HEAPSORT

Giai thuat sap xép (sorting algorithm)
Heaps
Thuat giai Heapsort

Hang dgi uu tién (priority queue)



GIAI THUAT SAP XEP

e Input: métday nsé (a,, &, ...., @,)

e OQutput: mot hoan vi cda input (&4, 45, ...., &,) sao cho
d,< d,<...£4d,



HEAPS

e D6 1a mot mang cac ddi tugng dugc biéu dién bdi mot cay
nhi phan co th(r tu va can bang

e MOi nut tudng (ng v8i mot phan t& clia mang, géc (ing
vGi phan tu dau tién cua mang



HEAPS

e Cay dudc lap day trén tat ca cac muc, ngoai tri’ muc thap
nhat dugc 18p day ti bén trai sang (cé thé chua Iap day)

e Mot heap biéu dién mdt mang A cé hai dic tinh:
= /ength[A], 1a sO phan tUr cua mang

= heap-sizd A], 1a s6 phan tir cia A dugc biéu dién bdi heap



(b)

Figure 6.1 A max-heap viewed as (a) a binary tree and (b) an array. The number within the circle
at each node in the tree is the value stored at that node. The number above a node is the corresponding
index in the array. Above and below the array are lines showing parent-child relationships; parents
are always to the left of their children. The tree has height three; the node at index 4 (with value 8)
has height one.



HEAPS

e Chi sd cua cha, con trdi va con phai ciia nut /co thé tinh:
= PARENT()
return | /2|
= LEFT()
return 2/

= RIGHT(/)

return 24 1



HEAPS

e CO hai loai heap nhi phan, max-heap va min-heap

= Trong max-heap A[PARENT(/)] = A[/] v8i moi nut 7khac goc
= phan ti I6n nhat dugc luu trir tai goc

= Trong min-heap A[PARENT(/)] < A[/] vGi moi nut /khac goc
= phan tU nho nhat dudc luu trif tai goc



HEAPS

e Cac thua tuc trén max-heap dung cho sap x€ép
= MAX-HEAPIFY tao mot max-heap c6 goc tai nut 7

= BUILD-MAX-HEAP xay dung mot max-heap tu mot mang
khong th tu

= HEAPSORT sap xép mot mang



MAX-HEAPIFY

Pau vao la mot mang (heap) A va chi so /trong mang

Cac cay nhi phan dugc dinh goc tai LEFT(/) va RIGHT(/) la cac
max-heap nhung A[/] c6 thé nhd hon cac con cda nd

MAX-HEAPIFY day gia tri A[/] xudng sao cho cay con dinh gdc
tai A[/] la mot max-heap



MAX-HEAPIFY

MAX-HEAPIFY (A, i)

1 [ <« LEFT(Q)

2 r < RIGHT()

3 if] < heap-size[A] and A[l] > Ali]

4 then largest < |

5 else largest < i

6 ifr < heap-size[A] and A[r] > Allargest]
7 then largest < r

8 if largest # i

9 then exchange A[i] <> A[largest]

0]

1 MAX-HEAPIFY (A, largest)
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MAX-HEAPIFY

e Thdi gian chay cua MAX-HEAPIFY tu dong 1 dén 8 la O(1)

e Mdi cay con cd kich thudc 16n nhat 1a 27/3 néu heap ¢b 7 ndt vi
vay thdi gian chay cua MAX-HEAPIFY la

7(n) < T(2n/3)+ 0O(1)
e Giai hé thdc nay ta co 7(n) = O(lg n)=0(A) (A la chiéu cao cay)
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BUILD-MAX-HEAP

Cac nut c6 chi sb L n/2] +1, Lnf2] +2, ..., ntrong A[1..n] la cac
|4 clia cdy, moi ndt nhu vay 1a mdt max-heap

BUILD-MAX-HEAP ap dung MAX-HEAPIFY cho cac nut con khac
|4 clia cay tir dudi 1én gdc bat dau tir nat /2]

K&t qua la mot max-heap tuong U'ng vai A[1..1]
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BUILD-MAX-HEAP

BUILD-MAX-HEAP(A)

I heap-size|A] < length|A]
2 fori <« |length[A]/2]| downto |
3 do MAX-HEAPIFY (A, i)



BUILD-MAX-HEAP

Figure 6.3 The operation of BUILD-Max-HEApr, showing the data strecture before the call 1o
(a) A ID-elememt inputl armay A and the bi-

MAX-HEAFMFY in line 3 of BUuiLD-Max-HEAP.

nary ree it represents.  The figure shows that the loop index § refers 1o node % before the call
MaxX-HEAFIFY{A.f). (b) The daia strocture thst resulits. The loop index 7 for the next ilcralion
refers o node 4. (cl—{(e) Subscquent iterations of the for loop in BUILD-MAX-HEAF. Cbscrve that
whenever MAX-HEAPIFY ix called on a node. the two subtrees of thoat mosle arc both muax -heaps.

A The max-hcap after BUll D-5&Max-HE A finishes.
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BUILD-MAX-HEAP

e BA&t bién vong 13p: Tai diém bt dau cta mdi [an 18p cla vong
13p 2-3, moi ndt i+1, i+2,..., n la gbc cia mdt max-heap

e Bat bi€én nay dung trudc lan lap dau tién, sau dé duy tri cho

moi [an 13p tiép theo

15



BUILD-MAX-HEAP

e Kh@i dau: /=12, moi nat /2] +1, Ln/2] +2, ..., nla mot
la, ching la gbc cua mot max-heap

e Duy tri: MAX-HEAPIFY(A4, /) dam bao nut /va cac con cua no
la cac goc cua cac max-heap, bat bién vong lap thoa khi /giam
va trd vé dau vong lap

e K&t thic: Khi /=0, moi ndt 1, 2,..., nla géc clla mot max-
heap
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BUILD-MAX-HEAP

e Thai gian chay cua BUILD-MAX-HEAP la O(rgn), vi co nlan goi
MAX-HEAPIFY, moi an chi phi lgn

e Thut su thdi gian chay cua BUILD-MAX-HEAP la O(n)
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HEAPSORT

Heapsort sir dung BUILD-MAX-HEAP dé xay dung mot max-
heap trén mang input A 1..7]

Hoan doi gia tri A[1] v&i A[A]

Loai nut » ra khoi heap va chuyén A[1..(/+1)] thanh mét max-
heap

Lap lai cac budc trén cho dén khi heap chi con mot phan tu
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HEAPSORT

HEAPSORT(A)

I

BUILD-MAX-HEAP(A)

2 fori < length[A] downto 2

3
4
5

do exchange A[1] < A[i]
heap-size[A] « heap-size[ A] — 1
MAX-HEAPIFY (A, 1)
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HEAPSORT

«ST.O:O .

®®®

)

@
i @ @
@ ®S ®
@SS .,

1) (k)

Af1f2falaizls]o|10]1a]186]

Figure 6.4 The operation of HEAPSORT. (a) The max-heap data structure just afier it has been
built by BuiLD-Max-HEAP. (b)—(j) The max-heap just after each call of MAX-HEAPIFY in line 5,
The value of i at that time is shown. Only lightly shaded nodes remain in the heap. (K) The resulting
soricd array A.
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HEAPSORT

e Chi phi clia BUILD-MAX-HEAP la O(n)
e CO 1 18i goi MAX-HEAPIFY, mdi I8i goi chi phi O(lgn)

e Vay tdng chi phi cila HEAPSORT la O(rgn)

21



HANG DOT UU TIEN

e Hang dgi uu tién (priority queue) gdbm mot tap déi tugng trong
do doi tugng co khoa uu tién dugc xu' ly trudc

e DUng max-heap dé biéu dién hang dgi uu tién theo khoa 16n
han

e« DUng min-heap dé biéu dién hang dgi uu tién theo khda nho
hon
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HANG DOT UU TIEN

e Thao tac trén hang dgi uu tién
= MAX-HEAP-INSERT(4, X)
= HEAP-EXTRACT-MAX(A)
= HEAP-MAXIMUM(A)

= HEAP-INCREASE-KEY(A, x, k)
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HEAP-EXTRACT-MAX

e HEAP-EXTRACT-MAX(A) loai phan tu dugc uu tién nhat ra
khoi hang dgi A
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HEAP-EXTRACT-MAX

HEAP-EXTRACT-MAX(A)

1 if heap-size[A] < 1

2 then error “heap underflow™

3 max < A[l]

4 A[l] < Alheap-size[ A]]

S heap-size|A] < heap-size[A] — 1
6 MAX-HEAPIFY(A, 1)

7 return max
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HEAP-EXTRACT-MAX

e Thdi gian chay clia HEAP-EXTRACT-MAX(A) 1a O(lg n) trén
mot heap n phan tu
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HEAP-INCREASE-KEY

o HEAP-INCREASE-KEY(A, /, key) tang khoa tai nut /7lén
thanh khoa ey

o Di chuyén phan tir co khda key tir nut 7hudng dén goc dé
tim ndi chinh xac cho nut nhan khoa nay

27



HEAP-INCREASE-KEY

HEAP-INCREASE-KEY (A, i, key)

I ifkey < A[i]

2 then error “new key is smaller than current key”
3 Ali] <« key

4 whilei/ > 1 and A[PARENT(i)] < A[i]

5 do exchange A[i] « A[PARENT(i)]

6 | <= PARENT(i)
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HEAP-INCREASE-KEY

e Thdi gian chay cua HEAP-INCREASE-KEY toi da la O(lg n)
trén mot heap n phan tur
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HEAP-INCREASE-KEY

(a)

® ® a

(c) {(d)

Figure 6.5 The operation of HEAP-INCREASE-KEY. (a) The max-heap of Figure 6.4(a) with a
node whose index is i heavily shaded. (b) This node has its key increased to 15, (¢) After one
iteration of the while loop of lines 4-6, the node and its parent have exchanged keys, and the index i
moves up to the parent. (d) The max-heap after one more iteration of the while loop. At this point,
A[PARENT(/ )] = A[/]. The max-heap property now holds and the procedure terminates.
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MAX-HEAP-INSERT

e MAX-HEAP-INSERT(A, key) chen mot phan tu co khoa key
vao mot max-heap

e Dau tién, ma rong heap bang cach thém vao mot 1a mdi

e Ap dung HEAP-INCREASE-KEY dé€ ting khda key cho nut

la nay

31



MAX-HEAP-INSERT

MAX-HEAP-INSERT(A, key)

| heap-size[A] « heap-size[A] + |

2 Alheap-size[A]] < —o0

3 HEAP-INCREASE-KEY (A, heap-size[ A], key)
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MAX-HEAP-INSERT

e Thdi gian chay cua MAX-HEAP- INSERT t6i da la O(lg n)
trén mot heap n phan tur

33



QUICKSORT

e MO ta Quicksort
e Giai thuat Quicksort

e Hiéu suat Quicksort



MO TA QUICKSORT

e Do C. A. R Hoare cdng bo nam 1962

e La giai thuat tot, dudc U'ng dung nhiéu trong thuc té



MO TA QUICKSORT

o Pugc thiét k& dua trén k¥ thuat chia dé tri (divide-and-
conquer):
= Divide: Phan hoach A[p..r] thanh hai mang con A[p..¢-1]
va A[g+1..7] cd cac phan tir tuong ('ng nho hon hodc bang
Al g] va Ion han A qg]

= Conquer: Sap xép hai mang con A[p..g-1] va Alg+1..7]
bang IGi goi dé qui



GIAI THUAT QUICKSORT

QUICKSORT(A, p, r)

1 ifp<r

2 then ¢ <— PARTITION(A, p, r)
3 QUICKSORT(A, p,g — 1)
4 QUICKSORT(A, g + 1, r)



PARTITION

PARTITION(A, p,r)

1 x <« A[r]

2 I« p—1

3 forj < ptor — 1

4 doif A[j] < x

5 then:; </ + 1

6 exchange A[i] < A[/]
7 exchange A[i + 1] < Alr]

8 returni: + 1



PARTITION
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Figure 7.1 The operation of PARTITION on a sample array. Lightly shaded array clements arc all in
the first partition with values no greater than x. Heavily shaded elements are in the second partition
with values greater than x. The unshaded elements have not yet been put in one of the first two
partitions, and the final white element is the pivot. (a) The initial array and variable setungs. None of
the clements have been placed in either of the first two partitions. (b) The value 2 is “swapped with
it=elf"” and put in the partition of smaller values. (c)—{d) The values £ and 7 are added 1o the partition
of larger values. (e) The valuce=x | and 8 are swapped, and the smaller partition grows. (N The values
3 and 8 are swapped. and the smaller panition grows. (g)—(h) The larger partition grows o include
5 and 6 and the loop terminates. (i) In lines 7—8. the pivot element is swapped so that it lies belween
the two partitions.



PARTITION

e PARTITION ludn chon phan t&r x = A[r] lam phan tU chot
(pivot) dé phan hoach mang A p..r

e Khi partition dang thuc hién mang bi phan hoach thanh
bon vung



PARTITION

e Tai di€ém bat dau cua vong I&p for dong 3-6 moi viing
thoa cac tinh chat sau day (bat bi€n cua vong lap)

= Neu p< k< thiAKk <x (1)
= N8U/+1<k<j-1,thiAA]>x (2)

= Néu k= r, thi A k] = x (3)



PARTITION

JEESRER |
<x > unrestricted

Figure 7.2 The four regions maintained by the procedure PARTITION on a subarray A[p..r]. The
values in A[p..i] are all less than or equal to x, the values in Ali+1..j = 1] are all greater than x,
and A[r] = x. The values in A[j .. — 1] can take on any values.



PARTITION
e Khai dau
= Trudc lan lap dau tién, /= p-1 va j= p, khong co gia
tri nao gilra p va /va khong cé gia tri nao gitra 7/ +1 va
j-1

= Cac bat bienvong lap thoa
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PARTITION

e Duy tri

= Néu A[j] > x, thao tac duy nhat trong vong lap la tang jlén
1, diéu kién 2 thoa cho A[ F1] va tat cac muc khac khong
thay doi

= NEu A[/] < x, idugc tang Ién 1, A[/] va A[j] dudc trdo doi sau
do jtang 1én 1, hé qua A[/] < xva A[j-1] > x cac bat bién
thoa

11



(a)

(b)

PARTITION

P i J 4
T T T -]
—_—
=X =y
P I J r
--.______"._._____.-'
=X > X
P [ i ’

Figure 7.3 The two cases for one iteration of procedure PARTITION. (a) If A[j] = x. the only
action is to increment j, which maintains the loop invariant. (b) If A[j] < x, index i is incremented,
Ali] and A[j] are swapped, and then j is incremented. Again, the loop invariant is maintained.
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PARTITION

o Ké&t thuc

= Khi j = r, cac bat bién vong lap théa va mang da phan hoach
thanh ba phan, nhd han hodc bang x, I6n han x va phan cudi
chi chlra A A = x

= Hai I1énh két thic partition hoan doi A[ 7] vGi phan t(r tréi nhat
I6n han x (vitri g=/+1)
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PARTITION

e Goi n= r— p+1 la kich thudc dau vao cua PARTITION
trén mang A[p..7]

e Thdi gian chay cua PARTITION la O(n)
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HIEU SUAT CUA QUICKSORT

e Thai gian chay cuia Quicksort phu thudc vao partition

e NEéu phan hoach la can bang, Quicsort chay nhanh it nhat
nhu Heapsort

e Truong hgp xau nhat, thaoi gian chay cia Quicksort la
O(r7)
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HIEU SUAT CUA QUICKSORT

e Trudng hgp xau nhat (worst-case), hai mang A p..¢-1] va
A[lg+1, r] co thudc n-1va 0

e Chi phi cho PARTITION la O(n)
e Vi vay, thdi gian chay cua Quicksort la

T(n) = 7(rr1) + 7(0) + O(n) = O(r7)
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HIEU SUAT CUA QUICKSORT

e Truong hgp tot nhat (best-case), hai mang A[p..¢-1] va
Alg+1, A cod thudclaln2)valn21-1

e Chi phi cho PARTITION la O(n)
e Vi vay, thdi gian chay cua Quicksort la

(n) <27(nf2) + O(n) = O(rgn)
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HIEU SUAT CUA QUICKSORT

e Phan hoach can bang (balanced partitioning), hai mang A p..¢
1] va A[g+1, r] co thuGc xap xi 9,7/10 va n/10

e Chi phi cho PARTITION la O(n)
e Thoi gian chay cua Quicksort la

7(n) < 7T9n/10) + 7(n/10) + O(n) = O(rgn)
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HIEU SUAT CUA QUICKSORT

Cay dé qui phan hoach can bang
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Figure 7.4 A recursion tree for QUICKSORT in which PARTITION always produces a 9-to-1 split,

yielding a running time of O (n lg n). Nodes show subproblem sizes, with per-level costs on the right.
The per-level costs include the constant ¢ implicit in the & () term.



HIEU SUAT CUA QUICKSORT

e Truong hgp trung bimh (average case), Quicksort chay
nhanh gan voi trudng hdp tot nhat

1(n) = O(rign)
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HIEU SUAT CUA QUICKSORT

Hai mUc cua cay dé qui cho trudng hgp trung binh

it O(n) emsmnssiin: - @(n)
/ \n_l I / \ !
/ \ (n-1)/2 (n-1)/2

(n=1)/2-1 (n=1)/2
(a) (b)

Figure 7.5 (a) Two levels of a recursion tree for quicksort. The partitioning at the root costs
and produces a “‘bad” split: two subarrays of sizes 0 and n — 1. The partitioning of the subarray of
size n — 1 costs n — 1 and produces a “good” split: subarrays of size (n — 1)/2 — 1 and (n — 1)/2.
(b) A single level of a recursion tree that is very well balanced. In both parts, the partitioning cost for
the subproblems shown with elliptical shading is ©(n). Yet the subproblems remaining to be solved
in (a), shown with square shading, are no larger than the corresponding subproblems remaining to be

solved in (b).
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SAP XEP THOT GIAN TUYEN TINH

e Khai niém
e Sap x€p bang dém

e S3ap x€p theo 10



KHAI NIEM

e Giai thuat sap x€p thdi gian tuyén tinh la giai thuat co
thaoi gian chay O(n)

e Cac giai thuat tét nhu Heapsort, Quicksort co thai gian
chay O(rgn)



KHAI NIEM

e Cac giai thuat Heapsort, Quicksort dung phucng phap so
sanh, hoan doi dé sap xép
e Cac giai thuat tuyén tinh dua trén thong tin cua cac phan

tlr dé sap x&p nén gidm dudc bac clia dé phuc tap



SAP XEP BANG DEM

e Cho kla mot s nguyén, sap x€p bang dém (counting
sort) gid sir moi mot phan tr trong ddy input 1a mot s6

nguyén trong mién tu 0 dén &



SAP XEP BANG DEM

e Y tudng 1a dém s phan t&r nhd hon phan tir x trong mang
nhap dé dat x truc ti€p vao vi tri ciia nd trong mang xuét

e Chang han, néu c6 17 phan t& nho han hodc bang x thi x
dugc dat vao vi tri 17



SAP XEP BANG DEM

COUNTING-SORT(A, B, k) // Bla mang xuat két qua

I fori < Otok ) L
do C[i] < 0 // Cla mang ch’a quan hé cac phan tu cua A4
for j < 1 to length|A]
do C[A[j]] < CI[A[j]] + |
> C[i] now contains the number of elements equal to ;.
fori < ltok
do Cli] < Cli]+C[i — 1]
> C[i] now contains the number of elements less than or equal to i.
for j < length[A] downto 1
do B[C[A[j]]] < A[/]
ClA[J]l < CIA[j]] =1

—_ O e X IO bW
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SAP XEP BANG DEM
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Figure 8.2 The operation of COUNTING-SORT on an input array A[l..8], where each element
of A is a nonnegative integer no larger than & = 5. (a) The array A and the auxiliary array C after
line 4. (b) The array C after line 7. (¢)~(e) The output array B and the auxiliary array C after one,
two, and three iterations of the loop in lines 9-11, respectively. Only the lightly shaded elements of
array B have been filled in. (f) The final sorted output array B.



SAP XEP BANG DEM

e Dong 1-2 khdi tao cac C[i] = 0
e DOng 3-4 xac dinh s phan tir co gia tri la /= A[J] trong A

e DONg 6-7 xac dinh s6 phan tir trong A nho hon hodc bang
j, d61a tdng cia (/] va 1]



SAP XEP BANG DEM

e DONg 9-10 dat A[/] vao trong vi tri dudc sap chinh xac cua
no trong mang B can cu vao sO phan ti nho hon hoac
bang A[J] trong JA[/]]

e Giam (A[J]] di 1 trong dong 10 dé cac phan tir con lai

bang A[j] sé dugc dat chinh xac vao mang Blan Iap sau



O O O O

SAP XEP BANG DEM

ni phi cho 1énh 1-2 Ia O(4)
ni phi cho 1énh 3-4 Ia O(n)
Ni phi cho 6-7 la O(K)

ni phi cho 9-11 la O(n)
= Vi vay tong chi phi thdi gian la O(k + n)
= NEu k= O(n) thi tdng chi phi l1a O(n).
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SAP XEP BANG DEM

e COUNTING-SORT chay thai gian tuyén tinh va hiéu qua

hon cac giai thuat sap x€p bang so sanh

e COUNTING-SORT chi sap x€p cac phan tr co khoa trong
mot mién nhat dinh (nho hon hodc bang 4 cho trudc)

e COUNTING-SORT phai su’ dung thém cac mang trung gian

11



SAP XEP THEO LO

e S3p x€p theo 16 (Bucket sort) gia st input 1a mot mang »

s0 khong am nho haon 1

12



SAPP XEP THEO LO

e Y tudng clia Bucketsort
= Phan bé mang input vao 77 khoang con (16) cta khoang [0, 1)
= S3p x&p cac phan tU trong moi 16 va ndi cac 16 d€ cd mang dugc

sap

13



SAP XEP THEO LO

BUCKET-SORT(A) // Alamang ma 0 < A] <1

|
2
3
4
5
6

n < length| A]
fori < 1ton
do insert A[i] into list B[|nA[i]]] // Bchia cac 16
fori < 0ton—1
do sort list B[i] with insertion sort
concatenate the lists B[0], B[1], ..., B[n — 1] together in order

14



SAP XEP THEO LO

A B
1 .78 0|/
2 |17 L ——.12] —4>1.17].7 |
3 139 2 | ——>{21] 23] ——>.26|7 |
4 1,26 3| ~
5 12 4|/
6 .94 5 [
7 1.21 6| .68/
8 .12 7| +—>.72] 4>1.78]./ |
9 .23 8 |/
10 |.68 9| —4+—>.94]/]
(a) (b)

Figure 8.4 The operation of BUCKET-SORT. (a) The input array A[1 .. 10]. (b) The array B[0..9]
of sorted lists (buckets) after line 5 of the algorithm. Bucket i holds values in the half-open

interval [i /10, (i + 1)/10). The sorted output consists of a concatenation in order of the lists
B[0], B[1]...., B[9].
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SAP XEP THEO LO

e Xét hai phan tu A4[/] va AlJ]
= NEu A[/] va A[Jj] cung rai vao mot 10, chung c6 thu tu’ nhG
giai thuat chen truc tiép
= Ngudc lai, goi cac 16 tuong Ung cua A[/] va A[J] la A /'] va

Bj’], néu /’< j thi 16 A/’] dugc ndi trudc 16 Aj”] va khi
do AL/ < Al

16



SAP XEP THEO LO

e That vay, gia st nguaoc lai A[/] = A[/] thi
= /=L1nAlll = LnAL = 7

= Diéu nay mau thudn véi /< j/, nghia 1a A[] < A[j]

e Nhu vay, giai thuat dam bao th( tu' cia mang output

17



SAP XEP THEO LO

e Do phan bd ngau nhién n phan tr vao n khoang con nén
trung binh moi 16 ¢ 1 phan t&r, vi vay thdi gian s3p xép
chen la O(1)

e TU do, chi phi toan bo cua giai thuat la O(n)

18



SAP XEP THEO LO

e BUCKET-SORT chay thai gian tuyén tinh va hiéu qua hon
cac giai thuat sap xép bang so sanh

e BUCKET-SORT chi sap x€p cac phan tur cé khoa trong
khoang [0, 1)

e Khong phai moi phan bd s& cho mai 16 chira 1 phan tur

19



CAC THUAT TOAN DO THI CO BaN

Cac khai niém va thuat ngr
Bi€u dién db thi
Tim ki€ém theo chiéu rong

Tim kiém theo chiéu sau



KHAI NIEM VA THUAT NGU

e DO thj vO hudng (undirected graph) G = (V, £), gdm mot tap V
cac dinh (vertice) va mot tap £ cac canh (edge), moi canh e =
(u, V) € £ Ung vGi mot cap khong co thd' tu cac dinh v, ve V

e DO thi co hudng (directed graph) G = (V, £), gom mot tap V
cac dinh va mot tp £cac canh, moi canh e = (y, V) € £ (ing
vOi mot cap co thr tu' cac dinh u, ve V



KHAI NIEM VA THUAT NGU

Vidu 1: Do thivo huéng: V={{u v, x, y, z}
E={e, &, &, &, &, &, &}

&=(x ))
e=(x, y)
e=(z 2




KHAI NIEM VA THUAT NGU

Vidu 2: PO thico hudng: V={u, v, x, y, Z
E={e, &, &, &, &, &, &}

&=(x, y) €
ei=(y, X) @

oy
&=(Z 2) . &




KHAI NIEM VA THUAT NGU

e ¢ = (2 2) la canh khuyén
e &= (x y) va &=(x y) la hai canh song song

e Mot do thi khong co canh khuyén hoac canh song song
goi la don do thi (simple graph), ngugc lai goi la da do thi
(multigraph)



KHAI NIEM VA THUAT NGU

e Dinh vva vla ké nhau (adjacent) néu cdé canh e = (u, V), canh egoi
la lién thudc véi uvva v
e Bac (degree) cua dinh vtrong do thi vo hudng la s canh lién thudc

va@i no, ky hiéu deg(V), dinh bac 0 goi la dinh c6 lap, dinh bac 1 goi la
dinh treo

e Ban bac ra (ban bac vao) cua dinh vtrong do6 thi co hudng la s6 canh
di ra khoi no (di vao no) va ky hiéu degt(v) (deg(Vv))



KHAI NIEM VA THUAT NGU

Vi du 3: Bac cua cac dinh do6 thi vo hudng

deg(H)= 1 @




KHAI NIEM VA THUAT NGU

Vi du 4: Ban bac cua cac dinh do thi cé hudng

deg*(H)= 0
deg(f)=1 @ %
degt(z)= 2 D

deg(z)= 2 € e, &
S




KHAI NIEM VA THUAT NGU

e DuGng di do dai ntu dinh x, dén dinh x,trong mot do thi la
ddy P= x,, X;,..., X, trong d6 mai (x, x.,) la mot canh

e Dudng di c6 dinh dau x, trung vai dinh cudi x, goi la chu trinh

e DPudng di hay chu trinh goi la don néu khong cé dinh [ap lai
(tru dinh dau va cubi néu la chu trinh)



KHAI NIEM VA THUAT NGU

Vidub5: P=uw, v,z ylamotdudngdivaC=u, v,z y, x, U

la mot chu trinh




KHAI NIEM VA THUAT NGU

Vidu6: P=x, u, v, z la mot dudng diva C= x, y, xla mot

chu trinh

11



KHAI NIEM VA THUAT NGU

e Mot do thi dugc goi la lien thong néu ludn tim dugc
dudng di gitra hai dinh bat ky cia nd

12



KHAI NIEM VA THUAT NGU

Vi du 7: DO thi la lién thong

13



KHAI NIEM VA THUAT NGU

Vi du 8: Do thi khong lién thong

14



BIEU DIEN PO THI

e Biéu dién bang danh sach ké (adjacency list)
e Biéu dién bang ma tran ké (adjacency matrix)

e So sanh cac phuong phap biéu dién db thi

15



DANH SACH KE

e Danh sach ké cua dinh «: adj(v) ={ve V]| (y V) € E}

e C6 thé biéu dién do thi G= (V, £) nhu mot tap cac danh
sach ké bang cach Iuu trir moi dinh v € Vcling véi danh

sach cac dinh ké vai v

16



DANH SACH KE

Vi du 1: D0 thi vO hudng

nil

nil

1 2 nil

2 1 nil
O 1

4 2

5 3 nil

17



DANH SACH KE

Vi du 2: D0 thi co hudng

i

2)

nil

nil

nil

nil

nil

18



MA TRAN KE

e Cho dan do thi G= (V, £), vbi tap dinh V={1, 2,..., n}, ma
tran ké cia Gla
A={a;| j=1,2,.., M}, a;=0néu(j)) ¢ Evag;=1
néu (j j) e £
e NEu Gla da do thi thi
aij=0néu (j j) ¢ Eva a;= knéu co kcanh noi hai dinh
iva j

19



MA TRAN KE

Vidu 1: D0 thi vO huéng

0110
(1)—3 1001
e 100 1

0110

(20— 0011

o r kr O O

20



A

MA TRAN KE

Vi du 2: D0 thi co hudng

01100
0 0010
0 00 11
0 00 0O
0 0010

i

21



MA TRAN KE

e Ma tran ké cua do thi vo hudng doi xing

a.=da

i j/'l /;j= 1/ 2/ 31'"1 n

e TONg cac phan tur trén dong 7 (cdt j) clia ma tran ké 1a bac cua
dinh /(dinh j)

22



MA TRAN KE
« Db thi cd trong s (weighted graph) Ia d6 thi ma moi canh (i j)

dudc gan mot so thuc m(, )

e Mot dd thi cd trong sd véi n dinh cé thé dugc biéu dién bdi ma
tran trong so

C={c; f, j=1,2,...,m}, trong d6 ¢; = w(j, j) néu c6 canh (j, })
va ¢;= 0, o, hodc -0 néu khong co canh (j J)

23



MA TRAN KE
Vi du 3: Ma tran trong s6 cua do thi vo hudng

0 0
15 0
5> 6 9 12
0 15 0 7

0 10

S|
10 0 6
0
9

0 0 12 7 0]
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SO SANH CAC CACH BIEU DIEN

Biéu dieén do thj v hudng bang danh sach va ma tran

1 2 345
| 2] =b[5]/ {0100 1]
20 =t 1| = § 1 ~» 3 » 4|/ 2(1 0 1 1 1|
I 2| =41/ 300 1 010
4| =21 =5 43|/ 410 1 1 0 1
S| =4 1| ™2/ 5111010
(a) (b) ()

Figure 22.1 Two representations of an undirected graph. (a) An undirccted graph G having five
vertices and seven edges. (b) An adjacency-list representation of G. (¢) The adjacency-matrix rep-
resentation of G.
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SO SANH CAC CACH BIEU DIEN

Biéu dién dd thi c6 hudng bang danh sach va ma tran

1 23456
| ™2 -™4|/ 1701 01 0 0
2| S|/ EIUI}U{JID
3=~ 6]| =5/ 310 0 0 0 11
4| b2/ 410 10000
5| -pla]/ 510001 0 0]
6| 6|/ 6/0 00001
(a) (b) (c)

Figure 22.2  Two representations of a directed graph. (a) A directed graph G having six vertices
and eight edges. (b) An adjacency-list representation of G. (¢) The adjacency-matrix representation

of (s,
26



SO SANH CAC CACH BIEU DIEN

e Chi phi bo nhé cho ma tran la O(]| 42) va cho danh sach la
O(I N + 2| £])

e Chi phi xr ly khi dung ma tran la O(1) va khi dung danh
sach la O| U

27



TIM KIEM THEO CHIEU RONG
(Breadth-First Search-BFS)

e Thuat toan BFS
e Phan tich BFS

e Dudng di ngan nhat

28



THUAT TOAN BFS

Y tudng thuat todn

e Bat dau tim ki€m tUr dinh scho trudc tuy y

e Tai thdi diém da tim thay v, thudt todn ti€p tuc tim kiém tap tat
ca cac dinh ké véi v

e Thuc hién qua trinh nay cho cac dinh con lai

29



THUAT TOAN BFS

Y tudng thuat todn

DUng mét hang dgi dé duy tri trat tu’ tim ki€m theo chiéu rong
DUng cadc mau dé khong I13p lai cac dinh tim kiém

DUng mét mang dé xac dinh dudng di ngan nhat tir s dén cac
dinh da dugc tim ki€ém

DUng mét mang dé luu trlr dinh di trude cla dinh dugce tim
ki€m

30



THUAT TOAN BFS

BFS (G, s)

1

VRN WN

10
11

13
14
15
16
17
18

for each vertex u € V[G] — {s}
do color[u] < WHITE
dlu] < oo
wlu] <— NIL
color[s] <— GRAY
d|ls] <— O
T|s] «<— NIL
Q «— 9
ENQUEUE(Q, s)
while QO # ¢
do # < DEQUEUE(Q)
for each v € Adjlu]
do if color|v] = WHITE
then color[v] <— GRAY
dlv] < dlu] + 1
wlv] «— u
ENQUEUE(Q, v)
color|u] <— BLACK
31



THUAT TOAN BFS

(a) o [5] (b) o [wir]
0 1 1
© o [rle]x] @ o [(I=]v
| 2 2 2 2 2
r X r '
3
© o ® o [v]uly]
2 2 3 3 2 3 3
L W L ¥
r X '3 &
@® o [u m | e
A 3 3
¥ "W X W
r 5 r i
v " x ¥

Figure 22.3 The operation of BFS on an undirected graph. Tree edges are shown shaded as they
are produced by BFS. Within each ventex u is shown d[u). The queue Q is shown at the beginning
of cach iteration of the while loop of lines 10-18. Vertex distances are shown next to vertices in the
gqueune.



PHAN TICH BFS

Toéng phi khdi tao 1a O(V)

Moi thao tac trén hang dgi 1a O(1), vi vy tong thdi gian cho
thao tac trén hang dgi la O( V)

Tong thdi gian chi phi cho quét cac danh sach ké 1a O(£)

Tong thdi gian chay cua BFS a O( V4 £)

33



PUONG DI NGAN NHAT

e Khoang cach dudng di ngan nhat (shortest-path distance) tUr s
dén vla sb canh it nhat trong cac dudng di tu' s dén v, ky hiéu
(s, V)

e Qui UGc 5(s, v) = © néu khong co6 dudng di tu’ s dén v

e MOt dudng di do dai bang 8(s, V) tir sdén v dudc goi la dudng
di ngan nhat tir sdén v

34



PUONG DI NGAN NHAT

e Dinh ly: Cho BFS chay trén mét do thi tu’ dinh s, thi thuat
toan tim ki€m dudc moi dinh vma co thé dat dudc tu' s,
khi két thuc, BFS xac dinh cac dudng di ngan nhat tUr s
dén vsaocho dv] = 8(s, V) véimoi ve V

35



PUONG DI NGAN NHAT

PRINT-PATH(G, s, v)

1 fv=s

2 then print s

3 else if 7[v] = NIL

4 then print “no path from” s “to” v “exists”
5 else PRINT-PATH(G, s, 7[v])

6 print v

36



TIM KIEM THEO CHIEU SAU
(Depth-First Search-DFS)

e Thuat toan DFS

e Phan tich DFS

37



THUAT TOAN DFS

Y tudng thuat todn
e Bat dau tim kiém tUr mot dinh v nao dé

e Chon dinh k& vtuy y clia v dé ti€p tuc qua trinh tim kiém va
lap lai qua trinh tim ki€m nay doi véi v

38



THUAT TOAN DFS

Y tudng thuat todn
e Dung cac mau dé khong I13p lai cac dinh tim kiém

e DuUng cac bién thdi gian dé xac dinh cac thdi diém phat hién va
hoan thanh tim ki€m cliia mot dinh

e Dung mot mang dé luu trir dinh di trudc cta dinh dugc tim
ki€m
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THUAT TOAN DFS

DFS(G)

1 for each vertex u € V[G]

2 do color|u] <— WHITE

3 Ttlu] <— NIL

4 time <— 0

> for each vertex u € V[G]

6 do if color[u] = WHITE
7 then DFS-VISIT(u)

40



THUAT TOAN DFS

DFS-VISIT(u)

color[u] < GRAY
time < time +1
dlu] < time

for each v € Adj[u]

color[u] < BLACK
flu] < time « time +1

OO0 ~J3 O W B N e

> White vertex u has just been discovered.

> Explore edge (u, v).

do if color|v] = WHITE
then 7 [v] < u
DFES-VISIT(v)

> Blacken u: it is finished.

41



' Y 4
THUAT TOAN DFS

u
L
-

< .

{a) 4

|:r|.'|,

Figure 22.4 The progress of the depth-first-search algorithm DFS on a directed graph. As edges
are explored by the algorithm, they are shown as either shaded (if they are tree edges) or dashed
(otherwise). Nontree edges are labeled B, C, or F according 1o whether they are back, cross, or
forward edges. Vertices are timestamped by discovery timeffinishing time,
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PHAN TICH DFS

Néu chua tinh thai gian thuc thi DFS-VISIT, vong lap 1-3 va 5-7
c6 chi phi la O(V)

Trong mot lan thuc thi DFS-VISIT(w), vong lap 4-7 thuc thi
trong |Adf u]| lan

Viz,_, |Adiu]|= O(E), nén tong chi phi thuc thi dong 4-7 cla
DFS-VISIT I3 O(&).

Vay thai gian chay cua DFS la O( V4 £)
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CAY BAO TRUM NHO NHAT

e Cay va cay bao trum

e Cay bao trum nho nhat



CAY VA CAY BAO TRUM

e Dinh nghia cay
e Cac tinh chat cua cay

e Cay bao trum



PINH NGHIA CAY

e Cay tu do (free tree) la mot do thi vd hudng lién thong khong
co chu trinh (ring la tap nhiéu cay)




PINH NGHIA CAY

e Mot rung gom hai cay




CAC TINH CHAT CUA CAY

e Pinh ly: Do thi T vd hudng n dinh la mét cay néu thoa mot trong cac

diéu kién sau

T khong chira chu trinh va cé n -1 canh

T lién thong va co n -1 canh

T lién thdng va moi canh clia nd déu 1a cau

Hai dinh bat ky dugc ndi véi nhau bang mot dudng di duy nhat

T khong chira chu trinh nhung néu thém vao mot canh thi co mot chu
trinh duy nhat



CAY BAO TRUM

e Cay T= (V, F) dudc goi la mot cay bao trum (spanning tree)
cua do thi vo hudng lién thong G = (V, E) néu F c E

G Cay BT T, Cay BT T,



CAY BAO TRUM

e Nhan xét
= MOt d thi co thé cd nhiéu cdy bao trum
= Vi du db thi K. (gdm n dinh va moi dinh déu c6 canh néi véi
n-1 dinh con lai) co n"2 cay bao trum

= Cay bao trum cua G = (V, E) la do thi V dinh lién thong it
canh nhat



CAY BAO TRUM NHO NHAT

e Khai niém

e Thuat giai Kruskal

e Thuat giai Prim



KHAI NIEM

e Cho G la mot do thi vo hudng, lién thong co trongsova T
la mot cay bao trum cua G
= Trong s6 cua T, ky hiéu w(T), Ia tdng trong sb clia tat

ca cac canh cua no: w(T) = Z,_1 w(e)

= Bai toan: Tim mot cay bao trum T co trong sO nho nhat
(minimum spanning tree-MST) cua G



THUAT GIAI KRUSKAL

Y tudng
e Tai moi budc, thut gidi tim mét canh cé trong s6 nhd nhéat

thém vao tap canh cua cay bao trum sao cho khong gay ra chu
trinh

e Thuat giai dirng khi sO canh ctia cay bang s6 dinh ctia do thi
tru 1

10



THUAT GIAI KRUSKAL

e D0 thi G cd trong s va cac canh dugc sap

a b 1 C

14

(& 1), (d,9), (c,d), (a,€) (af) (bf), (fg) (bc) (cf)
3, 4, 5 6 7, 9, 10, 11, 14
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THUAT GIAI KRUSKAL

e Cay bao trum nhé nhat cua G
a b

O O 5
9

6

e f g

(el f)l (dl g)l (CI d)l (al e)l (bl f)l (fl g)
3, 4, 5, 6, 9, 10
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THUAT GIAI KRUSKAL

KRUSKAL(G, w) // G =(V, E) c6 n dinh

F« & // F la s6 canh cua cay MST

Sort the edges of E into nondecreasing order by weight w

while |F|< n-1 and E= @ // thuc hién cho dén khi |F| = n-1 hodc E= &

do e« X | w(x) = min{w(y), yeE)} > e c6 trong s6 bé nhat

E <« E-{e}
if Fu{e} not contain cycle then F <~ F_{e}

if |[F|<n-1

then G is not connected

W 0O N O U A b e

else return T =(V, F)
13



THUAT GIAI KRUSKAL

e Thdi gian sap x€p la O(E IgE)

e Chi phi cho tat ca cac lan Iap trong vong lap while 3-6
khong qua O(V?2)

e Do d9, tong chi phila O(E Ig E )+ O(V?)
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THUAT GIAI PRIM

Y tudng

Khdi dau, thuat giai chon mot dinh bat ky cua do thi lam dinh
goc cua cay bao trum bé nhat

Tai moi budc chon thém mot dinh ctia do thi ma trong s6 canh
noi no v4i mot dinh cua cay la nho nhat

Thuat giai két thuc khi tat ca cac dinh cua do thi da dugc chon
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THUAT GIAI PRIM

MST-PRIM(G, w, s)
1. for each u € V[G]

2. do key[u] < oo // key[u] la trong s6 nho nhat cta canh nGi u
3. n[u] < NIL // v&i mot dinh trong cay MSTdang xay dung
4. key[s] <0

5. Q «V[G]

6. whileQ = J

7. do u «Extract-min(Q)

8. for each v € Adj[u]

0. do if v € Q and w(u,v)<key[v]

10. then ~=[v]«u

11. key[v] < w(u,v)

16



THUAT GIAI PRIM

e DO thi G co trong so, lay a lam dinh xuat phat

d b 1 ¢

14
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THUAT GIAI PRIM

e Key[a]=0, key[u]= o v&i moi u thudc V

d b 1 C
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THUAT GIAI PRIM

e Chon a la dinh dau tién cua MST(do key[a] =0 nho nhat)

d b 11 C

Cap nhat key[e]=6, key[f]=7
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THUAT GIAI PRIM

e Chon e la dinh k€&, key[e] =6

d b 1 C

Cap nhat key[f]=3
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THUAT GIAI PRIM

e Chon f la dinh ké cua MST, key[f] =3

d b 1 C

Cap nhat key[b]=9, key[c]=14, key[g]=10

21



THUAT GIAI PRIM

e Chon b la dinh ké cua MST, key[b] =9

Cap nhat key[c]=11
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THUAT GIAI PRIM

e Chon g la dinh ké cua MST, key[g] =10

d b 1 C

Cap nhat key[d]=4

23



THUAT GIAI PRIM

e Chon d la dinh ké cua MST, key[d] =4

Cap nhat key[c]=5

24



THUAT GIAI PRIM

e Chon c la dinh k& ctia MST, key[c] =5, két thac thuat giai

25



THUAT GIAI PRIM

Chi phi khai tao dong 1-3 la O(V)

Tong thdi gian cho tat ca cac Ian goi EXTRACT-MIN trong
vong lap while la O(V Ig V)

Tong thdi gian cho tat ca cac lan I3p clda vong 13p for 8-
11 1a O(E g V)

Do d6, tdng chi phila O(VIgV + Elg V) = O(E Ig V)

26
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