y0 0)+ 2] a(F, (5), 98 (s))ds = 2] F,, (1,5)V9) (1,5)ds. (2.44)
0 0

Viét lai tich phan cudi ciing clia v€ phai trong (2.44):

t
—2 j F, (1,5)VvO (1, s)ds
0 t (2.45)
=2F, (1,5)Vyd) (l,s)‘; +2 j aﬁ(Fm 1, s)VvH (1, 5)ds
S
0

=2F, 1,V (1,1)+2F, (1,0)Vv{F (1,0)
t
+2 j 9 (F,, (1, ))VvH (1,5)ds
0 Os
= 2[F, (1,0 - F, 1,0Ivv® 1,0 -2F, 1,00vv® (1,1)

t
+2F, (1,0)VvF (1,0) + 2 j aﬁ (F,, (1,s)VvO (1, 5)ds
A
0
t
=2 j % (F, (1,s)ds. Vv 1,1 - 2F, 1,00vvP (1, 7)
0
t
+2F,, (1,0)V¥; (1) + 2] = En L)V (1 s)ds.
A)
0

Vi€t lai (2.44):

t
Y00 = Y0 (0)+ 2] a(F,, (5), 95y ())ds
0
t
- 2j§(Fm (1,)ds. Vv (1,0)=2F,, (1,00vv® (1,1) (2.46)
S
0
t
+2F,, (1L0)Vig, (1) + 2[83(Fm (1L,s)Vv (1, 5)ds.
S
0

t
2 . 2
Cong hai ding thiic (2.36), (2.46) ciing véi [ vap(s)u ds, ta thu dugc (2.35) va do
0
d6 bs d@é 2.4 dugce chitng minh.

Ta viét (2.35) dudi dang
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S (6)= 530 (0) +2F,, (1,0) Vigy (1 2.47)
+1 +..+ 15 —2F, (1L,0) Vv (1,0,
trong d6 cdc ky hiéu I,,...,Is 1a 5 tich phan theo thit ty xuat hién trong cong thic
(2.35).
Sau day, ta s& 1an lugt danh gid cdc tich phan trong v& phai clia (2.47).
Tich phdn thit nhat.
Tir (2.15), (2.18), (2.23), (2.32) va (2.33), chiing ta suy ra ring

t t

1] =2 [ (Fu ()55 (0as| < 2[ |, )] | 968 ()]s
0 0 t (2.46)

<2K, [ S\ (s)ds.
0
Tich phdn hai.
Ta suy tif (2.15), (2.18), (2.19), (2.23) va (2.33) ring
| Eu s =[VEL )] +hoF2 (0,5) < 4KE(1+3M )+ 1y K. (3.49)

Khi do, tu (2.32), (2.34) va (2.49), ta thu dugc

t

[a(E,, ()95 (s))ds
0

1] =2

< 2} I, (s)||VHv',<,f> (S)HV ds
0

t
<K N1+3M? + [ K] j VSO (s)ds. (2.50)
0

Tich phdn thit ba.

Phuong trinh (2.28) dudc viét lai nhu sau

R0, w ) = (A (), w )= (F,, (6),w;), 1< j < k. (2.51)

Do d6, sau khi thay thé w; bdi 5 (¢) va tich phan, ta suy ra ring
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j” i/',(nk)(s)szs sj H Avfnk)(s)uz F, ()| ds
0 0
< 2} SO (s)ds + 2j |7, ()| ds.
0 0
Tir (2.15), (2.18), (2.23), (2.28), (2.32), (2.34) va (2.52) ta suy ra

t 2 t
Iy =| H vf,,’”(s)u ds<2[SE (s)ds +2T K§.
0 0

Tich phan thit tu.
Tu cdc gid thi€t (H,),(H,), ta suy t (2.10), (2.11), (2.15) - (2.17) ring

F, (L)) =hig (t)- g (t), %(Fm (L) =hi g () -gi’ ).

Do dé, ta suy tir (2.54) ring

‘ (F (1,0) = 15 |g1 )|+ |1 0]
<hi sup [g] (0] + sup |e{" (0] = DM, T).
0<t<T 0<t<T

Ta chd y ring

VP a,0| =

1
Vol 0,0+ [ Av (x, 1)
0

shops? @), o)

< (hy + 1)( HVS,P (t)HV +HAv,<,f> (z)” )s (hy + 1Dy SP (1),
Ta suy ra tir (2.55) va (2.56) ring

=2 [ (7, (1.5)) V(1 )as | <

o Os

2(hy+1)D,(M,T j,/ ®)(s)

Tich phdn thit ndam.

Dung bat ding thitc

1
hovi) (0,0)+ [ AV (x, )

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)
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2ab < écﬁ £3b2 VabelR, (2.58)
ta thu dugc tir (2.55) va (2.56) ring
5] =|-2 j —(F,y (15))ds. w1, 1)
< 2(hy +1)Dy (M T)/SP) (1) (2.59)

<3(hy +1)> D3 (M,T) +%S,§f‘> (0).

Mit khic, mot 1an nita dung ba't ding thic (2.58), do (2.56) s6 hang cudi cling
trong v€ phdi clia (2.47) dudc ddnh gid nhu sau

2F, (1,0)Vv

IA

2y + DA O +[¢f Of1 5P )

(2.60)
Do+/SP (1) < _Dg +—S,(,,k) (t).

4 3

TG hagp (2.47), (2.48), (2.50), (2.53), (2.57), (2.59) va (2.60), khi d6 ta suy ra

S® (1)<358) (0)+6 F,, (1L0)V7y; (1) + = D

t
+C (M,T)+9J. S® (s)ds,

(3.61)
trong do
Dy = 2(hg +1)[hi |, (0] +
Ci(M,T)=6TK; +9(hy +1)>T*D} (M ,T)
2
+3T[(1+\/%)K0 +2KN1+3M3 +(1+ho)Dl(M,T)} . (2.62)

Bay gid ta cAn ddnh gid sd hang 3S,(nk) (0)+6F,, (1,0)Vv,, (1)

Ta co

~ ~ 2 ~ ~
S 0) + 6 F,, (LOWVT,, (1) =3[ |* +3a(i,vy)
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+ 3a(Vor, or ) +|ATor 1 + 6143 21 (0) — g (VT (D). (2.63)

Nh& vao (2.10), (2.30), (2.31) va (2.63), ta ciing suy ring ton tai mot hiing
s6 M >0 doc lap v6i k va m, sao cho

2
385 (0) + 6F, (10)V5; (1) + %Dg < MT veimoi k va m.  (2.64)

Chd y ring, tir gia thi€t (H,), ta suy ra

lim VTK,(M,T,f)=0, i=0,1. (2.65)

T—+o0

Khi dé, tir (2.62) va (2.65), ta luén ludn chon dugc hiing s6 7 > 0 sao cho

M? 2
—+Gi (M,T) |exp(9T) < M ?, (2.66)

va 8TK, <1. (2.67)
Cudi ciing, ta suy tir (2.61), (2.64) va (2.66) ring
SM(£) < M? exp(-9T) +9 j S®(s)ds, 0<t<T® <T. (2.68)
0

Do b3 @& Gronwall ta suy tif (2.68) ring

SW (1)< M? exp(-9T)exp(9r) < M?, 0<t<TW <T. (2.69)
ie., TV =T. Vayta c6
v e w, (M, T), v6i moi m va k. (2.70)

Tir (2.70) ta ¢6 thé 18y tir ('Y} mot day con {1 sao cho

v&) 5y trong L(0,T;V N H?) y&u*, (2.71)
pk) s trong L*(0,T;V) y&u*, (2.72)
# =¥, trong L*(Qr) yéu, (2.73)

v, EW(M,T). (2.74)
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Qua giéi han trong (2.28), (2.29) nhd vao (2.71)-(2.74) ta c6 v, thda (2.24)-

(2.26) trong L*(0,T) y&u va do d6 dinh 1y 2.1 dugc chitng minh.
2.3. Su ton tai va duy nhat nghiém.
Pinh Iy 2.2

Gid thiét (H,)—(H,) la ding. Khi dé ton tai cdc hing s6 M >0,T >0 thda

(2.52), (2.54) v (2.55) sao cho bai todn (2.12)-(2.14) c6 duy nhdt mot nghiém yéu

veW (M,T).

Mt khdc, day qui nap tuyén tinh {v,,} dugc xdc dinh béi (2.24)-(2.26) hoi

tu manh vé nghi¢ém v trong khong gian

W,(T)={ve L”(0,T;V):ve L”(0,T;L*)}.
Hon nita, ta ciing cé ddnh gid sai s6
+[ v, Cky', vdi moi m,

”"m - V"Lw (0,T7) —v ||L°°(0,T;L2) <

trong do

kr =8TK, <1,
va C la mot hang sé chi phu thudc vao T,vg,v; va kr.
Chiing minh

Su ton tai nghiém

PAu tién, ta chd y ring W,(T) 12 mdt khong gian Banach d6i v6i chuin

(Xem [6])

Mo, =M= 07y 17 o2
Ta s& chitng minh ring {v,,} 1a mot day Cauchy trong W, (7).
bit w, =v,,,; —v,,. Khi d6 w,, thda bai todn bi€n phan

(W, (), Wy +a(w,, (), w) = (F,,. () — F,,(¢),w), v6i moi weV,
w,, (0) =w,,(0)=0.

Ta ldy w=,, trong (2.78), sau d6 tich phan theo bién ¢

(2.75)

(2.76)

(2.77)

(2.78)
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[ O + @, (0., (1) = 2[ (Fyp1 () = Fy (5,40, (5)) s, (2.79)
0

Mit khéc, tu (2.19) va (2.23) ta dudc

[t )= Fo O < Ky 2199, O] + 1 O] ] 2K il - (2.80)
Ta suy tir (2.79)-(2.80) ring
1
, 2 :
[ O + a0, (0, (1) < 4K ol { [0, (s)]ds s
< 47K, "Wm—l”Wl(T) [ ||L°°(0,T;L2)'
Do d6, ta suy tir (2.81) ring
[, ||L°°(O,T;L2) < ATK, [y "Wl(T)' (2.82)
K&t hop (2.81) va (2.82), ta thu dugc
ol gy < iy ¥
(2.83) trong d6 kr=8TK, <1.
Do do
_ <|v, - K| 6 moi 2.84
Viep =Vl ) _||v1 v0"Wl(T) - v61 moi m, p. (2.84)
T

Ta suy tir (2.84) ring {v,,} la mdt diy Cauchy trong W;(T). Do d6 ton tai
ve W (T) sao cho

v,, =& v manh trong W,(T). (2.85)
Ta chd ¥ ring v, € W;(M,T), khi d6 ta c6 thé 14y ra tir ddy {v,,} mot diy con

{vmj} sao cho

v, —v trong L”(0,T;V N H?) y&u*, (2.86)

m_ j

v, —v trong L°(0,T;V) yé&u*, (2.87)

m_ j
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Vi

, —V trong *(07) yéu, (2.88)

veW(M,T). (2.89)

Ta chi ¥ ring

HFm —f(x,t,v,v,,V) LOO(O,T;LZ)S 2K, ||vm_1 _V"Wl(T)' (2.90)
Do @6, tir (2.85) va (2.90) ta thu dugc
F, = f(x,t,v,v,,v) manh trong L*(0,T;L?). (2.91)

Khi d6, qua gidi han trong (2.24) - (2.26) khi m =m; — +oo ta thu dudc tir (2.69)-
(2.89) va (2.91) ring ton tai ve W(M,T) thda phuong trinh

(1), w) + a((t), w)= (f (x,2,v,v,,V),w) V6i moi weV, (2.92)
va cdc diéu kién dau

v(0) =7y, v(0)=",. (2.93)
Miit khéc, ta c6 tir (2.91) va (2.92) ring

V=v_ + f(x,0v,v,,v)e L”(0,T;L%). (2.94)
Vay, ta thu dugc ve W (M,T).
Sy ton tai nghiém dudc chitng minh hoan tit.

Su duy nhdt nghiém.

Gid st v;,v, 12 hai nghiém y€u clia bai todn (2.12)-(2.14) sao cho
v, eWy(M,T), i=12. (2.95)
Khi d6, v(¢) = v, (¢) —v,(¢) thda phuong trinh bi€n phin
W(0), wy+a(v(t), w)= (F, (t)- F, (¢), w), v6i moi weV, (2.96)
va cdc diéu kién dau
v(0) =v(0) =0, (2.97)

trong do
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F(t)= f(t,x,v;,Vv;,v,), i =1,2.

Lay w=v trong (2.96), sau d6 tich phan tirng phan ta thu dugc

)| +a(w(e), w(n)) < 2j (Fy(s)—F(s),Ww(s))ds.
0

Z@t) = |)||* + a(w(t), wi@)).
Khi @6 ta thu dugc tur (2.99), (2.100) ré‘mg

t
Z(t) < 4K, [ Z(s)ds, v6i moi ¢ €[0,T].
1
0

Diing b3 @& Gronwall ta suy ra Z(1) =0, ie., v; = v,.

Vay dinh ly 2.2 dudc chitng minh hoan tit.

(2.98)

(2.99)

(2.100)



24

CHUONG 3
KHAI TRIEN TIEM CAN CUA NGHIEM

Trong chuong nay, ta ludn gia st cdc gia thi€t (H,)—(H,) la ding. Ngoai
ra ta thanh 1ap cdc gid thi€t b8 sung nhu sau:
(Hs) f; thda gid thi€t (H,).

Ta xét bai todn nhiu sau day, trong d6 & 1a mdt tham s6 bé,

€|S1:

u; —Au = Fo(x,t,u,u,,u,),0<x<1,0<t<T,

Uy (0,0)=hou(0,2) = go (1), u(l,1) =g (),
u(x,0)=u(x), u, (x,0) = 171 (x),

F (x,t,uu,u,)=f(x,tuu, u )+ f1(xtuu,,u,).

(%)

Tru6c hét, ta gid st ring néu cdc ham i, 1, g,.g,, f» f, thda cdc gia thiét
(H,)—-(Hs), khi do, bai todn (P,) tuong duong vGi bai todn gid tri bi€n va ban
diu sau day:

Vit =Vix = Fg(x,f,\’,vx,vt), O0<x<1,0<t<T,

(P,){ v, (0,6) = hgv(0,£) = v(1,£) = 0,
v(x,0) = Vg (x), v;(x,0) = (%),

trong d6

Fg(x7t9vavx7vt):Fg(x,tJV+§07vx+¢x’vt +¢t)+¢xx_§0tt’

L (x—1)gy() + Mt
1+ Ay

Vo (%) = ity (x) = (x,0), V1 (x) = it (x) = @, (x,0).

(D(X,t)Z gl(t)’

Ta chi y ring, cdc ddnh gid tién nghiém cda diy xap xi Galerkin {v,(,/f)} trong
chitng minh Pinh 1y 2.1 cho bai todn (P,) thda

V&) ew (v, 1), (3.1)
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trong d6 M,T 1a cdc hing s& doc 1ap v6i m,k vae. That vay, trong qué trinh
chitng minh ta chon cdc hing s& dudng M va T nhu trong (2.64), (2.66), (2.67),

trong d6 K,;(M,T, f),i=0,1, dudc thay th€ bdi sup K,(M,T,F.,), i =0,1, 1an luot.

|e|<1
Do d6, giGi han v, trong cdc khong gian ham thich hgp cia day {vﬁf)} khi
k — +o0, sau d6 m — +oo, 12 nghiém y&u duy nha't clia bai todn (P,) thda
v, eW,(M,T). (3.2)
Khi d6 ta c6 thé chitng minh mdt cdch tuong ty nhu trong chitng minh ciia dinh ly
2.2, ring gidi han v, trong cdc khong gian ham thich hgp cia ho {v,} khi ¢ -0
12 nghiém y&u duy nha't clia bai todn (F,) tuong Gng vdi ¢ =0 thda
vo W (M,T). (3.3)
Do d6, u, =v, +¢ (tudng dng v6i uy =v, +¢) 12 nghiém y€u duy nhit cla bai
todn (P.) (tudng ing v6i € =0).
Hon nita, ta ¢ dinh 1y sau.
Dinh 1y 3.1
Gid sit (H,)—(Hs) la diing. Khi dé ton tai cdc hang s6’ M >0 va T >0 sao
cho, vdi moi & vdi |e|<1, bai todn (P,) c6 duy nhdt mdt nghiém yéu u, e W,(M,T)
théa mot ddnh gid tiém cdn

+|a, , (3.4)

””e _u0||L°°(0,T;V) _u()”L“’(O,T;Lz) SC|‘9
trong dé C la mét hdng s6 chi phu thudc vao hy,T,M,K\(M,T,f) va
Ko(M,T, f)).
Chiing minh. it v=v, —vy, =u, —u,. Khi d6, v thda bai todn bi€n phan

(1), wy +a(v(t), w)= (£, (), w) +&( f;, (£),w), v6i moi weV, (3.5)

v(0) = ¥(0) =0,
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trong do

f’\g :f’\c(x’t):f()gt’u(:’vuc’ag)_f(x’t’MO’VMO’aO)’
S = fiGetu, ,Vu,_,u,).

(3.6)

Lay w=v trong (3.5), khi d6 ta thu dudc sau khi tich phan titng phin theo t

[ +a(u(@),v(0)) = 2[ (£, (), (s))ds + 22 [ (£, (5), () ds.

N
o) =[v)|” + a@(®),v(®)).
khi d6, ta c6 thé chitng minh mot cach tuong tu bat ding thic sau ddy

t
|9 + a(e).v(@) < 3\ Te® + 7, [ o(s)ds, 0<t<T,
0

trong do

n=KoM.,T, f1),y, =KoM.,T, f1)+6K,(M,T, [).

Tiép theo, do (3.9) va b dé Gronwall, ta thu dudc
o(t) < ;/ngz exp(y,T), vOéimoi te[0,T].
Do d6

” v ||L°°(O,T;V) +” v ||L°°((),T;L2) <C

&

b

(3.7

(3.8)

(3.9

(3.10)

(3.11)

(3.12)

trong A6 C=2./y; Texp(y,T) la hiing s6 chi phu thudc vao h,,T,M, K,(M,T, f)

va Ky(M,T, f;). Chitng minh dinh 1y 3.1 dugc hoan tit.

Trong phan ti€p theo chiing t6i nghién ctu mot khai trién tiém cin clia u,

dén cip 3 theo ¢, véi ¢ @l nhd. Bay gid, ta gid s ring

(Hg) feC*([01]xIR, xIR?), f; € C*([0,]]x IR, x IR*),
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thda cdc diéu kién sau
@) f(Ltu,v,w)= fi(Lt,u,v,w)=0,
(i) £ (L tu,v,w) = fi, (Lt,u,v,w) =0,
(iif) fu/Y A, t,u,v,w) = flix (1,2,u,v,w) =0,
(iv) fu/l (Lt,u,v,w) = f;, (L t,u,v,w) =0,
(v) f;{z(l,t,u,v,w) =0, V61 p,qe {u,v,w},

v6imoi £>0 va (u,v,w)e IR>.

P& cho gon biéu thiic, ta dung ky hiéu sau flu]= f(x,t,u,u ,u,).

Gid stt u, e W;(M,T) 1a mot nghiém y€u cia bai todn (Py) tudng ¥ng véi & = 0.

Gid st 1a hai nghiém y&€u u,,u, € W;(M,T) (v6i cdc hiing s6 M >0,T >0

thich hgp) dugc xdac dinh bdi hai bai todn sau:

ii; —Au;=Fu;], 0<x<1, 0<t<T,
(0;)y up(0,6)=hou;(0,7) =u;(1,£) =0,
u;(x,0)=1u,;(x,00=0, i=12,

trong d6
Rl = filug)+ £ Tugluy + f, TugVauy + f; g iy,
va
Fyluy]= 1 () +e2(f),
vGi

(/)= fillugluy + £, [ugIVuy + £ Tug Jiy,
c2(f)= fulugluy + £, [ugIVuy + fi lug liiz

1 1 1 .
+oalum +a(f, Vi +—a ()i,

(3.13)

(3.14)

(3.15)

(3.16)
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Gid st u, e W;(M,T) 1a nghiém y&u duy nhit cda bai todn P.. Khi do,

Vv =u, —ug—cu, —&°u, =u, —h thda bai toan

V—Av=F_[v+h]|-F[h]+E (x,t),0<x<1,0<t<T,
v (0,2) —h,v(0,¢) = v(1,¢) = 0, (3.17)
v(x,0) = v(x,0) =0,

trong do

E, (x,t) = F,[h]- flug]— & Fy[w]- £ F5[u,]. (3.18)
Khi dé, ta c6 bd dé sau day.
B6 dé 3.1

Gid sit (H,),(H,),(H3) va (Hg) la ding. Khi do ta co

3

”E‘E”Lw(o,T;Lz) SIZ|‘9 > (3.19)

trong dé K 1o mot hiing s& chi phy thudc vao M,T va cdc hing sé

K,M,T,f), i=1,2,3; K,M,T, f), i=1,2,

VJi
/
Ky(M.T,f) = sup > |
0<x<LO<I<T,  p gefu,u, i}
e Jif<p1
va
"
K3(M,T,f)= sup Z ‘qur[u]‘-
0<x<1,0=¢<T, g el i}
e if<p
Chiing minh.

TruSc hét, ta ¢6 thé nghiém lai ring cdc cong thifc sau day 13 ding

a(N=5 gy . i=12, (3.20)
I Og

e=0
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Ta 1an lugt khai trién MacLaurin cdc hAm f[4] v f;[h] xung quanh di€m & =0

dén cip 3 va 2, ta thu dudc

f[h]—f[uo]:ff%(f[h])g_o %Z!aa—;(f[h])g_o %j%(f[h])g_glg 3.21)
=i (f)e+cr()e? + & Rl f g,y up,5,0,],
va
A= Aot e |+ 52
O¢ s0 2 0g? oy (3.22)

= filugl+ | (fy)e + &* Ryl fi ug, uy st 6,0, 1,

trong A6 Rs[ f.,ug,u;,uy,6,60,]1 va Ry[ f,ug,u;,u,,€,60,] duge xdc dinh nhu sau

16°

R3 [faanulauZagael] = __S(f[h]) 5 (323)
3! oe

=80,
va

1 8?

Ryl fsug,uysuy,6,0,1=——(fTh]) (3.24)
2 oe £=¢0,

v6i 0<6; <1, i=12.
T8 hop (3.21)-(3.24), khi d6 ta thu duge

F,[h]- flugl=fIh]- flug]l +& filh]
= (filuol+ /(e +(c(f) + ex(f)e? (3.25)
+ &3 RIS, fisg iyt 8,0,,0, ],

Vi RIS, frsug,uysup, €,01,0, 1= Ra[ 1, fioug,uy,uy, 6,0, ] (3.26)

+R2[fafi,u0,u1,u2’€a,92]-
T8 hdp (3.13)-(3.16), (3.25) va (3.26), khi d6 ta thu dudc

E,(x,0) = F,[h]~ flup] - € Fy[uy] - Fy[u, ]

; (3.27)
= & R[f,fi,uO,ul,U2,g,01,92].
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Do tinh bi chin cia cdc ham u;,Vu;,u;,i=0,1,2 trong khong gian ham

L*(0,T;H") ta thu dugc tir (3.23), (3.24), (3.26) va (3.27) riing

3, (3.28)

£, ||L°°(0,T;L2) <K &

trong 36 K 1a mot hiing s6 chi phu thudc vio M,T va cic hiing s6
K,M,T,f), i=1,2,3; K,M,T, f), i=1,2,
va chitng minh b dé 3.1 hoan tat.
Bay gid, ta xét day ham {v,,} dudc xdc dinh bdi

Vo EO,

Vi —Av,, =F_ v, +h]-F,[h]+E.(x,1),0<x <1, 0<t<T,
Vo (0,8) =hgv,, (0,8) = v, (1,) = 0,

vV, (x,0)=v,(x0)=0, m=1.

(3.29)

V61 m=1, ta cé bai todn

V,—Av, =E_(x,t), 0<x<l1, 0<t<T,
v, (0,8) —hyv,(0,¢) =v,(1,) =0, (3.30)
v, (x,0) = v, (x,0) = 0.

Bing cach nhan hai v€ cta (3.30) bdi v, ta khong khé khin tir (3.19) ring
t
[ @) +a ),y () < 2K ¢’ [ 91 5)]s. (3.31)
0

Do d6, ciling tur (3.31) ta suy ra

v "L‘”(O,T;Lz) +[vy ||L°°(0,T;V) < 4TE|‘9|3' (3.32)

Chiing ta s& chitng minh ring ton tai mot hing s& Cr, doc 1ap véi m va &, sao

cho

3

b

SCT|£

P N P A<t vititeim - (.33)

Bing cdch nhan hai v€ ctia (3.29) bdi v, va sau khi tich phan theo ¢, ta thu dugc
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[P O +a (v, (1), v,y (1))

t
<2 (g + = ST +] il + 1= AR, s
0

t
+ 2Klef [ o, (5)]ds.
0

¥, = ||‘>n1||L°°(o,T;L2) + [ ||L°°(0,T;V)‘
Ta suy tir (3.34) va (3.35) ring

Y, <o¥,_+0, v6imoi m2=1,

o =8T[K (M, T, f)+K\(M,T, )], 5 =4TK|s[.
Ta gid st ring
o <1, v6i hiing s6 thich hdp T > 0.
Biy gid, ta s& can bo dé sau day.
B4 dé 3.2
Gid su day {\¥,,} thda
0<¥,<oV¥,+06, v6imoi m=1, Y, =0,

trong dé 0< o <1,5 >0 la cdc hing sé cho trudc. Khi dé,

o PP
Y, < voi moi m 1.
-0

Ta suy tr (3.36), (3.37) va (3.40) ring

o
l-o

:CT|83

)+||v ,

el 2 0,722y + Wil 2 0.7y <

trong do
~ 4T K
1-8T[K,(M,T, f)+K,(M,T, )]

Cr

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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Mit khédc, dday qui nap tuyén tinh {v,} dudc xdc dinh bdi (3.29) hdi tu manh
trong khong gian W,(T) vé nghiém v cia bai todn (3.17). Do dé, cho m — +w

trong (3.41) ta thu dudc

”"’”Lw(o,T;Lz) + ||v||L°°(O,T;V) <Cr |‘9|3
hay
2 2 ;
i, — Y &' +u, = ey <Crle|”. (3.43)
i=0 [°(0,T;%) i=0 L*(0,T;V)

Vay, ta ¢6 dinh 1y sau.
Pinh Iy 3.2

Gid sit (H,),(H,),(H;) va (Hg) la diing. Khi do, tén tai cdc hdng s6
M >0 va T>0 sao cho, vdi moi &, vdi |¢|<1, bai todn (P,)cd duy nhdt mjt
nghiém yéu u, e Wy(M,T) théa mét danh gid tiém cdn dén cdp 3 nhu trong (3.43),

cdc ham uy,uy,uy ldn lugt 1o cde nghiém yéu ciia cdc bai todn (Py),(0) va (Qz).

Cha thich 3.1.

Trong [9] cdc tic gid da xét khai tri€n tiém cin dén cip 2 cho bai todn
(0.1), (0.3) v6i diéu kién bién hdn hop thuan nhit (0.12), tuong ng v6i danh gid
nhu sau

ity it — & ir]| o g g2y + s =0 =&t o 1) < Cre” (3.44)
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CHUONG 4
KHAO SAT MOT TRUGNG HGP CU THE

Trong chuong nay, chiing ta xét mot vi du cu thé vé khai trién tiém cin
cho bai todn tuong ng véi
f=0, fi =u’. 4.1
Trudc tién, ta gid su ring
f1eCV(UR), N>1. 4.2)
Gia st (H,),(H,),(H;)va (4.2) la ddng. Lip lai qui trinh ching minh nhu &
chuong 2, ta ciing thu dugc mot dinh 1y tdn tai va duy nhat nghiém yé&u clia bai

todn (0.1) — (0.3) tuong tng v6i [ =¢f (u) = cu?, & 12 mot tham s0,

g| <l
Gid st u, e W, (M,T) (v6i M >0,T >0 thich hdp ) 1a nghiém y&u clia bai todn

i, —Aug, =¢ fi(u,), 0<x<1,0<t<T,
U, (0,t)=hyu,(0,t)=g((t),
ug(l,1) = g1(t),

ug(x,0) =g (x), 1.(x,0)=1(x).

(F)

Gia st ring u,,u,,...u, € W,(M,T)( v6i cdc hing s6 M >0,7 >0 thich hgp) 1an

ludt 12 cdc nghiém y€u clia cdc bai todn sau:

g —Aug =0, 0<x<1,0<t<T,
Uy (0,0) = hoteo (0,6) =g (1),
ug(L,2) = g, (1),

up(x,0) =g (x), g(x,0)=1u(x),

(Fo)
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i —Auyp =f1(ug), 0<x<1,0<t<T,
(O1) | 11, (0,0) = hguuy (0,0) =11 (1,1) = 0,
uy(x,0) =u;(x,0) =0,

v6i 2< p< N thi

iip —Aup =Hp,0<x<1,0<t<T,
(0,) 1 tpe(0,0) = hgu, (0,6)=u,,(1,1) =0,
u,(x,0)=1u,(x,0)=0,

trong do, H,=H,(x,t,ug,uy,stt) 1), 2< p< N, dugc xdc dinh nhu sau

/
Hy = Hjy(ug,up) = fi (uoluy, (4.3)
va
/
H ,(x,tug,uy,tt ) = [ (g,
p-l w2
k ) -2
+ 2 1 (o) > ——, (44
i vty 2=k, alayl.a, ;!
a+2e,+..H(p-2)a,_r=p-1
vO13<p<N
bit

N
- P, =
V—ug—zg u,=u, —h
k=0

Khi d6 v 1a nghiém y&u ciia bai todn

Vv=Av=¢g[fiv+h) - fi(W)]+E, (x,1),0<x<],0<t<T,
v, (0,¢) = hyv(0,2) = v(1,£) = 0,
v(x,0) =v(x,0) =0,

trong d6



35

N
E (x,0)=e(fi(h)~ fi(ug))~ D 6" H .

p=2
Khi d6, ta c6 bd dé sau day.
B§ dé 4.1
Cho N=>1. Gid sit (H,),(H,),(H3) va fi=CY(R) la diing. Khi dé

||Ee||L°°(o,T;L2) <Kile |N+1’ (4.8)

trong dé K, la mét hang sé chi phu thudc vao N,M,T va cdc hing sé

KT, /)= sup | Pwe(x,0), i=0,1,.,N-1,

0<x<1, 0<¢<T

va

Ry, f)= swp [V
|u|<(N+1)M

Chiing minh.

Trudng hgp N=1 thi d€ dang, ta chi can chitng minh cho trudng hgp N> 2.
bit
N
h=ug+U=ug+Y &%u,.
p=l1

Ta khai trién MacLaurin ham f;(h) - f;(u,) xung quanh diém u, d&€n cdp N, ta

thu dugc

Si(h) = fi(ug) = fi(ug +U) = f(ug)

N-1 4.9
= Z%fl(k)(uo)Uk+%fl(N)(u0+6’U)UN,O<0<1. 9
1 :

Chd y ring



36

- > M) (Pun) M) (@.10)

las!
(al ..... aN)EZiV,al‘F..."'aN:k 0{1.0!2....0{]\]

kN
= z E'uag”(a) = z Z E!ua el

acZ) |al=k @ =l \ aez) |al=k.n(a)=p “

trong do6 ta ky hiéu

a=(a,...oy)eZl,

o =, + ...+ ay,
nla)=a,+2a,+..+ Nay,
a=aq!l.a,!,

a _ oy, oy ay
u” =u"uy? . uy .

Khi d6, ta viét lai (4.9) nhu sau:

N(N-1)N-1 *) ua
A= fiwg) =Y 3 P () > e
P acz). lalok. nia)p *

| IPYEY) N
+ﬁf1 (ug +0U)U

N-1 N-1 ) ua
_ u _1.p
Ji7 (ug) > M

p=l k=1 aczl |al=k, nla)=p

gl o

aczl, ‘a‘:k, n(a)=

1
+ﬁfl“\”(u0 +ouHu”
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2

- N(N-D)
Clp, f,1le” + C[N,p, f,1e” + Ry (&, 1)), “4.11)
p=1 p=N
trong do
N-1 b ua
Clp. f1=2 41 w)| > —
k=1 aezl |al=k, n(a)-p &
) . o 4.12)
_ * u, ‘u22...upp
;fl (MO)almﬁé « alala) ’
al+2a2+...+;al,:p
~ o u”
C[Napafi]ZZfi( )(MO) Z _‘ ) (413)
=l aez? |al=k, nla)=p &
Ry (e, )= 11y +0U)U"
M (4.14)
:%fl(m (o +OU ), + gy +.t ¥ uy ) v
T6 hop (4.7), (4.11) - (4.14), khi d6 ta thu dugc
N
Eg(x,f)=€(ﬁ(h)—f1(uo))—Z«?”H,,
N- N(N- 1)
ZC[p £l + Y CIN.p.file"" (4.15)
p=1 p=N

+8RN(3,f1)—Zg”Hp
p=2

N N(N—IL
=Y Clp-1£1-H)e"+&"" Y CIN,p, f;le"™"
p=2 p=N
+5N+1 ) oU N-L AN
Wfl (uy +OU ), +euy +...+&" " uy)" .

Chi ¥ ring
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p- ulul !
Clp-LA1=D /" (u) — 2 —H,
: kzz; : ’ a+a, +m+a§—k, a1!a2!"-ap—1! !
a+20, +.+(p-la, =p-1
véimoi 2< p< N.
Viay (4.15) viét lai
N(N-1)
E (x,)=¢"" Y C[N,p,fle"™"
p=N
N+1
+%fl(’v)(u0+¢9U)(ul+8u2+...+8N"uN)N. (4.16)

Do tinh bi chidn cia cdc ham u,, i =0,1,..,N trong khong gian ham L*(0,T;V),

ta thu dugc tir (4.13), (4.14) va (4.16) ring

N+1

E

&

)SI?J&

, (4.17)

L*(0,T;L*

trong d6

- 2N—l = 1 N =
K =(N-1Y (NM) Kk(T,f.HE(NM) Ky(M, f).

k=1
B§ dé 4.1 dugc chitng minh hoan tat.

Bay gid, ta xét ddy qui nap tuyén tinh {v,} dugc xdc dinh nhu sau:

v, =0,
v, —Av =gl fi(v,  +h)— f(h)]
+E (x,t), 0<x<1,0<t<T, (4.18)
v, (0,0)=hyv, (0,t)=v,(1,¢) =0,
v, (x,00=v (x,00=0, m=1.

V61 m=1, ta c6 bai toan
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V,—Av, = E (x,1),0<x<1, 0<¢t<T,
v, (0,8) = hyv,(0,¢) =v,(1,1) =0, (4.19)
v (x,0) =v(x,0) = 0.

Bing cich nhin hai v€ clia (4.19) bdi v, ta tim khong kho khiin tir (4.8) ring
[ @] + a0 @) < 2K [e | [[}v, ()] ds. (4.20)
0

Do d6

N+1

<4TK|e| " 4.21)

)+||v1

”vl L7 (0,T;L* L (0,T;V)

Chiing ta s& chitng minh ring ton tai mot hiing s6 C, ddc lap v6i m va &, sao

cho

N+1
b

|5

Biing cdch nhin hai v€ clia (4.18) bdi v, va sau khi tich phan theo ¢, ta thu dudc

< CT|8

o +||vm [P g|£1, v431 mo1 m. (4.22)

[¥

17(0,T:1%) +a(v,(),v(?))

<2 [/, +h) = £ |9, ds +2K]e[" [ |, (s)] ds
0 0

t t (4.23)
<2¢K,(M, f,) ! Vs | [ ()l + 2K e[ ! [9,,(s)] ds.
trong d6 K, (M, f)) = sup @)
Pat
o =Vl oty Il 0 (4.24)

ta suy tir (2.23) va (4.24) ring
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¥ <o¥ . +5 véimoi m>1, (4.25)
véi

o=4TK (M. f,), 5=4TK |e["". (4.26)
Gia st ring

o=4TK (M, f;) <1, v6i hiing s0 thich hgp T'>0. (4.27)

Biy gid, ta ding b6 dé 3.2 mot 1an nira ta thu dugc tir (4.25) - (4.27) riing

¥, —w, <= CJe"", v6imoi m21, (4.28)

L7 (0,T;V) m 1_0.

L*(0,T;L%) + "Vm
trong do

ATK

1

"1 4TK,(M f,)
Mit khédc, diy qui nap tuyén tinh {v } dugc xdc dinh bdi (4.18) hdi tu manh
trong khong gian W,(T) vé nghiém v clia bai todn (4.6). Do dé, cho m — +x
trong (4.28) ta thu dudc
<Gyl ™ (4.29)

: oy I orn
Vay, ta ¢6 dinh 1y sau.

DPinh 1y 4.1. Cho N >1. Gid sit (H,),(H,),(H,) va f, € C"(IR) la ding. Khi dé, ton
tai cdc hang s6 M >0 va T >0 sao cho, véi moi ¢, vdi |8|S1, bai todn (P.) co
duy nhdt mot nghiém yéu u, e W,(M,T) théa mot ddnh gid tiém cdn dén cdp N +1

nhit sau

N
Z gu, +0(eM),

i=0

theo nghia
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N

. i
ug—zgui

i=0

N+1

+ , (4.30)

L*(0,T;L%)

< CT|6'

N .
1l
u, — E gu,
i=0

L*(0,T;V)
trong do, cdc ham ug,u,,...,u, lan gt la cdc nghiém yéu ciia cdc bai todn

(B):(0):-(Oy).

Trong phan cudi ciing ndy, ta s& xét véi mot ham cu thé nhu (4.1):
fiw)=u?. Khi d6, f, €C”(IR).. Mit khdc, do £ =0 v6i moi k>3, phan du
trong khai trién Taylor clia hAm £, & cAp 3 trong cong thiic (4.9) 1a bing khong

S = filug) = fl“"(uo)U"

ME ’:[\|4~

E

[%ﬁ 1( l)u,up ,] Z( Z(p l)ulup L

p=N

j 4.31)
Do d6
E,(x0)=e( (= fiw) =2 &"H,

zf(yj( iy, —HpHJgp“ (4.32)

p=1 =0
2
+Z( Z(p—z)u,ule P
p=N i
Céc biéu thirc H, trong cdc bai toan (Qp) dugc tinh cu thé nhu sau:

H, = H,(u,) = f,(1y) =5, (4.33)

H,=H,(u,,u,) = fl/(uo)ul =2u,u,, (4.34)

2
H,=H,(x,t,uy,u,,....u pl)——Z(P—l Duu, .,

_10
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p-2
=2u0upl+%2(p—i—l)uiup“, B3<p<N). (4.35)
P—Liz

Biéu thiic E, (x,1) trong (4.32) viét lai

Es(x,t)zeN“Z( Z(p—l)ulule -,

p=N i=0
(4.36) Do tinh bi chidn cla cic ham u,, i =0,L...,N trong L”(0,7;V) ta thu dugc tir
(4.36) ring

< N(4N+1)M e =K, ¢ (4.37)

|E.

Cudi ciing ta c6 két qua.

L*(0,T;1%)

Pinh Iy 4.2
Cho N>1va f, =u*. Gid sit (H,),(H,),(H,) la diing. Khi dé, ton tai cdc
hing s6' M >0 va T >0 sao cho, vdi moi &, vdi |e|<1, bai todn (P,) c¢é duy nhdt

mot nghiém yéu u, e W,(M,T) théa mdt ddnh gid tiém cdn dén cdp N+1 nhu sau

N N
i, — Y. &', +u, = eu <Cle|™, (4.38)
i=0 L7(0.T;L%) i=0 L*(0.T:7)
2TN(4N +1)M*

trong do, C,= la hing s6 chi phu thuéc N,M,Tva cdc ham

1-8T™M
Uy, Uy,....uty ldn lugt la cdc nghiém yéu ciia bai todn (PO),(Q),...,(QN) tuong ung

vdi cdc biéu thitc H, xdc dinh bdi (4.33) - (4.35).
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PHAN KET LUAN

Luin vin st dung phuong phdp xap xi tuyén tinh d€ khio sat phuong trinh
séng phi tuyé&n v6i di€u kién bién hdn hgp khong thuin nhi't. Phuong phdp nay
khong nhitng gidp ta chiing minh dudc sy tdn tai nghiém, khai trién tiém cin
nghiém theo tham s& nhi€u ¢, ma bdn thdn né con cho ta thi€t 1ap nghiém xap

xi tuyé€n tinh hod bing mot thuat todn gidi tich so thich hop.

Noi dung chinh clia ludn vin 1a cdc k€t qud mdi thu dugc chita dung trong
cic chuong 2, 3 va 4.

0] chuong 2, chiing t6i nghién cttu phuong trinh séng phi tuyé&n

utt _uxx :f(xatauauxyut)g 0<x<1, 0<t<T,
vdi gid tri bién va ban dau

ux(o,t)_ hou(oat) = gO(t)a l/l(l,t) = gl(t):
uy (x,0) =g (x), u,(x,0) =, (x),

trong d6 h, 1a hiing s& khong am cho trudc; g, gy, iy, i}, f 12 cdc ham cho
trude. Chiing toi thu duge k&t qua vé sy ton tai va duy nhat nghiém bing phuong
phap néi trén véi 1 e C'([0,1]x[0,00)x IR*).

Trong chuong 3, néu f(x,t,u,u.,u,) dudgc thay bdi f(x,t,u,u,,u,)
+e fi(x,tuu,u,), e C([01]x[0,0)x IR?), f; € C*([0,1]x[0,00)x IR®), thi chiing
toi thu dugc nghiém tuong tng u, c6 mot khai trién tiém cin cip 3 theo &, véi

& da nho.
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Trong chuong 4, ching tdi thu dugc mot khai tri€n tiém cin cip N +1
theo &, véi ¢ @4 nhd Vvéi f =& f1(u), f; € CV (IR). Sau d6 tinh todn cu thé vdi

fzguz.

K&t qua nay 1a sy tdng quat hod tudng ddi cac két qua trude dé trong [I,
3,4, 9-11] va chuin bi cong bd.
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