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LOI NOI PAU

Gi4o trinh Ly thuyét thong tin 1a mot gido trinh co s dung cho sinh vién chuyén nganh
Dién tir — Vién thong va Cong nghé thong tin ctia Hoc vién Cong nghé Buu chinh Vién thong.
Day ciing 1a mot tai li¢u tham khao hiru ich cho céc sinh vién chuyén nganh Pi¢n - Dién tu.

Gido trinh nay nham chuan bi tot kién thirc co s cho sinh vién dé hoc tap va nam vitng cac
mon k¥ thuat chuyén nganh, dam bao cho sinh vién c6 thé danh gia cac chi tiéu chat lwong co ban
cua mot hé thong truyén tin mot cach c6 can cir khoa hoc.

Gi4o trinh gdm 6 chuong, ngoai chuong I ¢ tinh chat gidi thidu chung, cic chuong con lai
duogc chia thanh 4 phan chinh:

Phan I: Ly thuyét tin hiéu ngau nhién va nhiéu (Chwong 2)

Phan II: Ly thuyét thong tin va ma hoa (Chuong 3 va Chuong 4)

Phan III: Ly thuyét thu t6i uvu (Chuong 5)

Phan IV: Mat mi (Chuong 6)

Phan I: (Chwong IT). Nhim cung cap cic cong cu toan hoc can thiét cho cac chuong sau.
Phan II: Gom hai chuong véi cac ndi dungchi yéu sau:

- Chwong III: Cung cép nhirng khai niém co ban cua Iy thuyét théng tin Shannon trong hé
truyén tin ro1 rac va mo rong cho cac hé truyén tin lién tuc.

- Chwong IV: Trinh bay hai hudng kién thiét cho hai dinh Iy ma hoa ctia Shannon. Vi
khuon kho ¢6 han cia gido trinh, cac hudng nay (ma ngudn va ma kénh) chi dugc trinh bay & mirc
d6 cac hiéu biét co ban. Dé co thé tim hiéu siu hon nhing két qua méi va cac ing dung cu thé
sinh vién can phai xem thém trong cac tai liéu tham khéo.

Phan III: (Chwong V) Trinh bay van dé xay dung cac hé thong thu t6i vu dam bao tdc do
truyén tin va dg chinh xac dat duoc cac gia tri gidi han. Theo truyén théng bao trum 1én toan bd
gi4o trinh 1a viéc trinh bay hai bai toan phan tich va tong hop. Céc vi du trong gido trinh dugc
chon loc ky nham giup cho sinh vién hiéu duoc cac khai niém mot cach sau sic hon. Céc hinh v&,
bang biéu nhdm mo ta mot cach truc quan nhét cac khai niém va hoat dong cua so dd khéi chire
nang cua cac thiét bi cu thé

Phan VI: (Chwong VI) Trinh bay co s 1y thuyét cac hé mat bao gdm cac hé mat khoa bi
mat va cac h¢ mat khoéa cong khai. Do khuon khé c6 han cua gido trinh, mot s6 van dé quan trong
con chua duoc dé cap téi (nhu trao ddi va phan phéi khoa, xac thuc, dam bao tinh toan ven ...)

Sau mdi churong déu c6 cac cau hdi va bai tap nham gitp cho sinh vién ciing c6 dugce cac ki
nang tinh toan can thiét va hiéu sdu sic hon cac khai niém va cac thuat toan quan trong.

Phan phu lyc cung cdp mot sb kién thirc bo xung can thiét d6i voi mot sd khai niém quan
trong vé mot so sO liu can thiét giup cho sinh vién lam dugc cac bai tap dugc ra & cac chuong.
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Chuwong 1: Nhitng vin dé chung va nhitng khdi niém co ban

CHUONG I: NHI’NG VAN BPE CHUNG VA NHI’NG KHAI
NIEM CO BAN

1.1. VI TRI, VAI TRO VA SO LUQC LICH SU PHAT TRIEN CUA “LY THUYET
THONG TIN”

1.1.1. Vi tri, vai tro ciia Ly thuyét thong tin

Do su phat trién manh mé cua ky thuéat tinh toan va cac hé tu dong, mdt nganh khoa hoc
moi ra doi va phat trién nhanh chong, d6 1a: “Ly thuyét thong tin”. La mot nganh khoa hoc nhung
n6 khong ngimg phat trién va tham nhap vao nhiéu nganh khoa hoc khac nhu: Toén; triét; hod;
Xibecnetic; 1y thuyét hé thong; 1y thuyét va ky thuat thong tin lién lac... va da dat duoc nhiéu két
qua. Tuy vay no ciing con nhiéu van dé can duoc giai quyét hodc giai quyét hoan chinh hon.

Gido trinh “ Ly thuyét thong tin” nay (con duoc goi 1a “Co s& 1y thuyét truyén tin”) chi la
mot bo phan cua 1y thuyét thong tin chung — N6 14 phan ap dung ciia “Ly thuyét thong tin” vao k¥
thudt thong tin lién lac.

Trong cac quan hé ciia Ly thuyét théng tin chung véi cac nganh khoa hoc khac nhau, ta phai
dic biét ké dén mdi quan hé cua n6 voi nganh Xibecnetic.

Mdi quan hé giita cac hoat dong khoa hoc ctia con ngudi va cac quang tinh cua vat chat
dugc mo ta trén hinh (1.1).

Quang tinh cua vat chat

y
4 v Thong tin
Nang lugng Khdi lugng A
yy A v
v v biéu khién hoc
Nang lugng hoc Cong nghé hoc (Xibecnetic)
X 7y 7y

Cac linh vyc hoat dong khoa hoc cua

con nguoi

Hinh 1.1. Quan hé giira hoat dong khoa hoc va quéng tinh ciia vat chit

- Ning lugng hoc: La mot nganh khoa hoc chuyén nghién ctru cac van dé lién quan tdi cac
khai niém thudc vé ning luong. Muc dich cia ning lugng hoc 1a 1am giam sy ning nhoc cua lao
dong chan tay va ning cao hiéu suét lao dong chan tay. Nhiém vu trung tdm ctia nd 14 tao, truyén,
thy, bién doi, tich luy va xtr Iy nang luong.
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- Xibecnetic: Bao gdm céac nganh khoa hoc chuyén nghién ctru cac van dé c6 lién quan dén
khai ni¢m thong tin va tin hiéu. Muc dich cua Xibecnetic la [am giam sy ndng nhoc cua tri 6c va
nang cao hiéu suat lao dong tri 6c. Ngoai nhitng van dé dugc xét trong Xibecnetic nhu dbi tuong,
muc dich, tdi wu hod viée diéu khién, lién hé ngugc. Viéc nghién clru cac qua trinh thong tin (nhu
chon, truyén, xu ly, luu trir va hién thi thong tin) cling 1a mot van dé trung tam cua Xibecnetic.
Chinh vi vay, Iy thuyét va k§ thuat thong tin chiém vai tro rat quan trong trong Xibecnetic.

- Cong ngh¢ hoc: gém cac nganh khoa hoc tao, bién ddi va xu Iy céac vat ligu moi. Cong
nghé hoc phuc vu déc luc cho Xibecnetic va nang lugng hoc. Khong c6 cong ngh¢ hoc hién dai
thi khong thé ¢6 cac nganh khoa hoc k¥ thuat hi¢n dai.

1.1.2. So lwoe lich sir phat trién

Nguoi dit vién gach dau tién dé xay dung 1y thuyét thong tin 1a Hartley R.V.L. Nam 1928,
ong da dua ra sd do luong thong tin 13 mot khai niém trung tdm cua Iy thuyét thong tin. Dya vao
khai niém nay, ta co thé so sanh dinh luong cac hé truyén tin vo1 nhau.

Nam 1933, V.A Kachenhicov chitng minh mét loat nhiing ludn diém quan trong cua ly
thuyét thong tin trong bai bao “Vé kha niang théng qua cua khong trung va dy dan trong hé thong
lién lac dién”.

Niam 1935, D.V Ageev dua ra cong trinh “Ly thuyét tich tuyén tinh”, trong d6 6ng phat
biéu nhitng nguyén tic co ban vé 1y thuyét tach cac tin hiéu.

Niam 1946, V.A Kachenhicov thong bao cong trinh “Ly thuyét thé chdng nhidu’ danh dau
mot bude phat trién rat quan trong cua 1y thuyét thong tin.

Trong hai nam 1948 — 1949, Shanon C.E cong bd mot loat cac cong trinh vi dai, dua su
phat trién ctia 1y thuyét thong tin 1én mot budc tién méi chua timg c6. Trong cac cong trinh nay,
nhd viéc dua vao khai niém luong thong tin va tinh dén cau tric thong ké cua tin, 6ng di chimg
minh mét loat dinh 1y vé kha ning thong qua cta kénh truyén tin khi c6 nhidu va cac dinh Iy ma
hoa. Nhitng cong trinh ndy 1a nén tang viing chic cua 1y thuyét thong tin.

Ngay nay, 1y thuyét thong tin phat trién theo hai hudng chi yéu sau:

Ly thuyét théng tin todn hoc: Xiy dung nhing luan diém thuin tuy toan hoc va nhimg co
s& toan hoc chit ché cua 1y thuyét thong tin. Cong hién chi yéu trong linh vuc nay thudc vé cac
nha bac hoc 15i lac nhu: N.Wiener, A. Feinstain, C.E Shanon, A.N. Kanmogorov, A.JA Khintrin.

Ly thuyét théng tin itng dung: (Iy thuyét truyén tin)

Chuyén nghién ctru cac bai toan thyc té quan trong do k¥ thuat lién lac dat ra c¢o6 lién quan
dén van dé chéng nhiéu va nang cao do tin ciy cua viéc truyén tin. Cac bac hoc C.E Shanon, S.O
RiCe, D. Midleton, W. Peterson, A.A Khakevich, V. Kachenhicov da c6 nhiing céng trinh quy
bau trong linh vuc nay.
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1.2. NHUNG KHAI NIEM CO BAN - SO PO HE TRUYEN TIN VA NHIEM VU CUA NO
1.2.1. Cac dinh nghia co’ ban

1.2.1.1. Thong tin

Pinh nghia: Thong tin 13 nhiing tinh chat xac dinh ctia vat chdt ma con nguoi (hodc hé
théng k¥ thuat) nhan duoc tr thé gidi vat chit bén ngoai hodc tr nhitng qua trinh xdy ra trong ban
than no.

V6i dinh nghia nay, moi nganh khoa hoc 1a kham pha ra cac cdu trac théng qua viéc thu
thap, ché bién, xtr Iy thong tin. & day “thong tin” 1a mot danh tir chir khéng phai 1a dong tir dé chi
mdt hanh vi tic dong gitra hai d6i trong (ngudi, may) lién lac véi nhau.

Theo quan diém triét hoc, thong tin 13 mot quang tinh cua thé giGi vat chit (twong tu nhu
nang lugng, khdi luong). Thong tin khong dugc tao ra ma chi dugc st dung boi hé thuy cam.
Théng tin ton tai mot cach khach quan, khong phu thudc vao hé thu cam. Trong nghia khai quat
nhét, thong tin 1a sy da dang. Su da dang & day c6 thé hiéu theo nhiéu nghia khac nhau: Tinh ngiu
nhién, trinh d t6 chirc,...

1.2.1.2. Tin

Tin 13 dang vat chat cu thé dé biéu dién hodc thé hién thong tin. C6 hai dang: tin ri rac va
tin lién tuc.

Vi du: T4m anh, ban nhac, bang s6 liéu, bai noi,... 14 cac tin.
1.2.1.3. Tin hiéu
Tin hiéu 1a cac dai luong vat 1y bién thién, phan anh tin can truyén.
Chii y: Khong phai ban than qué trinh vat 1y 1a tin hiéu, ma su bién d6i cac tham sb riéng
cua qua trinh vat Iy mai 1a tin hi¢u.
Céc déc trung vat Iy co thé 1a dong di¢n, dién &p, &nh sang, am thanh, truong dién tir

1.2.2. So' d6 khdi ciia hé théng truyén tin sé6 (Hinh 1.2)
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1.2.2.1. Nguén tin

Noi san ra tin:
- Néu tap tin 14 hiru han thi ngudn sinh ra n6 duoc goi 1a ngudn rdi rac.
- Néu tap tin 1a vo han thi nguén sinh ra n6 dugc goi la nguén lién tuc.
Nguon tin ¢6 hai tinh chét: Tinh théng ké va tinh ham ¥.
Vi ngudn roi rac, tinh thong ké biéu hién & chd xac suat xuat hién cac tin 1a khac nhau.

Tinh ham y biéu hi¢n & cho xac suat xuat hi¢n cia mot tin nao dé sau mot day tin khac nhau
nao d6 la khac nhau.

Vidu: P(y/ta) # P(y/ba)
1.2.2.2. M4y phat
La thiét bi bién doi tap tin thanh tap tin hiéu twong Gng. Phép bién ddi nay phai 1a don tri

hai chiéu (thi bén thu méi c6 thé “sao lai” dwoc dung tin giri di). Trong truong hop tong quat, may
phat gébm hai khdi chinh.

- Thiét bi ma hoa: Lam tmg mdi tin v&i mot t6 hop cac ky hidu d chon nhim ting mat do,
tang kha nang chdng nhiéu, ting téc do truyén tin.

- Khéi diéu ché: La thiét bi bién tap tin (dd hodc khong ma hod) thanh cac tin hiéu dé buc xa
vao khong gian dudi dang song dién tir cao tan. V& nguyén tic, bat ky mot may phat nao ciing co
khdi nay.

1.2.2.3. Puong truyén tin

La moéi trudng vat 1y, trong d6 tin hidu truyén di tir may phat sang may thu. Trén dudng
truyén c6 nhitng tac dong 1am mat ning luong, lam mat thong tin cia tin hiéu.

1.2.2.4. M4y thu

La thiét bi 1ap lai (sao lai) thong tin tir tin hiéu nhan duoc. May thu thyc hién phép bién doi
nguoc lai véi phép bién doi & may phat: Bién tap tin hiéu thu dugc thanh tap tin twong tng.

May thu gom hai khdi:

- Gii diéu ché: Bién déi tin hi¢u nhan dugc thanh tin d ma hoa.

- Giai mé: Bién d6i cac tin di ma hoa thanh cic tin tuong tng ban dau (cac tin ctia ngudn
guri di).
1.2.2.5. Nhén tin

Co ba churc nang:

- Ghi giir tin (vi du bo nhé ciia may tinh, bang ghi am, ghi hinh,...)

- Biéu thi tin: Lam cho cac giac quan cua con nguoi hodc cac by cam bien cua may thu cam
dugc de xur 1y tin (vi du bang am thanh, chir so, hinh anh,...)
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- Xt 1y tin: Bién dbi tin dé dua né vé dang d& st dung. Chirc ning nay c6 thé thuc hién
bang con ngudi hodc biang may.

1.2.2.6. Kénh truyén tin
La tép hop cac thiét bi k¥ thuat phuc vu cho viéc truyén tin tir ngu@)n dén noi nhén tin.
1.2.2.7. Nhiéu

La moi yéu td ngiu nhién c6 anh huéng xdu dén viéc thu tin. Nhitng yéu t6 nay tic dong
xau dén tin truyén di tir bén phat dén bén thu. P& cho gon, ta gop cac yéu t6 tac dong d6 vao mot
0 trén hinh 1.2.

Hinh 1.2 13 so d6 khéi téng quat nhat cia mot hé truyén tin sd. N6 c6 thé 1a: hé thong vo
tuyén dién thoai, v tuyén dién béo, rada, v6 tuyén truyén hinh, hé thong thong tin truyén sd liéu,
v tuyén diéu khién tir xa.

1.2.2.8. Cac phwong phap bién ddi thong tin sé trong cac khdi chirc ning ciia hé thong
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Pinh dang/ Ma nguén Diéu ché
Ma hoa ky tur - PCM vi phan Két hop Khong két hop
Lay miu - biéu ché Delta (DM)
Luong tir hoa - DM ¢ téc do bién dobi - PSK: Manip pha - PSK vi phan
Diéu ché ma xung lién tuc (CVSD) - FSK: Manip tan s6 -FSK
(PCM) - M hoa du doan tuyén - ASK: Manip bién d6 -ASK
tinh (LPC) - Hon hop - Hon hop
- Cac phuong phap nén: - OQPSK: Manip pha
M3 Huffman, mi sb hoc, tuong ddi 4 mirc
thuat toan Ziv_Lempel - MSK
M3 kénh D6n kénh/ Pa truy cap Trai pho
/ \
Dang séng Céc day c6 chu trac - Phan chia tan so: Day trgc tiép (DS)
FDM/ FDMA Nhay tan (FH)
Tin hiéu M_tri - M3 khéi - Phan chia thoi gian: Nhay thoi gian (TH)
Tin hiu truc giao - Ma lién tuc TDM/ TDMA Céc phuong phap hon
Tin hiéu song truc - Phan chia ma: hop
giao CDM/ CDMA
- Phéan chia khong gian:
SDMA
- Phan chia cyc tinh:
PDMA
- OFDM
M béo mat -Hoanvi
- Thay the
- Xt ly bit
- Céc phuong phap hon hop
Mi hoa theo khéi Mat ma ¢ dién
M3 hoé dong sb liéu -
Mat ma khoa cong khai
- Thuat toan RSA
\ - Thuat toan logarit roi rac
Pong bo - Thuat todn McElice

- Thuat toan Merkle-Hellman
- Thuat toan str dung dudng

cong Elliptic

- Bong bd song mang
- Pong bd dau

- Bong bo khung

- Bong bo mang
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1.2.3. Nhitng chi tiéu chét lrgng co ban clia mt h¢ truyén tin
1.2.3.1. Tinh hiru hiéu
Thé hién trén cac mat sau:
- Téc d6 truyén tin cao.
- Truyén dugc dong thoi nhiéu tin khac nhau.
- Chi phi cho mot bit thong tin thap.
1.2.3.2. D¢ tin cay

Pam bao d6 chinh x4c ctia viéc thu nhan tin cao, xac suét thu sai (BER) thép.
Hai chi tiéu trén mau thuin nhau. Giai quyét mau thuan trén 1 nhiém vu cta Iy thuyét thong
tin.
1.2.3.3. An toan
- Bi mat:
+ Khong thé khai thac thong tin trai phép.
+ Chi ¢6 nguodi nhan hop 1€ moi hiéu dugc thong tin.
- Xéc thyc: Gan trach nhiém ctia bén giri — bén nhan véi ban tin (chit ky s6).
- Toan ven:
+ Thong tin khong bi bop méo (cét xén, xuyén tac, sua déi).
+ Théng tin dugce nhan phai nguyén ven ca vé ndi dung va hinh thirc.
- Kha dung: Moi tai nguyén va dich vu ctia hé thdng phai dugc cung cip day du cho ngudi
dung hop phap.
1.2.3.4. Pam bao chat lugng dich vu (QoS)

Pay 1a moét chi tiéu rat quan trong dac biét la ddi véi cac dich vu thoi gian thuc, nhdy cam
vGi d6 tré (truyén tiéng noi, hinh anh, ....)
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CHUWONG II: TiN HIEU VA NHIEU

2.1. TIN HIEU XAC PINH VA CAC PAC TRUNG VAT LY CUA CHUNG

Tin hiéu xac dinh thudng dugc xem 1a mot ham xac dinh cia bién thoi gian t (s(t)). Ham
nay c6 thé dugc mo ta bang mot biéu thirc giai tich hodc duoc mé ta bang do thi. Mot trong cac
[ ]

dic trung vat Iy quan trong cua tin hidu 1a ham mat do phd bién do phicc S(®). Vi tin higu s(t)

kha tich tuyét doi, ta c6 cap bien doi Fourier sau:

S(w) = j s(t)e 1t dt (2.1)
s(t) :i_{o S(@) e do (2.2)

Sau day la mot s6 dic trung vat Iy quen thudc cua tin hi¢u:

- Thoi han cua tin hi€u (T): Thoi han cua tin hi¢u 1a khoang thoi gian tdn tai cua tin hiéu,
trong khoang ndy gié tri cia tin hiéu khong dong nhit bang 0.

- Bé rong phd cua tin hiéu (F): Pay 1a mién x4c dinh boi tan s khac khong cao nhit cua tin
hiéu.

- Ning lugng cia tin hiéu (E): Ning lugng cia tin hiéu c6 thé tinh theo mién thoi gian hay
mién tan sb.

0 0 ° 2

E= Jsz(t)dt 1 j S(w)| do  [J]  (2:3)
i 27 =
(Pinh 1y Parseval)

- Cong suét cua tin hiéu (P):

E

P== W
T [W]

2.2. TIN HIEU VA NHIEU LA CAC QUA TRiINH NGAU NHIEN
2.2.1. Ban chit ngiu nhién cia tin hiéu va nhiéu

Nhu d3 xét ¢ trén, chiing ta coi tin hiéu 1a biéu hién vat Iy cua tin (trong thong tin vo tuyén:
dang vat 1y cudi cing cua tin 13 soéng dién tir). Qu4 trinh vét Iy mang tin dién ra theo thoi gian, do
d6 vé mat toan hoc thi khi co thé duge, cach biéu dién truc tiép nhét cho tin hiéu 1a viét biéu thuc
ctia n6 theo thoi gian hay v& d6 thi thoi gian cta né.
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Trong 1y thuyét ¢d dién, du tin higu tudn hoan hodc khong tuin hoan nhung ta déu coi 1a da
biét trude va biéu didn n6 bang mot ham tién dinh cua thoi gian. D6 1a quan niém xéac dinh vé tin
hiéu (tin hiéu tién dinh). Tuy vdy, quan niém nay khong phu hop véi thuc té. That véy, tin hiéu
tién dinh khong thé dung vao viéc truyén tin tc dugc. Vi cach coi tin hiéu 1a biéu hién vat 1y cua
tin, néu chung ta hoan toan biét trude no thi vé& mat thong tin, viéc nhan tin hi¢u do khong cé y
nghia gi. Nhung néu ta hoan toan khong biét gi vé tin hiéu truyén di, thi ta khong thé thuc hién
nhén tin dugc. Boi vi khi d6 khong c6 cai gi 1am can ctr dé phan biét tin hidu v6i nhimng cai khong
phai n6, dic biét 1a v6i cac nhiéu. Nhu vay, quan niém hop 1y nhat 14 phai ké dén cac dic tinh
théng ké cua tin hi€u, tirc 1a phai coi tin hi¢u la mdt qué trinh ngﬁu nhién. Chung ta s€ goi cac tin
hiéu xét theo quan diém théng ké nay 1a cac tin hiéu ngiu nhién.

2.2.2. Pinh nghia va phan loai nhiéu

Trong qua trinh truyén tin, tin hiéu ludn ludn bi nhiéu yéu td ngiu nhién tac dong vao, lam
mat mat mot phan hodc tham chi c6 thé mat toan bo thong tin chira trong nd. Nhitng yéu t6 ngiu
nhién d6 rit da dang, ching c6 thé 1a nhiing thay doi ngau nhién cua cac hang sb vat 1y ctia moi
truong truyén qua hodc nhimg loai truong dién tir cam tng trong cong nghiép, y hoc...vv...
Trong vo tuyén dién, ngudi ta goi tit ca nhitng yéu t6 ngau nhién ay 1a cac can nhiéu (hay nhiéu).
Tém lai, ta c6 thé coi nhiéu 13 tat ca nhitng tin hiéu v6 ich (tat nhién 1a di v6i hé truyén tin ta xét)
c¢6 anh huong xau dén viéc thu tin. Ngudn nhiéu co thé ¢ ngoai hodc trong hé. Néu nhiéu xac dinh
thi viéc chong n6 khong co kho khin gi vé mit nguyén tic. Vi du nhu nguoi ta da co nhiing bién
phap dé chdng 6n do dong xoay chiéu gay ra trong cac may khuéch dai 4m tin, ngudi ta ciing biét
1d nhitng cach chéng su nhidu 1an nhau giita cac dién dai vo tuyén dién cung lam viéc ma ching
¢6 pho tin hiéu trim nhau...vv... Céac loai nhidu nay khéng dédng ngai.

Chu y:
Cén phan biét nhidu v6i sy méo gay ra boi dic tinh tan s6 va dic tinh thoi gian cia cac thiét

bi, kénh truyén... (méo tuyén tinh va méo phi tuyén). V& mit nguyén tic, ta c6 thé khic phuc
duogc chung bang cach hiéu chinh.

Nhiu dang lo ngai nhét van 1a cic nhidu ngiu nhién. Cho dén nay, viéc chdng cac nhidu
ngﬁu nhién van gdp nhitng kho khan 16n ca vé mat 1y luan 13n vé mit thuc hién ky thuat. Do do,
trong gido trinh nay ta chi dé cap dén mot dang nao do6 (sau nay sé thay ¢ day thudng xét nhat 1a
nhiéu cong, chuén) ciia nhidu ngau nhién.

Viéc chia thanh cac loai (dang) nhiéu khac nhau c6 thé 1am theo cac dau hiéu sau:

1. Theo bé rong phd ciia nhidu: c6 nhidu giai rong (phd rong nhur phd ciia anh sang tring goi
1a tap am trang), nhiéu giai hep (goi 1a tap 4m mau).

2. Theo quy luat bién thién thoi gian clia nhidu: c6 nhiéu roi rac va nhiéu lién tuc.
3. Theo phuong thirc ma nhiéu tic dong 1én tin hiéu: c6 nhidu cong va nhiu nhan.
4. Theo cach burc xa cua nhiéu: ¢ nhiéu thu dong va nhiéu tich cuec.

Nhiéu thu dong 1a céc tia phan xa tir cdc muc ti€u gia hoac tur dia vat trd vé dai ta xét khi
cac tia song ctia nd dap vao ching. Nhidu tich cyuc (chu dong) do mot ngudn birc xa nang luong
(cac dai hoac cac hé¢ théng lan can) hodc may phat nhiéu cua ddi phuong chia vao dai hodc hé
thong dang xét.
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5. Theo ngudn gbc phat sinh: c6 nhidu cong nghiép, nhidu khi quyén, nhidu vii tru...vv...

Trong gido trinh nay khi no6i vé nhiéu, ta chi noi theo phuong thirc tic dong cta nhiéu 1én
tin hi¢u, tuc 1a chi ndi dén nhicu nhan hodc nhiéu cong.

V& mit toan hoc, tac dong cua nhiéu cong Ién tin hi¢u dugc biéu dién boi hé thic sau:
u(t) = s(t) + n(t) 2.4)
s(t) 1a tin hi¢u gui di
u(t) 1a tin hiéu thu dugc
n(t) 1 nhiéu cong
Con nhiéu nhan duoc biéu dién boi:
u(t) = p(t).s(t) (2.5)
LL(t): nhiu nhan, 12 mdt qua trinh ngiu nhién. Hién twong gy nén boi nhiu nhan goi la
suy lac (fading).
Tong quat, khi tin hiéu chiu tac dong dong thoi cta ca nhidu cong va nhiu nhan thi:
u(t) = p(t).s(t) + n(t) (2.6)

O day, ta da coi hé s truyén cta kénh bang don vi va bo qua thoi gian giit cham tin hiéu
ctia kénh truyén. Néu ké dén thoi gian giit cham T ciia kénh truyén thi (2.6) ¢6 dang:

u(t) = u(t).s(t—1) + n(t) (2.7)
2.3. CAC PAC TRUNG THONG KE CUA TiN HIEU NGAU NHIEN VA NHIEU

2.3.1. Céc dic trung thong ké

Theo quan diém thong ké, tin hiéu va nhidu dugc coi 1a cac qua trinh ngau nhién. Pic trung
cho céac qua trinh ngau nhién chinh 1a cac quy luét thong ké (cac ham phan bd va mat d6 phéan bd)
va cac dic trung théng ké (ky vong, phuong sai, ham tu twong quan, ham tuong quan). Cac quy
ludt théng ké va cac dic trung thong ké da dugc nghién ciru trong 1y thuyét ham ngau nhién, vi
vay ¢ day ta s& khong nhic lai.

Trong 16p cic qua trinh ngu nhién, dic biét quan trong la cac qua trinh ngau nhién sau:

- Qué trinh ngiu nhién ding (theo nghia hep va theo nghia rong) va qua trinh ngiu nhién
chuan duing.

- Qua trinh ngau nhién ergodic

Ta minh hoa chung theo lugc dd sau:
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QTNN chuén dimg

QTNN ergodic

Hinh 2.1
Trong nhiing déc trung thong ké ciia cac qué trinh ngéu nhién, ham ty twong quan va ham
twong quan la nhirng déc trung quan trong nhat. Theo dinh nghia, ham ty twong quan s& bang:
A

Ry (1, t) = M{[ X(t) = m, (1) ] X(t) = my (1) ]
© o (2.8)
= [ ] [x(t) = my(t)][x(t2) = m (1)} Wa (x1,%5, 1, ) dxydx,

R, (t;,t,)ddc trung cho sy phu thudc thong ké giita hai gid tri & hai thoi diém thudc cing
mot thé hién cua qué trinh ngau nhién.

W2 (Xl , X9, 1, tz) la ham mat d¢ phan bd xéac suit hai chiéu cua hai gia tri cia qud trinh
ngau nhién & hai thoi diém t; va t,.

Khit, =t, thi(2.8) tr¢ thanh:

R, (t),t,) = M{[X(t) - mx(t)]z} -D_(1) 2.9)

Nhu vay, phuong sai 1a trudng hop riéng cua ham tu twong quan khi hai thoi diém xét tring
nhau.

Doi khi dé tién tinh toan va so sanh, nguoi ta dung ham ty twong quan chuin ho4 duge dinh
nghia bdi cong thirc:

r(tl,tz)i R, (t;,t) __ Ry(ty,ty)

" R (t DR (ty,1) Dy (t).Dy(t,) 2.10)
_ Ry (ty,t))
Ty ()14 (t2)

D@ dang thiy rang: "CX (t; ,tz)‘ <1.
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2.3.2. Khoang twong quan

Khoang tuong quan ciing 1a mot ddc trung kha quan trong. Ta thdy ring hai gia tri ciia mot
qua trinh ngiu nhién & (t) chi trong quan véi nhau khi khodng cach T giita hai thoi diém xét 1a
hiru han. Khi T — 00, thi coi nhu hai gi4 tri 4y khong twong quan voi nhau nita. Tuy vy, trong
thyc té, di voi hau hét cac qua trinh ngu nhién chi can T du 1n thi sy twong quan giira hai gia
tri ciia qua trinh da mat. Do d6, ddi véi tinh toan thyuc té nguoi ta dinh nghia khoang (thoi gian)
twong quan nhu sau:

Dinh nghia 1:

Khoang twong quan Ty la khoang
thoi gian trong d6 Tg (T) khoéng nho hon
0,05. (hinh v& 2.2). Nhu vay, VT > Ty thi
xem nhu hét twong quan.

Néu cho biéu thirc giai tich cua T i(T)

thi T duoc tinh nhu sau:

T = 1 T‘rg(r)‘dr (2.11)

2

Hinh 2.2

Y nghia hinh hoc:
Tk la nua canh day cua hinh chit nhat c6 chiéu cao b'fmg don vi K, ¢6 dién tich b'fmg dién

tich ctia mién gidi han boi truc hoanh va dudng biéu dién e (7).

Trong thyc té, ta thuong gip nhiing qua trinh ngiu nhién ergodic. Vi du: tap 4m cua céc
may thu vo tuyén dién,... Ddi v6i cac qua trinh ngiu nhién ergodic, ta c6 thé xac dinh cac dic
trung thong ké ctia chiing bang thuc nghiém mot cach dé dang.

Ta d3 biét rang, néu X(t) — ergodic va voi T du 16n thi ta co thé viét:
R, (1) = M{[X()-m, | [X(t-7)—m, ]}

T
z%ﬂx(t)—mx].[X(t—H:)—mX]dt 212
0

Trung binh thdng ké = trung binh theo thoi gian
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2.4. CAC PAC TRUNG VAT LY CUA TIN HIEU NGAU NHIEN VA NHIEU. BIEN
POI WIENER - KHINCHIN

2.4.1. Nhirng khai niém xay dung 1y thuyét pho ciia qua trinh ngiu nhién - mat dé pho
cong suit

Muc trudc ta méi chi dwa ra mot sé dic trung thong ké ciia cac qua trinh ngiu nhién (tin
hiéu, nhiéu) ma chwa dwa ra cac dic trung vat Iy cta chung. V& mit 1y thuyét ciing nhu thuc té,
céc dic trung vat 1y cua tin hiéu ngiu nhién (qua trinh ngiu nhién) dong mot vai trd rat quan trong
& nhitng chwong sau khi néi dén co sé 1y thuyét chong nhidu ciing nhu xét cac bién phap thuc té
va céc thiét bj chéng nhiéu ta khong thé khéng dung dén nhimg dic trung vat 1y cia tin hiéu ngiu
nhién va nhiéu. Khi xét cac loai tin hiéu xac dinh trong gido trinh “Ly thuyét mach”, chung ta da
1am quen v&i cac dic trung vat 1y cta chung nhu: ning lugng, cong suat, thoi han cua tin hiéu,
phd bién d6 phic, mat do phd, bé rong phd, ... Co sé dé hinh thanh cac dic trung vat 1y nay 1a
chudi va tich phan Fourier.

Dbi véi cac tin hiéu ngiu nhién va nhidu, ta khong thé dung tryc tiép cc bién d6i Fourier
dé xay dung cac dic trung vat Iy cia chung duoc vi nhitng 1y do sau:

- Tap cac thé hién {Xl(t)} ,1=1,2,...,00 ciia qua trinh ngau nhién X(t) cho trén khoang T
thuong 1a mot tip vo han (tham chi né ciing khong phai 1a mot tap dém dugc).

- Néu tin hiéu ngau nhién 1a dung chit thi tap vo han cac thé hién theo thoi gian cua no
thudng s& khong kha tich tuyét dbi. Tuc la:

T/2
lim | |x(t)dt =00

T—w T2

Pé tranh khoi nhimng kho khan trén, ta 1am nhu sau:
Léy ham X (t) tring véi mot thé hién cta qué trinh ngau nhién trung tam X(t) (QTNN trung
- . N T T s
tam la QTNN co ky vong khong) & trong doan —5, E va no bang khong ¢ ngoai doan do:
x(t) | t|<T/2

t) = .
xr() =1, > T)2 (2.13)

Tur (2.13), ta thdy X(t) thod man diéu kién kha tich tuyét déi nén c6 thé dung bién doi
Fourier cho n6 dugc. Ta di biét rang phd bién do phuc ST (0)) cua X7(t) duoc xac dinh boi
tich phan thuan Fourier sau:

. T/2 .
Sr(@)= [ xp(t)e®dt (2.14)
~T/2

Theo dinh 1y Parseval, ta c6 biéu thirc tinh ning lugng ctia X7 (t) nhu sau:
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o0 o0 2
I S PR B
Ep __joo xp2(t)dt = 27:_'[0 St(0)| do 2.15)
Cong suét ctia thé hién X7 (t) s& bang:
o 2
- 2 o |ST(®)
E 17 1
P =T - _ St(w)| do=— | ———do 2.16
T 2nT_-[O r@) 271_'[0 T (210

Ta thiy vé tréi clia (2.16) 1a cong suét ctia thé hién X (t) trong khoang thoi gian ton tai hitu

2
han T, con vé phai 1a mot tong lién tuc cia cac dai lugng < [ST(®)| /T pdw. RS rang 1a dé dam
R 2
St(®)
bao sy binh dang vé thir nguyén giita hai vé cua (2.16) thi luong dw phai biéu thi cong
2
[ )
St(w)

sudt trong giai tAn vo ciing bé d® . Nhu viy, s& biéu thi cong suat cta thé hién X (t)

trong mot don vi tan s6 [W/Hz] ttrc 1a mat do phé cong suit cua thé hién XT (t) .bén day ta dat:
2
[ ]

St(®)

— =G 2.17
T T(®) (2.17)

va goi G () 1a mat do phd cong suat cua thé hién X7 (t) trong khoang T hiru han.
G () ddc trung cho sy phan bd cong suat ciia mot thé hién X (t) trén thang tan sé. Khi cho
T —> oo ta s€ tim dugc mat do phé cong suét ctia mot thé hién duy nhat XT (t) cua qua trinh
ngau nhién:
2
[ ]
St()
G, (o) = lim Gy(w) = lim ——— (2.18)

T—w Towo T

G, (®) cling c6 ¥ nghia twong ty nhue Gp(®).

Tir (2.18) ta thdy rang dé xac dinh mat ¢ phd cong suét ciia ca qua trinh ngau nhién (tic 1a
tap c4c thé hién ngau nhién) thi phai ly trung binh théng ké dai lugng G, (®), tic la:
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2
St(w)
G(®) = M{G(®)} =M lim —

T—owo

(2.19)

(2.19) 13 cong thirc xac dinh mat 6 phd cong suit cia cac qua trinh ngau nhién.
2.4.2. Cip bién déi Wiener — Khinchin

Pé thay duoc mdi quan hé giita cac dic trung thong ké (n6i riéng 1a ham tu twong quan) va cac
dac trung vat 1y (noi riéng 1a mat do phd cong suat) ta viét lai va thyc hién bién déi (2.19) nhu sau:

2 2

éT (o) M éT (o)

G(®) = M lim ~ lim
T—ow T T— T

%

= lim %M éT(w)éT(w) do (2.14)

T—ox
| T/2 ' T/2 .
= lim —M< [ xq(t)edt. | xp(ty)e ™ dt,
Too T
~T/2 ~T/2
T/2 T/2 _
Thm— [ ] M{xe(t)xq(tp)}e 0Dt
R JPRE P

Nhung theo dinh nghia (2.8), ta thdy ngay M {XT (t))-x7 (tz)} 1a ham ty twong quan ctia

qua trinh ngau nhién trung tam (c6 m, = 0)nén tacod thé viét:

M{x1(t).x7(t))} = Ry(ty,t5)

Néu T = —t, +t; thi d6i v6i nhitng qua trinh dimg, ta co:

M{x(t)).xr(ty)} = Ry(7)

Ta c6 thé viét lai biéu thic cho G(®):

1/“2 T/2
G(w) = lim {— j Rp()edr | dt
T ,[/ ‘) /2

T/Hz | T2
=lim | Rp(me™dr lim— [ di
T—o T T—o

T -t -T/2
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o0
G(w) = J R(t)e *'dr (2.20)
—Q0
Tat nhién & day phai gia st tich phan & vé phai ctia (2.20) ton tai. Piéu nay luén ludn dung
néu ham ty tvong quan R(T) kha tich tuyét ddi, tic la:

T R(t)dt <

(2.20) 1a mat do phd cong suit clia qué trinh ngau nhién dimg. N6 biéu dién mot cach trung
binh (thdng ké) sy phan bd cong suit clia qua trinh ngiu nhién theo tan s6 cta cc thanh phan dao
dong diéu hoa nguyén t6 (tirc 1 nhitg thanh phan dao dong diéu hoa vo cuing bé).

Nhu vay, tir (2.20) ta c6 thé két luan rang phd cong suit G(®) cia qua trinh ngiu nhién
dirng 13 bién d6i thuan Fourier ctia ham tu tuong quan R (). Hién nhién rang khi da ton tai bién

di thuén Fourier thi cling ton tai bién d6i nguoc Fourier sau:
15 -
R(1)=—— j G(®)e*dw 2.21)
T
—00

Cip cong thire (2.20) va (2.21) goi la cip bién d6i Wiener — Khinchin, d6 1 sy mé rong cip
bién ddi Fourier sang cac tin hiéu ngau nhién dimg (it nhét 13 theo nghia rong).

R rang tir dinh nghia (2.17) cia mat do phd cong suit, ta thdy ham G(®) 1a ham chén

ctia dbi s6 ®. Do d6 sau khi ding cong thirc Buler (¢ = cosmt + jsinmt) dé bién déi
(2.20) va (2.21), ta dugc:

G(w)=2 J R(t)coswtdr

0 (2.22)

R(7) = l_[G(co) cosmTdw
To

Chii y 1: Tir mat d phd cong suat cia tin hiéu ngiu nhién, khong thé sao lai bat cir mot thé
hién nao (1 ham cta thoi gian t) ciia n6, vi G(®) khong chira nhitng thong tin (nhimg hiéu biét)
vé pha cua cac thanh phan phd riéng 1é. P4i véi tin hiéu xac dinh thi tir mat d6 phd hoan toan ¢
thé sao lai chinh tin hiéu d6 nho tich phan nguoc Fourier. P6 1a chd khac nhau vé ban chét gitra
bién doi Fourier va bién d6i Wiener — Khinchin.

Chii y 2: Néu phai xét dong thoi hai qué trinh ngau nhién thi nguoi ta cling dua ra khai
niém mat do phd chéo. Mat do phd chéo va ham tuong quan chéo cia hai qua trinh ngau nhién c6
lién hé ding ciing thoa man cip bién d6i Wiener — Khinchi.

2.4.3. Bé rong pho cong suit
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Mot dac trung vat Iy quan trong khéac cua A
cac tin hiéu ngau nhién 1 bé rong phd cong suit, G(o)

n6 dugc dinh nghia bdi cong thirc sau:

A TG((D) do

o=0 (2.23)
G(o)

Trong do: 0.05

ngau nhién.

G(®) 12 mat do pho cong suét cia tin hiéu /§

. . . (O)) Q)]
G(mg) la gia tri cuc dai cua G( ).

A
v

A® 13 bé rong phd cong suét (con goi 1a Aw

bé rong phd) ctia qua trinh ngau nhién.
] Hinh 2.3
Y nghia hinh hoc:
Bé rong phd A® chinh 1a day cua hinh chir nhét c6 chiéu cao bang G( () va co dién tich
bang dién tich cia mién gidi han boi truc ® va dudong cong biéu dién G(® ). (Hinh 2.4).
Y nghia vat ly:
Bé rong phd dic trung cho sy tap trung cong suat (hodc ning luong) cua tin hiéu ngiu nhién
& quanh mot tan s trung tdm, ngoai ra no ciing didc trung cho ca sy bang phiang cua phd & quanh
tan s6 trung tAm My -
2.4.4. Mé rong cip bién doi Wiener — Khinchin cho trwong hop R(7 )khéng kha tich
tuyét doi
Néu qua trinh ngiu nhién X(t) chtra cac thanh phan dao dong diéu hoa dang:
Xy (t) = Ag cos(ogt — @g)
trong d6 Ag va Qg noi chung c6 thé 1a cac dai lugng ngu nhién, thi ham twong quan trung binh:
2
* AK A S . o Z.
RXK (1) = TCOS(DK’C khong thoa man di€u kién kha tich tuyét doi.
Néu str dung biéu dién sau ctia ham delta:

o0 0

j ™ dx = j cos(xy)dx = 8(y)

—0o0 —00

va biéu dién phd ning lugng cua XK(t) dudi dang:
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" Ag
Gk (o) = T[S(w - o0g) + (o + (DK)]

thi dinh 1y Wiener — Khinchin s& dung ca d6i v6i nhitng qué trinh ngau nhién c¢é nhing

thanh phan tan s6 roi rac, k€ ca thanh phan mot chiéu ¢ tan s6 W = 0.

Phd bién d6 Sk(o) Phé ning lugng Gg(w)
A A
Ax/2 Ax/2 d(® + wg) O(o - k)
- o 0 oK © - o 0 ok ©

2.5. TRUYEN CAC TiN HIEU NGAU NHIEN QUA CAC MACH VO TUYEN PIEN
TUYEN TiNH

Dbi voi cac tin hiéu xac dinh, trong gido trinh “Ly thuyét mach”, ta dd xét bai toan phan
[ ]

tich sau: Cho mot mach tuyén tinh c6 cau tric da biét (biét ham truyén dat K () hodc biét phan
ung xung g(t)). Ta phai xét tac dong dau vao theo huodng Gng dau ra va nguoc lai. Déi véi cac tin
hiéu ngdu nhién néu sé thé hién 1a dém duoc va hitu han thi ta c6 thé xét huong umg ra d6i véi
timg tac dong dau vao nhu bai toan trén. Nhung khi s6 thé hién cia tin hiéu ngau nhién 13 v han
thi ta khong thé ap dung dugc nhimg két qua cua bai toan phan tich ddi véi cac tin hidu xac dinh.
Sau day ta s€ xét bai toan nay.

2.5.1. Bai to4n tdi thiéu

2.5.1.1. Bai toan:

Cho mot mach tuyén tinh (c6 tham sé khong do6i va biét K(®) cua né. Biét mat do pho
cong suat G, () ciia qua trinh ngu nhién tac dong & dau vao. Ta phai tim mat do pho cong suat

G,, (®) vaham ty twong quan R, (T) clia qué trinh ngdu nhién & dau ra.

—e

o——
GV((D ! K(O)) Gra(m))

—e

2.5.1.2. Giai bai toan:

O gido trinh “Ly thuyét mach” ta da biét ham phd bién d6 phirc cta tin hiéu ¢ dau ra mach
v tuyén dién tuyén tinh bang:

éra (w) = I.((oo).év (o) (2.24)
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Trong d6:  K(®) 12 ham truyén ctia mach da biét.

Sv(®) 1a phd bién d phirc cua tin higu vao

Chu y: Di véi cac qué trinh ngau nhién ta khong biét duge Sy () . Khong thé tinh dugc

Sv(®) , mit khac ta da biét theo (2.19):

2
: 2
S, (o y
. VT( ) . 1 SraT((D)
G, (0)=M lim T =M lim {—|———
T—o0 T—o0 K((D)
. 2
1 SraT((D) 1
S MR T T poe@
K (o) K(w)
)
Hay: G, (o) = K(0)| .G, () (2.25)

Nguoi ta dd chimg minh dugc raing hudng ung ra cia hé théng tuyén tinh c6 tham sb khong
d6i 14 mot qua trinh ngiu nhién khong dimg ngay ca khi tac dong dau vao 1a mot qua trinh ngiu
nhién dung.

Tuy vdy, trong truong hop hé théng tuyén tinh thu dong c¢6 suy giam thi ¢ nhitng thoi diém

t>>t, =0 (thoi diém dit tac dong vao) thi qua trinh ngau nhién & dau ra s& duoc coi 1a dimg.

Khi d6 ham tu twong quan va mat do pho cong suat cia qua trinh ngau nhién ¢ dau ra s€
lién hé voi nhau theo cap bien doi Wiener — Khinchin. Ta c¢o:

R, (1) zzin j G, (0)e’* do (2.26)

Nhan xét:

Tir (2.25) ta thdy mat 6 phd cong suét ctia hudng ting ra dugc quyét dinh boi binh phuong
modun ham truyén ctia mach khi di cho phd cong suit ciia tac dong vao, nd khong phu thudc gi
vao dac tinh pha tan ctia mach.

Cong suat cua qua trinh ngau nhién ¢ dau ra (khi qua trinh ngau nhién vao 1a dung):
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2

K(o) G (0)do (227

, 1% 1 %
R, (0) =t :2_’1[0 G, (0)do =P, :%_{o

Néu pho cong suét clia tac dong vao khong phu thudc tan sb, tic 1a G, () = Nj(qua

trinh ngdu nhién c6 tinh chat nay duoc goi 14 tap Am tring) thi:

2

1 Tl

P == Np | [K(0)| do (2.28)
27

—0o0
Vi modun ham truyén luén 13 mot ham chin nén:

2 Fle P

Py == Np [ [K(0)| do (2.29)
2w 0

Mit khéc, néu goi Gy la phd cong suat thuc té (phan phd cong suét trai tir 0 —>00) thi
Gy =2 Ny va(2.29) c6 thé viét lai nhu sau:

2

K(w)| do (2.30)

Pra :% J
0

Ham ty twong quan ctia qua trinh ngiu nhién & dau ra trong truong hop nay s& bang:
2

K(o)| e/°"do

Ru(9=2- [ Gy()

2
1

= Noj K(o)| e"do

2

2
:—I K(o)| ¢”*do

2

Sy K(w)| cosotdm (2.31)

Rra (T) :%

S — 8

2.5.1.3.Vidu 1

Mot mach vo tuyén dién tuyén tinh c6 tham s khong ddi va dic tinh truyén dat dang chi
nhat (hinh 2.4b) chiu tic dong cua tap 4m tring ding. Tim ham tu twong quan cta tap am ra.

A Gv(w)

/- |

|K() |

2Ny

v




Chirong 2: Tin hiéu va nhiéu

. . Ky o <o<on,
Theo gia thiet: G, (®) =2N, va |K(o)|=
0 Vog((o,0,)
Theo (2.31), ta co:
@ 2
Ny ¢ NoKp | . .
R, (t1)=—2 j K% cosotdo = —2-C (sin @,T—sin 1)
T T
@
2 sin Aot
NoK
=020 A@. 2 COSM(T
Tt Awt/2
. Aot
sin ——
R, (1) = 12, ——2—coswyT (2.32)
Awt/2
Do thi R, (T) nhuhinh 2.5.
(2.32) c6 thé viét gon lai nhu sau:
R, (1) =R, (t)cosm,t (2.32a)
Trong do:
2 sinAwt/2
Rop(D) =0 ———— (2.32b)
Awt/2
(2.32b) goi la bao cua ham ty twong quan cua hudng ung.
0 + O,
0y =———* (2.32¢)
2

goi 13 tan s6 trung binh.
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R.a(7)

A /\/\n;/\/\ /\ /\/\/\ 0 (\,\f\]\ /\\7\;}—/\"7‘7‘7\\,\ .
LY \/VYV \}IW\}‘\/ \/ R VA

N
1
1
1
1
/ 1
/ [
/ |
/I !
, 1
’ 1
1
1

2n/Aco:

[ —
1

Hinh 2.5.

sin X

Vay, bao ciia ham ty twong quan cua tap am ra la mot ham cua dbi sé T dang . Cuc

X
dai cua ham tu twrong quan cua tap am ra dat tai T=0 va béng Gfa , tuc la béng cong suét trung
binh cua tap am ra.

Bay gio ta s& chuyén sang xét mot tham sd vat 1y nita dé danh gia mirc d6 truyén tap 4m qua
mach tuyén tinh.

2.5.1.4. Giai thong tap Am
DPinh nghia: | K(0)]*max
Giai thong tap am cua

mach tuyén tinh (hay bo loc

tuyén tinh) duoc xac dinh theo
biéu thirc sau:

©| o 2 ar) O
) j K(w)| do N Aw, -
Aoy, = 0.—2(2.33) Hinh 2.6.
K(w)| max
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Y nghia hinh hoc: A®y, chinh 1a ddy cua hinh chir nhét c6 dién tich bang dién tich cia
2

[ ]
mién gi6i han béi duong cong |K()| va nira truc hoanh (0, o ); con chiéu cao cua hinh chir
2
[ ]
nhat nay 1a [K(®)| max.

Y nghia vat Iy:

Acota dic trung cho kha niang 1am suy giam tap 4m ciia cac bo loc tuyén tinh. Vi cing
[ ]

K((DO) , bd loc nao c6 Amy, cang hep thi cong sudt tap 4m déau ra cua bo loc 4y cang bé.

2.5.2. Bai toan tbi da

Gy (®) va By (1) chua dic trung dy du cho qua trinh ngau nhién.

Noi dung: Tim ham mat do xac suét cta tin hiéu & diu ra mach vo tuyén dién tuyén tinh.
2.5.2.1. Mé dau

Tim mat d6 xac suat n chiéu cua tin hiéu ngau nhién & dau ra mach tuyén tinh 13 bai toan rat
kho, né khong giai dugc dudi dang tong quat. Dudi day chi xét hai truong hop don gian:
- Tim mét o xac sudt mét chiéu cua tin hi€u ra b loc tuyén tinh khi tadc dong dau vao la tin

hiéu ngdu nhién chuan (c6 v6 han thé hién). Trong trudng hop nay nguoi ta di chimg minh dugc
tin hiéu ra ciing 1a mot tin hiéu ngau nhién chuén.

. « . . Aoy,
- bat vao bo loc tuyén tinh mot tin hi€u ngau nhién khong chuan. Néu > ;‘ <<1 (Fla
T

bé rong phd cua tin hi¢u vao) thi tin hi€¢u ngau nhién ¢ dau ra s€ cé phan bo ti€ém can chuan.
Nguoi ta bao do 1a sy chuan hod (Gauss hod) cac qua trinh ngau nhién khong chuan bang bg loc
giai hep.

2.52.2.Vidu 2
Cho tap am giai hep, chuan c6 dang:

n(t) = c(t)cosmyt + s(t)sinmyt = A(t)cos(myt — @) (*)

s(t)

v6i c(t) va s(t) co phan bd chuin ciing cong suét trung binh va véi @ =arctg—

c(t)
A(t) = \c? (t) + Sz(t) - duong bao cua nhiéu.
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Cong suét trung binh cia ca hai thanh phin cua nhidu biang nhau va bing hing sb:

() g =0 g =0 2 . Khi n(t) dimng, nguoi ta coi 14 hai thanh phan cua nhiéu khong tuong quan.

Tac dong n(t) 1én bo tach song tuyén tinh. Hay tim mat do xac sudt mot chiéu cua dién ap ra
b tach song biét rang bo tach song khong gay méo dudng bao va khong gy thém mot lwong dich
pha ndo. Thuc chat cta bai toan la phai im W, (A) va W;(¢) .

Trong gi4o trinh “ly thuyét x4c suit”, ta da co cong thirc tim mat d6 xac suat mot chiéu cua

ting dai luong ngu nhién theo mat do xac suat déng thoi cia chung, nén ta cé:

2n o
Wi(A) = [ Wa(A,0)dp; Wi(9) = [ W(A,0)dA
0 0

Do d6, van dé & day 1a phai tim W, (A, ).

Vi bd tach song khong gdy méo duong bao va khong gay thém mdt lugng dich pha nao nén
W, (A, ) & daura ciing chinh 1a W, (A, ) ¢ dau vao.

Tim W, (A,®): Vi dau bai chi cho Wj(c) va W(s) nén ta phai im W, (A, @) theo

W, (c,s).
Theo gia thiét c(t) va s(t) khéng twong quan nén:
Wa(c,s) = Wi(c). Wi (s) (234)
1 ohe 1 _¢pse 1 ¢ +s2
=W, (c,s)=——¢ ¢ ——c =——expl——
2(9) J2r5 J2r5 e T 29
W, (c,s)= ! exp{—LAz} (2.35)
2 g 252

Ta théy xéac suat dé mot diém c6 toa do (c,s) trong hé toa d6 Pécac roi vao mot yéu t6 dién
tich deds s& bang: Py.4s = W, (c,s)deds . Dé y dén (*) ta thiy xac suat niy ciing chinh 14 xédc

suat dé mot diém c6 toa do (A, @) trong hé toa do cuc roi vao mot yéu té dién tich dAd @ . Ta c6:
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SA / de

dA
S+dS [T R, :'":
N
o
0 ¢ c+dc c;
Hinh 2.7.

Pycdas = Wa(c,s)deds = W, (A, @)dAde (2.36)
Tu do:
dcds

W, (A,p) = W, (c,s
2 (A,9) = Wy ( )dAd(p

**)

Tir H.2.7 ta thiy v6i dA, d@ dii nho ta co: dc ds= Ad@. DA

Tu (**) ta co:

1 A?
W, (A,0)=W,(c,s)= - 2.37
L (4.0)=Wa ) 2nﬁzexp{ 252} o3

27 22w

) B A A

Do dé: Wl(A)— {Wz (A,q))d(p— s exp{g} _([ do
Wl(A)ZAeXp —A—2 (2.38)

G’ 25°

(2.38) goi 1a phan bd Reyleigh (H.2.8).

28



Chirong 2: Tin hiéu va nhiéu

i) Wi
0.6 121 .
0,4 i
0,2 0 2n ®
. . . > Hinh 2.9.
o 1 2 3 Alc
Hinh 2.8.

Vay nhiéu giai hep ma tri tirc thoi co phan bd chuan thi phan bd cua duong bao 1a phan bd
khong ddi xtmg Reyleigh. S di nhu vay vi gia tri ttrc thdi ¢6 ca gia tri 4m va gia tri duong nén
phan bd mat d6 xac suat s& dbi xting qua truc tung (phan b Gausse). Con xét dudng bao tic 1a
chi xét bién d6 (gia tri dwong) nén mat dé phan bd xéac suit 1a duong cong khong ddi xing va chi
ton tai ¢ nira duong truc hoanh.

F; T1A A? 17
Wi ()= .([Wz(A,(P)dA - 0%6_2@(13 BYS) dA W, (o) =%.([W1(A)dA (2.39)

Vay mat d6 phan bd xac sudt pha dau cua nhidu giai hep, chuan 1a phan bd déu trong
khoang (0,2 ). (H.2.9).

2.52.3.Vidu 3:
O dau vao bo tach song tuyén tinh dit hdn hop tin hiéu va nhidu:
y® = x(t) + n()

Véi: x(t) = Uycosmyt 1a tin hidu xac dinh.

n(t) = A, (t) COS[OJO‘[ — (p(t)] 1a nhiéu giai hep, chuan.
Tim mat d6 phan bd xéac suat dudng bao va pha cua dién ap dau ra bo tach song tuyén tinh.
Ta co:

y(t) = Uy cosmyt + c(t)cosmyt + s(t)sin oyt

=[Ug +c(t) Jeosmyt + s(t)sin oyt = Ay(t)cos[(oot - (py(t)]

2 x x
Trong do: Ay(t) = \/[UO + C(t)] + 52 (t) 1a bao ctia hon hop tin hiéu va nhiéu.

O)

¢, (t) = arctangs—

Up+c(t)

Lam tuong tu nhu VD2, ta co:

la pha cua hon hop tin hi¢u va nhicu.
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A?,(t)+U3 Ay(t)+U0
82

Wl(Ay) = y(t)exp -

(2.40) goi 1a phan b Rice (H.2.10a).
I, 1a ham Bessel bién dang loai 1 ¢ip 0.

1 2n
I,(z) =— J‘ e20059 do

27t0

I,(2)co thé viét dudi dang chudi vo han sau:
I w1 (z
O(Z) - Z | 2 5
n=0 (1’1 )

2
Z
Khiz<<1: [,(2) :1+?+...ze

2n

22/4

Nhén xét:

-Khia=0 <> khong cé tin hiéu, chi c6 nhidu giai hep, chudn => phan b Rice trg vé
phan b Reyleigh.

- a cang 16n, phan bd Rice cang tién téi phan bd Gausse.

Giai thich:

a>>1 < tin hiéu manh, nhidu yéu. Tin hiéu tic dung véi thanh phan khong truc giao véi
no ctia nhidu (khi tin hi¢u cang manh thi hdn hop nay cang it khac tin hiéu), con thanh phan ciia
nhiéu truc giao voi tin hi¢u thi khong chiu sy “cheén ép” cua tin hi¢u. Do d6 mat d¢ phan bd xéc
sudt bao ctia hdn hop s& mang dic diém cua thanh phan nhidu tryc giao vai tin hiéu.

2|1 Uacos U,cos UZsin

Wl((Py):_l exp —U20 Pl 7 Y ki T PO s S /E PR
2 2 2
2m o 227S V28 25

2 Gt ¢
Trong d6:  O(z) = ?J‘e_e 2 dO 1a tich phan xéc suit.
e
0

D6 thi (2.41) biéu dién trén hinh H.2.10b.

A V(Ay/0)
a=Uyo=0
- 30
3 =Y
0.4 [\ a
[ A\
0,2 II \ =2 U()/G:O
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Nhan xét:

-a=0 < chi c6 nhiéu W) ((py) chinh 1a W, (@) da xét & VD2.

-a>>1 = dudng cong W, (q)y) cang nhon, hep.

Giai thich:

Véi a cang 16n thi c6 thé bo qua anh hudng xdu cua nhifu. Do d6 dudng bao (bién do tin
hiéu) khong c6 gia s6 (khong thing giang) va ciing khong c6 sai pha. Khi d6 ¢y nhén gia tri “0”

trong khoang (- 7T, T0) voi xéac suét 16n.

2.6. BIEU DIEN PHUC CHO THE HIEN CUA TIN HIEU NGAU NHIEN — TiN HIEU
GIAI HEP

2.6.1. Cip bién d6i Hilbert va tin hiéu giai tich
2.6.1.1. Nhic lai cach bi¢u dién mdt dao dong diéu hoa dwéi dang phirc
Cho: x(t) =Acos( gt + @y ) = A(t) cosb(t) (2.42)
Trong do: A Im[x(t)]
©: tan sO trung tam; O(t): pha day du; oo __A
X(t)
@ : pha dau.
Trong “Ly thuyét mach”, nguoi ta rat hay

dung cach biéu dién x(t) dudi dang phtic sau:

0(t)

x(0) = x(1) + jx() = AV @43 0 O  Re[x()]

Trong do: Hinh 2.11

x(t) =Re [X(1)];

X(t) = Im [x(t)] - A, sinO(t)
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Ta c6 thé biéu didn X(t) dudi dang mot vecteur trén mit phang phtrc.
Khi A(t) = const thi quy tich ctia diém M s& 1a mot vong tron tdm O, ban kinh OM.
o(t) = d@(t)/dt 14 tan s6 ctia dao dong (H.2.11)
2.6.1.2. Cip bién d6i Hilbert — Tin hiéu giai tich
a. Cip bién déi Hilbert va tin hiéu giai tich:
Dé dé dang biéu dién dudi dang phirc nhitng thé hién phirc tap cia cac qué trinh ngiu nhién,

AN
nguoi ta ding cip bién d6i Hilbert. N6 cho phép ta tim x(t) khi biét x(t) va ngugc lai.

Hilbert da chimg t6 rang phan thyc va phan 4o ctiia ham phirc (2.43) lién hé v6i nhau béi cac
bién d6i tich phan don tri hai chiéu sau:

x(t) = Im[x(t)] = 1 j X 4o =, [x(t)] (2.44)
Ty t-—1
17 x(®) . .
X(t) =—— I dt=Re[x(t)] =h " [x(t)] (2.45)
T t—1

Cip cong thic trén dugc goi 1a cap bién doi Hilbert. Trong d6 (2.44) goi 1a bién doi thuan
Hilbert, con (2.45) goi 13 bién d6i nguoc Hilbert.

Chuy:
Ciing gidng nhu tinh chit cta cac tich phéan, bién ddi Hilbert 1a mot phép bién ddi tuyén
tinh.

(Mot phép bién doi f duoc goi 13 tuyén tinh néu co:
fix, +x,)=1x,) + fx,)
f(kx) = k f(x), k= const)

A °
Cac ham x(t) va X(t) dugc goi la lién hi¢p Hilbert d6i voi nhau. Tin hiéu phuc x(t) co

phan thuc va phin 4o thoa min cap bién ddi Hilbert goi 13 tin hiéu giai tich (twong tng véi tin
hi¢u thuc x(t)).

b. Bién déi Hilbert ddi véi tin hiéu hinh sin:

Trong myc ndy ta s& ching t6 cOs®(t va sinmyt thoa man cap bién doi H. That véy:
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N 1 7 cosmyt 1 ¢ cos[mg(t—1)—wpt]
x(t)=— | ———dt=— dt=
®) TC_J. t—1 TC_I t—1

1 J cos®q(t—1).cosmyt+sin g (t—1).sin myt] dr—
T t—1

—o0
cosmpt ¢ cosmy(t—1) sinwt ¢ sinmg(t—1)
= 0 I 0 dr + 0 I 0 drt
T t—1 T t—1
—Q0 —0o0
T cosaz T sinaz
Chu y rang: I dz=0 va J. dz=mn
—Q0 z —Q0 Z

AN

= x(t) = sinwyt
Vay ( sinmyt) 1a lién hop H cua ( cOsmyt)
Tuong ty (- COS Mt ) 1a lién hop phic H cua ( Sin ogt)
c. Bién ddi H ddi véi cac ham tong quat hon:

- Doi voi cac ham tuan hoan x(1):

Trong “Ly thuyét mach” ta di biét, chudi Fourier ciia ham tuan hoan (thoa mén diéu kién
Dirichlet) la:

o0
x(t) = Z (ag cosKmyt + by sin Koyt) (2.46)
K=0
Vi bién d6i H 1 bién doi tuyén tinh nén bién d6i H cua tong bang tong cac bién d6i H cua
céc ham thanh phan, nén:
A (e 0]
x(t) =h[x(0)] = Z (ag sinKmyt — bg cos Koyt) (2.47)
K=0

(2.46) va (2.47) goi 1a chudi lién hiép H.
- X(t) khong tudn hoan:

Néu ham khong tudn hoan x(t) kha tich tuyét d6i thi khai trién Fourier cta n6 la:
1 o0
x(t) = P I [a(w)cosmt + b(w)sinwt]dw (2.48)
T
0

Khi do:
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x(t) =h[x()]= th I[a(co) cosmt + b(w)sinot]dw =
T

0
= ZL [ {H[a(®)coswt] + H[b(w)sin ot]} do
e
0
L [ [a(w)sinot - b(w)cosot]do (2.49)
2n 0

(2.48) va (2.49) goi la cac tich phan lién hi¢p H.

d. Cic yéu t6 ciia tin hiéu gidi tich:

Tur (2.46) va (2.47) (hodc tur (2.48) va (2.49)) ta xay dung duogc tin hi€u giai tich g véi tin
hi€u thuc x(t) nhu sau:

;i(t) = x(t) + j>A<(t) = A(t)e %V

x(t) =Re [X(t)]= A(t)cosO(t) (a)
x(t) =Im[x(t)]= A(t)sin0O(t) (b)
- Duwong bao ciia tin hiéu gidi tich:
N
Tir (a) va (b) ta thdy: A(t) =\ x2(1) + x () (2.50)

A(t) dic trung cho su bién
thién (dang bién thién) ctia bién
do cua tin hi¢u (H.2.12).

A(t) duogc goi 1a duong bao
cua tin hi€u (con goi la bién do
bién thién hay bién d6 tirc thoi cua
tin hiu).

- Pha twc thoi cua tin hiéu
gidi tich:

Ky hiéu pha tirc thoi: 0(t)
bang:

0(t) = arctg% (2.51)
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- Tén so6 géc tirc thoi ciia tin higu gidi tich o(t) :

{Qm/x(t)]

do(t) ~ | arctg )Ai(t) _ X(t))Ai (t)—;(t)x’(t)
2

© dt x(t) A2 5 A ( )
X (t) x“(t)+x (1)
I+—
x“(t)
- Tinh chit ciia A(1):

+ A® = [x(1))

+ Khi >A<(t) =0 = A = [x(1)

!

)X'(t) + x(1).% (1)

xé At =20 2
\/ X2 (1) + X (1)

AN

Khi X(t) =0 = A’(t) =x(t)

N

Vay khi X(t) =0 thi do nghiéng cua A(t) va x(t) la nhu nhau.
- Két lugn:

Déi voi cac tin hidu ngiu nhién thi cac yéu té cua tin hiéu 1a ngiu nhién. Nho cd
khai niém tin hiéu giai tich nén ta méi nghién ctru cac tinh chat théng ké cua cac yéu
t ctia n6 dugce thuan loi, dic biét 1a trong tinh toan.

2.6.2. Tin hi€u gidi rong va giai hep 4 G(0)
2.6.2.1. Tin hi¢u giii rong

Nguoi ta goi mot tin hi€u la tin hi€u gidi rong
néu bé rong phd cua nd thoa man bat ding thirc

sau:

Ao (2.53) 0 o, @ ®

an Hinh 2.13

Ev

Nhin chung tin hiéu giai rong la tin hi¢u ma

bé rong pho cua no co6 thé so sanh duogc véi M.

0, +0

Trong d6 A® = ®, — ®; va ®) = goi 13 tan sd trung tim (xem H.2.13).
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Vi du: Cac tin hi¢u diéu tan, diéu xung, diéu ché ma Xung, manip tan s, manip pha,... la
cac tin hiéu giai rong.
2.6.2.2. Tin hi¢u gidi hep

Néu tin hiéu c6 bé rong phd thoa man: G(0) — Ao +—
A®

—<1 (2.54)
®g

Thi n6 dugc goi 1a tin hi€u giai hep. (H.2.14).
v

Vi du: tin hi€u gidi hep 1a cac tin hiéu nhu:

ov

tin hiéu cao tan hinh sin, tin hiéu cao tan diéu bién, 0 0 Wy
tin hiéu don bién .... Hinh 2.14

Nhin chung tin hiéu giai hep 14 tin hiéu ma bé

rong phd ctia n6 kha nho hon so véi tan sd W -
2.6.2.3. Biéu dién tin hiéu gii hep
Néu mot tin hiéu giai hep c6 biéu thuc giai tich sau:
x(t) = A(t)cos[mgt —@(t)] = A(t)cosO(t) (2.55)
Trong do: ®(t la thanh phan thay ddi tuyén tinh cua pha chay (pha tic thoi)
@(t) 1a thanh phan thay d6i cham cuta pha chay
A(t) 1a duong bao cua tin hi¢u
Thi (2.55) ¢6 thé khai trién nhu sau:
x(t) = A(t)cosmytcos@(t) + A(t)sin wytsin @(t)
= A(t)cos@(t)cosmyt + A(t) sine(t) sinwyt

= c(t). cos®pt  +s(t). sin Wt (2.56)
c(t). cos @yt 14 tin hiéu diéu bién bién doi cham
s(t). sin@yt 1a tin hiéu diéu bién bién d6i cham

Vay mdt tin hiéu giai hep hinh sin bao gi¢ cling c6 thé bicu dién dudi dang tong ctia hai tin
hi¢u diéu bién bién d6i cham, voi cac yeu to xac dinh nhu sau:
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A(t) =2 () +s2(b)

o(t) = arctg% (2.57)

A

de(t)
dt

o(t) =

R rang 1 cac s6 hang & vé phai (2.56) thoa man cap bién d6i Hilbert.

Viéc biéu dién mét tin hiéu giai hep thanh tong cta hai tin hiéu diéu bién bién thién cham s&
lam cho viéc phan tich mach vo tuyén dién dudi tac dong ctia no6 don gian di nhiéu. Ta s& xét lai
bai todn nay ¢ phan sau.

2.7. BIEU DIEN HINH HQC CHO THE HIEN CUA TiN HIEU NGAU NHIEN
2.7.1. Khai trién truc giao va biéu dién vecteur ciia tin hiéu
2.7.1.1. Niing lwong ciia chudi Kachennhicov

Ta da biét rat rd khai trién tryc giao Fourier cho cac ham x(t) ¢6 phd vo han. & gido trinh
“Ly thuyét mach”, ta ciing biét ring mot ham x(t) ¢6 phd khong chira tan sb 16n hon Fe c¢6 thé
phan tich thanh chudi truc giao Kachennhicov sau:

X(t) = i X(KA) sin 21E, (t—KAt)

(2.58)
2nF, (t—KAt)

K=-w0
Trong do: At =1/2F,

Néu ta chi xét tin hiéu c¢6 phd hitu han x(t) trong khoang thdi gian T hitu han thi ta c6 biéu
thirc gan dung sau dé tinh ning luong cia né:

/2 T2 o . ~ 2
E= J‘ x2(1)dt ~ J‘ Z Xy sin o, (t—KAt) dt *)
~T/2 ~T/2[ K=1 o, (t—KAD)

Trong d6 n la s6 cac gia tri roi rac (con goi 1 cac gia tri mau) cia thé hién tin hiéu x(t)
trong khoang quan sat T; con x . 1a gia tri mau thir K cua x(t) tai thoi diém roi rac KAt . Bé cho

gon, ta dat @, (t — KAt) = A, khi d6 (*) c6 dang:

T2[ « 2
_J- ZXKsmK D=L ZXK I sin®
OF ~T/2[ K=1 Oc k=1 -T/2
T/2 2
Ta c6: I sin kdx ~ T (v6i T khé lén)
-T/2
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T i 2 1 i 2
Oc g =1 2K, ¢

(2.59) cho ta tinh duoc ning luong ciia chudi

ﬁ
2.7.1.2. Biéu dién x(t) thanh vecto X trong khong gian n chiéu

Khai trién Kachennhicov (2.58) 1a mot dang khai trién truc giao. Cac ham
sino, (t — KAt)
o, (t — KAt)

la cac ham tryc giao.

yi () =

Tsincoc(t—KAt) sinooc(t—iAt)dt_ /o, 1=K
w.(t — KAL) @, (t—iAt) 0 izK

Vi vay ta co thé coi mdi ham 12 mot vecteur don vi trén hé truc toa do truc giao. Khi T hiru
%
han thi K = n cling s€ hitu han. Khi do ta c6 thé coi x(t) la mot vecto X trong khong gian n

chiéu c6 cac thanh phan (hinh chiéu) trén cac tryc toa do twong tmg 1a X (KAt) , (K = 1,_n).
x(t) < {x(t — At),x(t — 2At),...,x(t — nAt)}

N
x(t) < {xl,xz,...,xn} < X

_)
Theo dinh nghia, d6 dai (hay chudn) ciia vecteur X s& la:

- - >
X || = =1/(X,X) (2.60)
Dé y dén (2.59), ta co:
ﬁ
X |=42F.E =2F, T.P =nP 2.61)
T
n=—=2FT
( At o)

Trong d6 P 1a cong suit cua thé hién tin hiéu trong khoang hitu han T. Nhu vay, véi thoi
han quan st va bé rong pho ctia thé hién cho trudc thi do dai cua vecteur biéu dién ty 16 v6i can
bac hai cong suét trung binh ciia nd. Néu cho trudce cong suat trung binh P thi d6 dai cua vecteur

- n
X s€tylé voi Vn (tic 1a ty 1€ voi can béc hai cua day tinhiéu B= F T= 5 )

Nhén xét:
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Nhu vay, voi cing mot cong suat trung binh tin hidu nao co day cang 16n (tirc 1a tin hiéu
cang phuc tap) thi d6 dai cia vecteur biéu dién n6 cang 16n. Khi day cua tin hiéu cang 16n thi do
dai cta vecteur tin hiéu cang 1én — vecteur téng cua tin hiéu va nhidu giai hep cang it khac
vecteur tin hiéu —> ta s€ nhan ding dugc tin hi€u véi xac suit cao. Dé tinh chéng nhiéu cua tin
hiéu cang cao thi yéu cau B cang phai 1on.

T
Trong truong hop x(t) khong roi rac hoa: E, = J.Xz (t)dt. Khi d6 chuan ciia vecteur s&
0

- - > - T 5
X | =V(x,x)=42FE, =|x|= 2FCIX (t)dt (2.62)
0

Ngudi ta con goi khong gian ma chuan cua vecteur cho boi tich v hudng (2.62) 1a khong

la:

gian Hilbert va ky hi¢u la L 2, Khong gian L ® la su md rong truc tiép ciia khong gian Euclide hitu
han chiéu 1én s6 chiéu v6 han.

2.7.2. Mat do xac suat cia vecteur ngau nhién - Khoang cach giira hai vecteur tin hié¢u
2.7.2.1. Mat @9 xac suit ciia vecteur ngiu nhién

a. Vecteur tin hiéu:

beé ti€p tuc nhitng van d¢ sau nay dugc thuan tién, ta dua vao khai niém vecteur tin hiéu.

Pinh nghia:
%
- -> A 5
Vecteur tin hi¢u Xy la vecteur sau: Xy = —= (2.63)
Jn
%

Trong d6 X 1a vecteur biéu dién tin hiéu x(t) trong khong gian n chiéu.
Tinh chit:

- -
+ X ¢6 phuong va chi€u trung véi X

%
X
+ D¢ 16n (modul): || Xo [[=|| —= || =+VP
n

%
b. Xac suat phin bo cia mit vecteur X, va mién xac dinh cia né
Trong khong gian tin hi€u, tin hi¢u dugc bi¢u dien bdi vecteur. Do d6 xac suat de ton tai tin
hiéu d6 & mot mién (ndi riéng: tai mot di€m) nao day cua khdng gian chinh la xac suat dé mut
vecteur tin hi€u roi vao mién ay (ndi riéng: di€m ay) cua khong gian.
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%

Néu x(t) 1a x4c dinh thi mut cua vecteur X chi chiém mot diém trong khong gian n chiéu.
Con néu x(t) 1a ngiu nhién c6 mot tap cac thé hién {Xi (t)} thi mit vecteur X ctia n s& chiém
mot mién ndo d6 trong khong gian n chidu véi thé tich: V = AX[.AX,....AX, . Khi iy, x4c suét
dé ton tai tin hiéu ngau nhién trong mién c6 thé tich dV s& la:

P{t/hNNedV} =P{muit vecteur t/h d6 dV}=
N (2.64)
=dP = W, (X},X,....Xp, )dx; dX,...dx, = W, (xo)dV

Sau day ta s€ xét mién xac dinh cia mot sb dang tin hiéu ngau nhién:

- Céc thé hién cia tin hiéu phat c6 cung diy, cing cong suit:

Khi d6 mién cac dinh cua vecteur tin hiéu phat sé la mat cau c6 ban kinh béng chuén cua

- -

vecteur tin hiéu phat || X | = P va c6 tdm ¢ goc toa do cua vecteur dy. (S6 di nhu vay vi X
¢6 chuan khong d6i nhung phwong va chiéu cta no thay ddi ngdu nhién).
- Tap 4m trang:

Ta d3 biét rang cac thé hién n;(t) cua tap am trang n(t) co cung cong suat P - Nhu vay
mién xac dinh cta tap 4m tring 13 mat cdu c6 ban kinh bang P, .cotamla gbc ciia vecteur tap

%

am no .

- Téng cua tin hiéu x(t) va tap am n(t):

y(® =x(t) + n(t)

- > - -

= Yo=Xo T o = | Yo =\/§

Néu x(t) va n(t) khong tuong quan thi:
P, =P, +P, (vi By(0)=B,(0)+B,(0))

2
- -

=Yoo :Q/PX+Pn =Yoo =P, +P,
- 2 - 2 - 2

=1 Yol = Xoll T1{10o (*)
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- - - -
T (*) tathay X, L ng va yq 1a canh huyén ciia mét tam giac vudng c6 hai canh 1a X,

%
va ng.
_)
Neéu x(t) xac dinh thi mi€n xdc dinh cua mut y s€ la duong tron day cta hinh non c6 dinh

- -
& gbe toa dd, chiéu cao bang || X || va bankinh bang || ng || . (H.2.15a).

Hinh 2.15a

Néu x(t) chi 1a mot thé hién nao d6 cia qua trinh ngiu nhién X(t) c6 cac thé hién cing cong
_)
sudt thi lac d6 mién x4c dinh cua mut Yy s& la mot mat cau co ban kinh bang /P, + P, vaco

tam & gdc toa d6 (H.2.15b).

Hinh 2.15b

2.7.2.2. Khodng cach giira hai vecteur tin hi¢u

Pé danh gia dinh luong sy khac nhau gitra hai vecteur tin hiéu, ta dwa ra khai niém khoang
cach gitra hai vecteur tin hi¢u.

Dinh nghia:

- -
Khoang cach gitra hai vecteur tin hi¢u U va v, dugc xac dinh theo biéu thtrc sau:
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- > All-> - 1= -
d(uy,vg) ={|ug—vol|=—FfF|u—-v
D \/E
- - 1 n )
:>d(u0,Vo)=T D (ug —vg)
N \k=1
- D 1 n 1 n 2 n
2 2 2
Hay: d (uO,Vo): ZU.K + ZVK - Ug.Vg
2 2
SO =IO =
2 2
1 n 1 - - - - -
N/SE ZuzK:— ul =|ug| =|ug|-|up|cos(ugy,ug)
(Vn)~ = n
2 2
1 n 11— — — - - >
Ta co: NRe szK:— v =lvol =1IlVol-l Vo llcos(vy,Vp)
(Vn)~ n
1 & - > - — - >
_ZUK.VK:(Uo,Vo): Uo |- || Vo COS(uO,Vo)
D=
2 2
, — - — - - >
= d"(ug,vg)=|ug| + Vol =2 gl Vo cos(ugy,vg)
2 2
, — — — —
d“(ug,ve) =|ugll +1{[vol =2 ugl-|lVollcose
— —

Trong d6 @ 1a goc hop boi Uy va vy trong khong gian n chiéu.

- >

Upn.V
cosQ = 0-20 (2.65)
—

U.O.

_)
Vo

- -

d*(ug,vy) =P, + P, — 2,/P P, coso (2.66)

Néu ta khong roi rac hod tin hi¢u thi:

-> o

d(ug,vg) =|[ug — vy

1 T
=T j [u(t) - v()]* dt
0
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2 1t o 1t s 2 ¢
Hay d“(ug,vg) = —Ju (t)dt+—jv (t)dt ——ju(t).v(t)dt
TO TO TO

=P, +P, — 2R (t,1)
=P, +P, — 2R, (0)

Trong d6 R, (0) 1a ham twong quan chéo cta tin hiéu u(t) va v(t).

RuV(O) = \/Du (t)‘DV(t) puv(o)

2
d (uo ,Vo) == Pu + PV - 2 Pu'PV pUV(O) (267)
So sanh (2.66) va (2.67) ta thiy ngay y nghia hinh hoc cia ham twong quan chéo chuan hoa:
Pyv(0) dong vai trd cosin chi phuong cua hai vecteur tin hiéu.

cosQ = Py, (0) (2.68)

Keét luan:
- V&1 mot mure nhieu xac dinh, xac suat thu ding cang cao khi cac thé hién cua tin hi¢u

cang cach xa nhau.

- Khoang cach gitra hai mut cua hai vecteur tin hi¢u cang 16n khi do dai hai vecteur cang

16n.
2.7.3. Khai ni¢m vé may thu t6i wu
2.7.3.1. May thu t6i wu
Mot cach tong quét, ta coi mot may thu dic trung boi mot toan tir thu G (H.2.17). Yéu ciu
cua toan tir thu G la tdc dung vao y(t) (1a tin hi¢u vao) phai cho ra tin hi¢u da phat x(t).
Néu ta phat di mot thé hién nao d6 ciia mot qua trinh ngiu nhién X(t):
X(t) ={x;(1)} (i=1,m)

Ta coi nhitng thé hién nay c6 cliing cong suat Py, cocung thoi ()

X(t)

han T va c6 cung bé rong phd F c-

Gia thiét: trong qua trinh truyén tir noi phat dén noi thu chi co Hinh 2.16.
tap 4m trang Gausse n(t), cac tin hiéu phat 1a ddng xac suit

- -
Vecteur tin hi¢u ta nhan duoc: yj =y \/H
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— —
Néu Yo nay gan voi vecteur tin hidu X i0 nhét so v6i cac vecteur tin hiéu khac, tirc 1:
- - - -
AR I P A Véi Vi: 1=1lm vai#]
Jn n Yoo
— - — - = -
Khi 6 may thu c6 ' tac dynglén y chora X; : Y[y ]= Xk , s& dugc goi 1a may thu

t6i wu (theo nghia Kachennhicov trong truong hop céc tin hiéu X; (t) 1a ddng xéc suét).

2.7.3.2. Lién h¢ giita may thu t6i wu K va may thu theo tiéu chuin dd léch trung binh binh
phwong nhé nhat

Do 1éch trung binh binh phuong (tbbp) gitra tin hiéu thu dugc va tin hi¢u phat th j la:

min  [y(t) - x;(t)]° j=Lm
Vi

%
Nhu vay, may thu s€ cho ra tin hiéu X ] (t) néu:

yO-x;0F < [y©O-x0F Vizj, i=1,

T T
Hy = [yO-x0Pd < = [ly©-xOPd vizji=im
T T)

Nang Ién luy thtra 1/2, ta co:

T T
1 2 1 2 . .. T
ﬂ[y(t)—xj(t)] dt < ¥E|)‘[y(t)—xi(t)] dt Vi#j,i=1Lm

Theo dinh nghia cia khoang céach, ta c6 thé viét lai nhu sau:

-> - -> -

d(y¢,Xjo) < d(yg,Xjp) Vi#]j,i=1m

Pay chinh 13 h¢ thirc dam bao boi may thu t6i uu K.
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BAI TAP

2.1. D6 thi gia tri trung binh a(t) va gia trj trung binh binh phwong G(t) cuia cac qua trinh ngau

nhién X(t), Y(t) va Z(t) v& trén hinh 1 dudi day. Hiy chi ra trén @b thi mién cac gia tri c6 thé co
clia cac qua trinh ngau nhién nay, biét ring bién giGi cua cac mién d6 dwoc xac dinh boi cac gi tri

cua O ( t) .
A A
A
ax(t) 0
t t
0 :t 0 > 0 >
a,(t)
A Gy (t)A c, (t)‘
t t t
0 » 0 > 0 >

Hinh 1.

2.2. Trén hinh 2 v& ham ngau nhién ding roi rac X(t), goi 1a ddy xung dién bao. Day xung c6 bién

do khong do6i bang don vi, c6 do rong ngau nhién.

Phan bd xé4c suét cac gia tri (0 hodc 1) ctia X(t) tuén theo luat Poisson:

x(t)

1

0

Hinh 2.

45



Chirong 2: Tin hiéu va nhiéu

(6) = P e (>0

Trong d6 A 1a sb cic bude nhay cua ham X(t) trong mot don vi thoi gian, con P, (t) la
xac suit dé xdy ra n budc nhay ciia ham X(t) trong thoi gian t.

Hay tim ham tu twong quan, ham twong quan chuan hoa va thoi gian twong quan cua qua
trinh ngau nhién, biét rang P(1) = P(0) = 0,5.

2.3. Tim ham ty twong quan ciia qua trinh ngau nhién ding sau:
X(t) = Acos(2nfyt + ¢)

Trong d6 A = const, fO = const, @ 14 dai lugng ngiu nhién c6 phan bé déu trong khoang

(~.7).
2.4. Tim ham ty twong quan va mat do phd cia tin hiéu dién bao ngiu nhién X(t) cho bdi hinh
dudi day. Biét rang né nhan céc gia tri + a; - a v6i xac suit nhu nhau va bang 1/2. Con xéac suét dé
trong khoang T c6 N budc nhay la:

N
(7;:3 e >0

P(N,7) =

(theo phéan b Poisson).

2.5. Hay chung t6 rang dudng bao cua tin hiéu giai tich c6 thé biéu din bang cong thirc sau:
%k
A(t) =4S, (1).S,(t)
Trong d6: SZ (t) 1a ham lién hop phurc cia S, (‘[) :
A\
S, (t) =x(t) + jx(t) latin hiéu giai tich.
2.6. M6t qua trinh ngu nhién ding c6 ham tu twong quan:
2 —olt|

a. RXl (‘E) =c".e

b. R, (1)= 02.6_a|r|.COSO)O’C

Hay tinh todn va v€ do thi mat d§ pho cua céc qua trinh ngau nhién trén.
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CHUONG 3 - CO SO LY THUYET THONG TIN THONG KE

3.1. THONG TIN - LUQONG THONG TIN — XAC SUAT VA THONG TIN — PON VI
PO THONG TIN

3.1.1. Pinh nghia dinh tinh thong tin va lwgng thong tin

3.1.1.1. Théng tin

O chuong trudc, ta da hoc khai niém vé thong tin. O ddy ta s& xdy dung dinh nghia dinh
tinh cua thong tin theo quan diém thong ké. Dé di t6i dinh nghia dinh tinh cua thong tin, ta s& xét
vi du sau:

Ta nhén dugc mot birc dién (thu) tir nha dén. Khi chua mé birc dién ra doc thi ta chi c6 thé du
doan hodc thé nay hodc thé khac vé birc dién, ma khong dam chéc ndi dung cta nod 1a gi. Noi khac
di, khi chua m¢ buc dién ra doc thi ta khong thé xac dinh duoc ndi dung cua no, tuc la ta chua biét
gia dinh bao cho ta thong tin gi. Nhung khi di xem xong bt dién thi ndi dung cta n6 dbi véi ta da
hoan toan rd rang, xac dinh. Lic d6, ndi dung cta birc dién khong con bap bénh nita. Nhu vy, ta noi
réng: ta d nhan dugc mot tin vé gia dinh. N§i dung cua burc dién co thé c6 3 dic diém sau:

- Noi dung @6 ta da thira biét. (VD: “Cac em con duoc nghi hé 3 thang”). Khi d6 buc dién
khong cho ta mot hiéu biét gi mdi vé tinh hinh gia dinh. Hay no6i theo quan diém thong tin, thi buc
dién voi ndi dung ta da thira biét khong mang dén cho ta mot thong tin gi.

- Loai ndi dung ta co thé doan thé nay hodc thé no (tic 1a loai ndi dung c6 do bép bénh nao
déy). VD: “Em An d3 d6 dai hoc”. Vi em An hoc luc trung binh nén thi vao dai hoc c6 thé dd, c6
thé khong. Dién véi ndi dung ta khong biét chic (noi dung chira mét do bt dinh nao do) that su
c6 mang dén cho ta mot thong tin nhét dinh.

- Loai ndi dung ma ta hoan toan khong ngd tdi, chua hé nghi téi. VD: “Em An tring giai
nhat trong dot x0 $6”. Bue dién nhu vay, dung vé mat thong tin ma noéi, da dua dén cho ta mot
thong tin rat 1on.

Chu y: O day ta n6i toi “nhimg ndi dung chua hé nghi téi” phai hiéu theo ¥ hoan toan
khach quan chtr khong phai do sy khong day du vé tu duy cta con nguoi dem lai.

Tur nhitng vi duy trén, ta rit ra nhitng két luan sau vé khai niém thong tin:

- Pidu gi d3 x4c dinh (khing dinh duoc, doan chic dugc, khong bap bénh,...) thi khong co
thong tin va nguoi ta noi rang luong thong tin chira trong diéu 4y bang khong.

- Piéu gi khong xac dinh (bat dinh) thi didu d6 c6 thong tin va lwong thong tin chira trong nd
khac khong. Néu ta cang khong thé ngd t6i diéu d6 thi thong tin ma diéu d6 mang lai cho ta rat 10n.

Tom lai, ta thay khai niém thong tin gan lién véi su bat dinh cta d6i tugng ta can xét. C6 su
bat dinh vé mot dbi tugng nao dé thi nhitng thong béo vé ddi twong d6 s& cho ta thong tin. Khi
khong c6 sy bat dinh thi s& khong c¢6 thong tin vé ddi tuong d6. Nhu vay, khai niém thong tin chi
1a mét cach dién dat khac di ctia khai niém su bét dinh.
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Tru6c khi nhén tin (duogc thong bao) vé mot ddi tugng nao day thi van con su bt dinh vé
d6i tuong do, tirc 1a d6 bat dinh vé d6i twong d6 khac khong (c6 thé 16n hodc nho). Sau khi nhan
tin (d4 dwoc hiéu rd hodc hiéu mot phan) vé ddi twong thi do bat dinh cta n6 giam dén mic thap
nhét, hodc hoan toan mat. Nhu vay, r0 rang “Thong tin 1a do bét dinh da bj thu tiéu” hay n6i mot
cach khac “Lam giam d6 bat dinh két qua cho ta thong tin”.

3.1.1.2. Lwgng thong tin
Trong 1y ludn & trén, ta da timg no6i dén lugng thong tin va luong thong tin 16m, lugng thong
tin nho ma khong hé dinh nghia cac danh tir d6. Dudi day ta s& tra 101 van dé do.

O trén ta ciing di noéi: trude khi nhan tin thi 6 bat dinh 16n nhét. Sau khi nhén tin (hiéu 5
hodc hiéu mot phan vé d6i twong thi 6 bat dinh giam dén murc thdp nhét, c6 khi triét hoan toan.
Nhu vay, c6 mét su chénh I¢ch gitta do bét dinh trude khi nhén tin va do bat dinh sau khi nhan tin.
Su chénh 1éch d6 1a mirc d6 thu tiéu do bat dinh. D6 16n, nho cta thong tin mang dén ta phu thude
tryc tiép vao mirc chénh d6. Vay:

“Lugng thong tin 1a mirc d6 bi tha ti€u cua do bat dinh < Luong thong tin = @6 chénh cia
d6 bat dinh trudc va sau khi nhén tin = d6 bat dinh trude khi nhén tin - d6 bt dinh sau khi nhan
tin (40 bat dinh tién nghiém - d6 bat dinh hau nghiém)”.

3.1.2. Quan h¢ giira d9 bat dinh va xac suit

3.1.2.1. Xét vi du sau
Ta phai chon mot phén tr trong mat tdp nao d6. Phép chon nhu thé (hoac “chon” hiéu theo
nghia rong: thir, tim hiéu, diéu tra, trinh sat, tinh béo,...) bao gid cling ¢6 d6 bat dinh.

- Néu tap chi c6 mot phan tir thi ta chang phai chon gi ca va nhu vay khong c6 do bét dinh
trong phép chon do.

- Néu tap c6 hai phan tir thi ta di phai chon. Nhu vdy, trong truong hop nay phép chon co
dd bat dinh. Néu s6 phﬁn tur cua tap tang thi do bat dinh s& tang.

- Cac budc tiép theo s& cho bdi bang sau:

) phﬁn tur cua tap Do bit dinh cua phép chon X4c suat chon mot phﬁn tu trong tap

1 0 1
2 #0 1/2
3 #0 1/3

= Q)

= . [
n #0 oe 1/n 3

v . v

0 o0 1/0=0

S}

Chu y: Bang nay dua ra vdi gia st viée chon cac phan tir 1a dong xac suat.
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3.1.2.2. Két luan
- Bang nay cho thay: d6 bat dinh gin lién v6i ban chat ngau nhién ciia phép chon, ciia bién cd.
- Do bét dinh (ky hi¢u I) 1a ham cua s6 phan tir thude tap (X ) = f(n) (a)
- P bat dinh ¢6 lién quan véi x4c suat chon phan tir cua tap = I(xg ) = E[p(xg )] (b)
Pé tim moi quan h¢ gitra do bat dinh T va xéac suit chon mot ph?m tr Xg (p(XK)) trong
tap, ta xudt phat tir cac tiéu dé sau:
Theo suy nghi thong thuong, d6 bat dinh I phai thoa mén:
+1(xg)=0

+ p(xg) =1=I(xg) = E[p(xg )] = E[1] =0 (3.1)
+ Tinh cdng duogc:

Néu Xy va X; doc lap, thi:

E[p(xg x;)] = Elp(xg ) p(x;)] = Elp(xg )] + E[p(X;)]

Néu Xk va X; phu thudc thi:

El[p(xk ;)] = E[p(xg ) p(x;/xx )] = E[p(xg )] + Elp(x; /xg )]
Pat p(xg)=7p va p(x;/Xg)]=q, thi khi d6 véi moi p, q (0<p<1,0<q<]), ta
co:
E[p] + Elq] =E(pq) (3.2)
Ttr (3.2) ta 6 thé tim dugc dang ham I(p). Lay vi phan 2 vé ciia (3.2) theo p, ta co:
E’(p) =qE’(pq)
Nhan ca 2 vé ciia phuong trinh nay véi p va ky hiéu p.q = T, ta co:
pE’(p) = TE(7T) (3.3)
(3.3) ding Vp, T # 0. Nhung diéu nay chi co thé co khi ca hai vé cua (3.3) bang mot
hang s6 k nao do:
pE’(p) = TE’(T)=k=const

Tir d6 chung ta ¢6 phuong trinh vi phan pI’(p) = const = k, Iy tich phan phuong trinh nay,
ta tim duoc:

E(p)=kInp+C (3.4)
Ké dén diéu kién ban dau (3.1), chiing ta c6:

E(p) =k.Inp (3.5)
Nhu véy, ta c6: 1(xg )= k.In[p(xg )] (3.6)
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Hé sb ty 18 k trong (3.6) co thé chon tuy ¥, n6 chi xac dinh hé don vi do cia I(XK) . Vi
In[p(xg )]<0 nén dé I(xg )=0thik <o0.

. 1
Néu lay k=-1thi I(xg) = —In[p(xg)] = ln{ } (3.7)
p(xg)
Khi d6, don vi do d6 bat dinh s& la don vi tu nhién, ky hiéu la nat.
. 1 |
Néeu lay k = ——— thi I(xg ) = _Inp(xg) =—log, p(xg) (3.8)
In2 In2

Khi d6 don vi do do bat dinh s& 1a don vi nhi phan, ky hiéu 1a bit (1 nat = 1,433 bit)

Mot bit chinh 1a do bat dinh chira trong mot phén ttr (bién cd cua tap xac suat chon (xuét
hién) bang 1/2. Nguoi ta thuong sir dung don vi [bit] do trong k¥ thuat tinh va k¥ thuat lién lac
thuong dung cdc ma nhi phan.

Ngoai ra, ngudi ta con ¢6 thé str dung nhitng don vi do khac tuy theo cach chon co sb cua
logarit. Vi vay trong truong hop tong quat, ta c6 thé viét:

I(xg)=—logp(xk) (3.9)
3.1.3. Xéc dinh lwgng théng tin

O muc 1, ta da co két luan sau:

Luong thong tin = d6 bat dinh tién nghiém - do bat dinh hau nghiém. Vi d6 bat dinh s& tro
thanh thong tin khi n6 bj thu tiéu nén ta c6 thé coi do bat dinh ciing chinh 14 thong tin. Do do:

Luong thong tin = thong tin tién nghi¢ém — thong tin hdu nghiém (*)

Thong tin tién nghiém (hay con goi la luong thong tin riéng) dugc xac dinh theo (3.9). Con
thong tin hau nghiém xac dinh nhu sau:

Goi X la tin gii di, y,1a tin thu dugc ¢ chira nhitng ddu higu dé hiéu biét vé X (co
chira thong tin vé Xy ). Khi d6 xac suat dé 1o vé Xy khi da thu duoc y,la p(Xg/y,). Nhu

vay do bat dinh cla tin Xy khi dard y,bang:

/ (3.9)
I(xg/y,) = -logp(xg/y,) (3.10)

(3.10) duoc goi 1a thong tin hau nghiém vé Xy (thong tin riéng vé Xy saukhico y,).

Thay (3.9) va (3.10) vao (*), ta co:
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Luogng thong tin v€ xg = I(xg) —I(xg/y/)
Luong thong tin vé xg = I(xg) —I(xg/y))

UKy hiéu
1
I(xg.y,)  =log——— log———
p(Xg) pP(Xg /Y¢)
p(xg /¥,)

= I(xg,y,) = log (3.11)

p(xk)
(3.11) goi 1a luong thong tin vé X khi da 16 tiny , hay con goi la Iugng thong tin chéo vé
Xk do y, mang lai.

Néu viéc truyén tin khong bi nhiéu thi y,= Xy . Ttc 1a néu phat Xy thi chic chdn nhan
duoc chinh n6. Khi d6:

p(xk /yo) =p(xg /xg) =1
Tir (3.11) ta c6:
1
p(xg)

Nhu vay khi khong cé nhiéu, lugng thong tin nhan duoc ding be‘“ing do bat dinh cua su kién

I(xg,y,) = I(xg,xg) = I(xg) = log (**)

Xk » tc la ding bang thong tin tién nghiém cua XK -
Vay luong thong tin ton hao trong kénh sé& 1a:

I(xg) —I(xg,y,) = Ixg/y))
Pon vi do cua thong tin (lwgng thong tin) cling chinh 1a don vi do do bét dinh.

Néu co s6 cua logarit 1a 10 thi don vi do thong tin dwgc goi 1a Hartley, hay don vi thap
phan.

Néu co s cia logarit 1a e = 2,718... thi don vi do thong tin dugc goi 1a nat, hay don vi do
tu nhién.

Néu co s6 cta logarit 13 2 thi don vi do thong tin dugc goi 1a bit, hay don vi nhi phén.
1 Harley = 3,322 bit
1 nat =1,443 bit
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3.2. ENTROPIE VA CAC TINH CHAT CUA ENTROPIE
3.2.1. Tinh chit thong ké ctia ngudn roi rac va s ra doi ciia khai niém entropie

Trong muc trudc, ta mdi chi xét dén luong thong tin vé mot bién ¢d (hay mot tin) trong mot
tap cac bién cb (hay tin) xung khéc, ddng xac suit.

Thuyec té ton tai phd bién loai tip cac bién cb (hay ngudn tin, tap tin) xung khic, khong dong
xéc sudt. Tuc 1a xac sudt xuét hién cac bién cb khac nhau trong tap la khac nhau. Ta goi sy khac
nhau gifta cac xac suat xuat hién bién c¢6 cua tap (hay tin ciia ngudn rdi rac) 1a tinh chit théng ké
cua no.

Vidu 1: Sy xuét hién céac con chir trong bo chir Viét co xac suét khéac nhau: p(e) = 0,02843;

p(m) = 0,02395; p(k) = 0,02102,... (Theo s liéu trong dd an tt nghiép “Khao sat cau tric thong
ké chir Viét” cua Boan Cong Vinh — PHBK HN).

Vi du 2: Xac suét xuat hién ctia 26 chit cai trong tiéng Anh: (S6 liéu theo Beker va Pipe)

Ky tu Xac suét Ky tu Xac suét
A 0,082 N 0,067
B 0,015 O 0,075
C 0,028 P 0,019
D 0,043 Q 0,001
E 0,127 R 0,060
F 0,022 S 0,063
G 0,020 T 0,091
H 0,061 U 0,028
I 0,070 A% 0,010
J 0,002 W 0,023
K 0,008 X 0,001
L 0,040 Y 0,020
M 0,024 V4 0,001

Trong mdt ngudn tin nhu thé, ngoai thong tin riéng cua mdi tin (hay diu) ciia né, ngudi ta
con phai quan tdm dén thong tin trung binh ctia mdi tin thudc ngudn. Ngudi ta con goi théng tin
trung binh do mdi ddu ctia ngudn mang lai 13 entropie. Dudi day ta s& xét ky dinh nghia vé
entropie.

3.2.2. Pinh nghia entropie ciia nguon roi rac

3.2.2.1. Pit van dé

Dé phép do duoc chinh xac, trong vat 1y, khi do luong mot dai luong, ta khéng quan tim
dén timg tri do duoc cua dai luong ma thudng xét tri trung binh ctia chung. Khi dé ta lay céc tri
do duoc cong v6i nhau ri chia cho sb lugng cua chung:

n
itb = Zir/n
r=1
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O déy ciing c6 diéu twong ty: ta khong quan tdm dén timg thong tin riéng ciia mdi ddu ma
lai cha y dén gia tri trung binh cta cac thong tin d6. Chi khac ¢ chd mdi mot thong tin riéng dén
tuong ng véi mdt xac suét xuét hién nao do, tic 1a ta c¢6 thé xem céc thong tin riéng 1a m dai
lwong ngau nhién 1. Do d6 gid tri trung binh clia cac thong tin nay (lugng thong tin trung binh hay
entropie) chinh 1a ky vong cta dai lwong ngau nhién I. Ta di téi dinh nghia sau:

3.2.2.2. Dinh nghia

Entropie ctia ngudn tin rdi rac 14 trung binh thdng ké ciia lwong thong tin riéng cia cac dau
thudc ngudn A, ky hiu H,(A):

A
H;(A) = M[I(a;)] (3.12)

Trong d6 a;la cac dau cua nguon A (Ta hi€u dau la cac con chit, hodc cac ky hiéu v.v...
cua nguon). Con ngudn A 1a mot tap roi rac cac dau a; voi cac xac sudt xuat hién cua chung. Ta

quy udc viet A nhu sau:

[ a;  a, .. ag J
A={a}= (3.13)
p(a;)) p(ay) ... p(ay)

S
Vvoi 0 < p(a;) <1 va Y p(a;) =1 (3.14)

i=1

A duoc cho boi (3.13) va (3.14) con goi 1a trudong tin (hay trudng bién cd). Tir (3.12) va
(3.13), ta co:

H(A) =M[I(a;)] = > p(a;)1(a;)

i=1
S
=H;(A) = _Zp(ai)logp(ai) (3.15)
i=1
H;(A) con goi la entropie mét chiéu ctia ngudn roi rac:
Vidu: H; (Viét) =4,5167 bit H; (Nga) = 4,35 bit
H; (Anh) = 4,19 bit

3.2.3. Cac tinh chit ciia entropie mot chiéu ciia ngudn roi rac
3.2.3.1. Tinh chat 1

Khi p(a;)=1va p(a,)=0 véi Vr=k thi:

H,(A) = H,(A,;,) =0 (3.16)
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Chirng minh:

Tadaco: 0 < p(a;) <1 = logp(a;) <0= —logp(a;)=0
= Hy(A) > 0= H;(App) =0

Bdy gi0 ta chi con phai ching to H;(A 0 khi

p(a,) =0 (Vr=k).

min) =

Thatvay, p(a,)=0 = p(a,)logp(a,) =0 (Vr=#k)

p(ay) =1 = p(ay)logp(ay) =0 (Vr=k)

= H;(A)=-) p(a;)logp(a;)
i=1

= —p(a,)logp(ay) — D, p(a;)logp(a;) =0

i=Li=k

Y nghia:

p(ay) =1va

Thuc ra khong can phai chimg minh nhu vay, ma 1ap luan nhu sau ciing cho ta cong thirc

(3.16):
p(a;) =0 = cic khong xuat hién

p(ak) =1 —> cac Ak chic chin xuét hién

= Khong c6 d6 bat dinh nao vé cac a; = luong thong tin riéng khong c6 = luong

thong tin trung binh cling khong c6.

3.2.3.2. Tinh chit 2 P

x—1
Mot ngudn roi rac gom s ddu dong xac suat (va
thoa man (3.14)) thi entropie cia n6 dat cuc dai va cuc X
dai d6 bang log s. >
0 1
H (A, ) = logs (3.17)

1
Chirng minh: /

Khi p(a;) = p(aj), Vi,Vj (i,j=1s)

-4 T A A Y Hinh 3.1.
Khi d6 p(a;) =—, tc 1a nguon gom céac dau
S

xung khéc va dong kha nang.
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= H;(A") =~ Z 10g— logs
i=18

Xét hiéu:
> 1
H;(A) —logs = Zp(ai)log — logs
i=1 (a;)
> >
= 2 p(aj)log — 2_p(a;)logs
i paj) 5

zgp(ai){log p(;) —log s}

—Zp(a )logp Z (a;)logx

Taco: Inx < x—1 V x (xem hinh 3.1)

= > .p(a;)logx < > p(a;)(x~1)
i=1

" Zp(a ){ (a)s

vay: H{(A) —logs <0=H;(A) < logs

1| -3 - Sy -0
i=1

Tom lai, ta thdy 0 < H,;(A) <logs (entropie cua ngudn roi rac)
Entropie 1a mdt dai lugng gidi ndi.
Ky hiéu H(A),.,, = Hy(A)
Vidy: Hy(Viet) = log,36 = 5,1713bit
Hy(Nga) = log,32 = 5bit
Hy(Anh) = log,27 = 4,75489bit
3.2.4. Entropie ciia ngudn roi rac, nhi phan
Nguon rdi rac nhi phan 1a nguén chi ¢ hai diu:
{al = v6i xdc sudt p(a;) =p

a, < "" v6i x4c sudt p(a,) =1 -p
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Ta c6 ngay:

2
H,(A) = - p(a;)logp(a;) = —plogp — (1 —p) = f(p) (3.18)

i=1
D thi f(p) dugc biéu dién trén hinh 3.2.
Ta thay H;(A)=f(p) chi phu thudc
vao dic tinh thong ké cua cac tin. 1
Néu don vi ding 13 Dbit thi
max H; (A) =1
Nhén xét:

1
-H;(A)dat max tai p = 5 S& di nhu

vay vi tap chi c6 hai phan tir, nén d6 bat dinh cia
0 0,5 1 p

Hinh 3.2.

phép chon s€ 16n nhat khi hai dau c6 xac suat
xuat hién nhu nhau.

-p=0 = H;(A);;, =0.Khidé 1 —p=11axdc suat xuat hién diu a,. Vay a, la mot
bién cb chic chan. Phép chon nay khong co do bat dinh = luong thong tin trung binh triét.

-p=1 = H{(A);, = 0. Giai thich twong tu.
3.2.5. Entropie ciia trwdong sy kién dong thoi

Dinh nghia 1:

Co hai truong su kién A va B:

A:[al a, .. ag j vé Bz[bl b, .. b j
p(a;) p(az) ... p(as) p(by) p(by) ... p(by)

Cac a; va bj 1a cac sy kién.

Ta xét mot sy kién tich: ¢} = ai.bj

p(cy) = p(ai-bj) . Ta xét truong C 14 giao cua hai trudng A va B, néu:

ab; alb, ... ab, ... a,b; ab,

C=AB= :
p(ajby) p(ajby) ... p(ajby) ... p(azb;) ... p(asby)

Trudng C dugc goi 1a truong sy kién dong thoi (truong giao, tich) cua hai truong sy kién co
ban A va B.

Dinh nghia 2:
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Hai truong su kién A va B dugc goi 1a doc 1ap voi nhau néu:
p(a;.b;) = p(a;).p(b;)
Chu y: Tt nhién néu p(a;) va p(b;) thoa man (3.14) thi ta ciing co:
s t
0<p(ab;)<1; D> > plaby) =1 (*)
i=1j=1

Pinh ly 1:

Entropie ciia truong sy kién dong thoi C = A. B s& bang tong entropie clia cac truong sy
kién co ban A va B néu A va B doc lap.

H(A.B) = H(A) + H(B) (3.19)

Chirng minh: Theo dinh nghia:

A S t
H(AB)=- ) > p(ab;)logp(a;b;)
i=1j=1

Theo gia thiét A va B doc 1ap voi nhau nén ta co:

s t s t
H(AB) =— > p(a;)p(b)logp(a;) — D> p(a;)p(b;)logp(b;)

i=1j=1 i=1j=1

S t t S
= - p(ap)logp(a;) > p(b;) — > p(b;)logp(b;)D p(a;)
i=1 i=1 i=1 i=1

t S
Ma: D p(b)) =1, D p(a;) =1
j=1 i=1

= H(A.B) = H(A) + H(B)
Nhan xét: Tuong tu, néu cac ngudn X, (k = I,_Il) doc 1ap véi nhau thi:
n
H(X).X;...X,) = ) H(Xy)
k=1
3.3. ENTROPIE CO PIEU KIEN. LUQONG THONG TIN CHEO TRUNG BINH

3.3.1. Entropie c6 diéu kién vé mét truwong tin nay khi da ré mét tin nhat dinh cia
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truong tin kia
3.3.1.1. Mé dhu
Trong phan trudc, ta di ndi néu truyén tin c6 nhidu thi tin phat di a; va tin thu dugc b ¢ 1a
khac nhau. Va khi d6 luong thong tin riéng vé ay do b ¢ mang lai la:
_
p(a, /b))

Vén d&: ta khong quan tim dén luong thong tin riéng vé mot dau a, cu thé nao cua ngudn

I(ay /b,) =log

tin phat {a; } do b ¢ mang lai ma chi quan tdm dén lugng thong tin riéng trung binh vé mot déu
nao do cua tap {a; } do b ¢ mang lai. Ta thdy rang I(ak /b f)lé mot dai lwong ngiu nhién. Do
d6 tuong tuy nhu dinh nghia ctia entropie mat chiéu, ta di toi dinh nghia sau.

3.3.1.2.Dinh nghia

Entropie c6 diéu kién vé mot truong tin nay khi da rd mot tin cua truong tin kia dugc xac

dinh bang ky vong cta luong thong tin riéng c6 didu kién vé a; domot b ¢ mang lai:

A s

i=1

S
=—> p(a; /b,)logp(a; /b)) (3.20)
i=1
Y nghia:
H(A/bg ) 1a luong thong tin t6n hao trung binh cia mdi tin & dau phat khi dau thu da thu
dugc bj.
Tuong tu:
t
H(B/ai):—Zp(bj /a;)logp(b;/a;)
j=1
Y nghia:

H(B/a;) la luong thong tin riéng trung binh chira trong mdi tin & dau thu khi dau phat da
phat di mot tin a; .
3.3.2. Entropie c6 diéu ki¢n vé trwong tin nay khi di ré truong tin kia

Ta thay rang do nhidu ngau nhién nén bén thu khong phai chi thu duoc mét tin duy nhit ma

la ca tap tin B = {bj } ndo do, (j = 1,_'[) . Viy H(A/bj) cling 1a mot dai lugng ngau nhién, do
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d6 ta phai xét &én lwong thong tin riéng trung binh vé& mdi tin & ddu phat khi ddu thu da thu dugc
mot diu nao do.

Twong tu nhu trén, ta ciing phai ly trung binh thong ké cua dai luong ngau nhién nay.
Dinh nghia:

Entropie co diéu kién cua truong su kién A khi da 1o truong su kién B dugc xac dinh béi ky
vong cua dai luong H(A/bj) .

A t
H(A/B) = M[H(A/bj)] => p(bj)H(A/b))
j=1

S

t
=Y p(b;)| —>_p(a;/b;)logp(a; /b;)
i=1 i=1

s t
==2_2 p(b;)p(a; /bj)logp(a; /b))
i=1j=1

s t
H(A/B)=—) > p(a;b))logp(a;/b;) (3.21)
i=1j=1

Y nghia:

H(A/B) 1a lugng thong tin ton hao trung binh ciia mdi tin & dau phat khi dau thu di thu
duoc mot dau nao do.

Tuong tu:
s t
H(B/A)=-) > p(bja;)logp(b;/a;) (3.22)
i=1j=1
Y nghia:

H(B/A) 1a lugng thong tin riéng trung binh chira trong mdi tin & dau thu khi dau phat da
phat di mot tin nao do.

Chu y:

Ta xét mot bo chit A. Dé dic trung cho lugng thong tin riéng trung binh chira trong mdi con
chir khi ké dén xac suat xudt hién cac cip chit (VD: trong tiéng Viét: p(a/b) # 0, p(b/a) = 0,
p(t/a)# 0, p(a/t) # 0), nguoi ta dung H(A/A) va ky hi¢u 1a H, (A).

Vidu: H, (Viét) = 3,2223 bit
H, (Nga) = 3,52 bit

H , (Anh) = 3,32 bit
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Vigc tinh H3, Hy rat phtc tap.
Khakevich tinh duoc dén H 5. Shannon tinh duogc dén H 8-

3.3.3. Hai trang thai cuc doan ciia kénh truyén tin

3.3.3.1. Kénh bi dit (bi nhiéu tuyét ddi)
Trong truong hop nay, cac tin thu dugc hoan toan khac cac tin phat di. Noi khac di vi bi
nhiéu tuyét d6i nén trong moi tin b j € B khong chtra dau hiéu hiéu biét nao vé cac tin da phat di.

Nhu vy, A va B 1a dgc 1ap nhau: p(a; /b;) = p(a;); p(b;/a;) = p(b;)
= p(a; b;) =p(a;)p(b;)

Khi d6 ta co:

H(A/b;) = - p(a;)logp(a;) = H(A)

i=1

t
H(B/a;) = - p(b;)logp(b;) = H(B)

jjl S (3.23)
H(A/B) == p(b;) > p(a;)logp(a;) = H(A)
s i-1

S t
H(B/A) == p(a;)D_p(b;)logp(b;) = H(B)
i=1 j=1

3.3.3.2. Kénh khong nhiéu
Khi do: t=s. Véi Vi=1s a, =b;
= p(a;) = p(b;) nén H(A) = H(B)

p(ay /by) =p(by /ay) =1
p(ai /bk) = p(bi/ak) =0 vo1Vizk

H(A/bk)=0 H(B/ak):() 304
H(A/B) =0 H(B/A) =0 (329

Vi khi khong nhiéu, coi A va B phu thuoc manh nhat, c6 a; thi chac chin ¢6 b;, nén do

bat dinh vé a; khi da thu dugc b; 1a khong c6 => d6 bat dinh trung binh ciing khong c6.

60



Chuwong 3: Co s6 1y thuyét thong tin thong ké

3.3.4. Cac tinh chit ciia entropie c6 diéu kién

3.3.4.1.Tinh chit 1

Néu A va B 1a hai trudng bién ¢ bat ky (hai ngudn tin bét ky) thi entropie ctia trudng bién
¢ dong thoi A.B bang:
H(A.B) = H(A) + H(B/A) = H(B) + H(A/B) (3.25)

Chirng minh:

s t
H(AB) =-Y> p(a;b;)logp(a;b;) =
i=1j=1

s t
=— ZZp(bj)p(ai/bj)log{p(bj)p(ai/bj)} =

i=1j=1

s t s t
H(AB)=— > > p(b;)p(a;/b;)logp(b;))— D> p(b;)p(a;/b;)logp(a; /b;) =
i=1j=1 i=1j=1

S t s t
== p(a; /b)Y p(by)logp(b;) — D> p(a;b;)logp(a; /b))
i=1 i1 ,

i=1j=1

: H(B) + H(A/B)

S
Trong do: Zp(ai /bj) =1.
i=1

3.3.4.2.Tinh chat 2
Entropie c¢6 diéu kién ndm trong khoang:
0 < H(A/B) < H(A) (3.26)
Chirng minh:
+ H(A/B)>0:

0<p(a;/b;) <1= logp(a;/b;) <0
= —logp(a;/b;)20=H(A/B)20
N6 s& nhan d4u bang khi A va B 1a dong nhét (kénh khong nhidu).

+H(A/B) < H(A):
Xét hiéu: H(A/B) - H(A) =G

61



Chuwong 3: Co s6 1y thuyét thong tin thong ké

Zzp(b )p(a;/b;)logp(a;/by) + Zp(a )logp(a;).1

i=1j=1

t
Chu y: tathay 1= Zp(bj/ai)
i=1

s t s t
->_ > p(ajb)logp(a; /b;) + > > p(a;b;)logp(a;)

i=1j=1 i=1j=1
p(a;/b;)

s t
=— p(a;b.)log———~
Ty

s t
a.
=ZZp(aibj)10g—p( )
i=1j=1 p(ai/bj)
Ap dung logx <x —1:

cocpm

i=1j=1
. p(aj)
g (bﬁp(aﬂbﬂ{—p(ai ™ 1}

(a; )Zp(b )- Zzp(b )p(a;/by)

= i=1j=1
G< 1.1— 1 =0

i
o<3r

= H(A/B) < H(A).
H(A/B) = H(A) khi A va B 1a doc 1ap (kénh bi dut).
3.3.4.3. Tinh chat 3

Entropie cua truong sy ki¢n dong thoi khong 16n hon tong entropie cta cac truong su kién
co ban.

H(A.B) < H(A) + H(B) (3.27)
Chirng minh:
(3.27) it ra truc tiép tir (3.25) va (3.26).
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3.3.5. Lugng thong tin chéo trung binh

O phan trudc, ching ta da biét lugng thong tin chéo vé mot tin a; da phat di do mot tin b i
da thu dugc mang lai la:

I(a;,b;) = 10gM
p(a;)

Thong thudng, vi bén phat phat di mot tap tin A = {a; } va bén thu nhan duoc mdt tap tin B
={b j }. Do d6 ta khong quan tam dén luong thong tin chéo vé mot tin cu thé a; da phat do mot
tinb jcu thé thu duoc, ma ta chi quan tim dén lugng thong tin chéo trung binh vé mdi tin cua tap
phat A do mdi tin cua tap thu B mang lai. I(ai ,b j) 1a mot dai lwong ngiu nhién, do d6 ta phai lay
trung binh thong ké ctia né.

Dinh nghia:

Luong thong tin chéo trung binh (ky hi¢u 1a I(A,B)):

A
I(A,B) = M| I(a;,b;) | (3.28)

Xac sut dé c6 thong tin I(a; ,b;) 1a p(a;b;), do d6 ta co:

S p(a;/b;)
I(A,B) = b)log——
(A,B) i;;p(a i)log —»

s t s t
I(A,B)=D_> p(ajb))logp(a; /b;) —> > p(a;b;)logp(a;)

i=1j=1 i=1j=1

= —H(A/B) + H(A)
Tom lai: I(A,B) =H(A) — H(A/B) (3.29a)
Tuong tu, ta co: I(A,B) =H(B) — H(B/A) (3.29b)
Hay: I(A,B) =H(A) + H(B) — H(A.B)

I(A,B) con goi la luong thong tin trung binh dugc truyén theo kénh roi rac.
3.3.6. Tinh chit ciia I(A,B)
3.3.6.1. Tinh chit 1

I(A,B) = 0: (3.30)
Theo tinh chat 2 & muc 3.3.4: H(A/B) < H(A) = H(A) - H(A/B) > 0.
I(A,B) = 0 khi kénh bi dut.
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3.3.6.2.Tinh chit 2
I(A,B) < H(A): (3.31)
That vay: H(A/B) = 0 = I(A,B) = H(A) — H(A/B) < H(A)
I(A,B) = H(A) khi kénh khong c6 nhiéu.

Tir (3.31) ta thdy khi truyén tin trong kénh c6 nhifu, thong tin s& bi tén hao mot phan.
Luong thong tin tén hao trung binh chinh 1a H(A/B).

3.3.6.3.Tinh chit 3
I(A,A) =H(A)
3.3.6.4. Tinh chit 4
I(A,B) =1(B,A)
3.3.7. M6 hinh ciia kénh truyén tin c6 nhiéu

Dua vao (3.29a), ta c6 mé hinh kénh truyén khi c¢6 nhiéu nhu sau:

H(AT?' I(A,B) =1(B,A) 7—' H(B)
H(A/B) H(B/A)

Tén hao Luong tin tirc bu bang hoi lién
Hinh 3.3.
A B A B A B A B A B
H(A) H(A/B) H(B/A) I(A,B) H(AB)

Hinh 3.4. Lwgc d0 Wenn md td moi quan hé giira cac dai lwong.
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3.4. TOC PQ PHAT. KHA NANG PHAT. PQ THUA. KHA NANG THONG QUA
CUA KENH ROI RAC

3.4.1. Téc @9 phat ciia ngudn roi rac
Trong théng tin roi rac, ngudi ta thudng phat di cac xung. Néu goi T, la do rong trung
binh ctia mdi xung thi tdc do phat ciia ngudn tin rdi rac duoc dinh nghia nhu sau:
Al
v, =— (3.32)
(3.32) biéu thi s6 xung trong mot don vi thoi gian.
Thr nguyén: [V, ] = bdt = s dau (xung)/ sec

Vidu: Dién bao tay: v, =25 bot.
Dién bao tw dong: v, = (50 + 300) bét.
Thong tin truyén s6 liéu: (500 + n.1 04) bét.
3.4.2. Kha ning phat ciia ngudn roi rac
Dinh nghia:
H'(A) i v, H(A) = # (3.33)

n

Thu nguyén: [H’(A)] = bit/sec.

max H'(A) :TLH(A)

n

(3.33) biéu thi lugng thong tin trung binh do ngudn phat ra trong mot don vi thoi gian.

Vi du: Mot méay dién bao ding ma Bodo déu 5 dau, co s 2, toe do phat 1a 75 bt thi kha
ning t6i da cua may la:

H'(A), = V- H{(A),. = 75.log, 2> = 375bit/s
3.4.3. D) thira ciia ngudn roi rac

Dinh nghia:

Do thira ctia nguon roi rac la ty so:

D i H(A)max — H(A) —1— M
H(A)max H(A)max

(3.34)

65



Chuwong 3: Co s6 1y thuyét thong tin thong ké

duoc goi 1a hé s6 nén tin.

D=1-p,trongdo: L = ————
H(A)max

Déi voi nguén tin c6 s ddu: H(A) max — Ho (A) = logs.

Y nghia:
D¢ thura déac trung cho hi¢u suét, kha nang chéng nhiéu va d6 mat cta tin. Néu D cang lon
thi hiéu suat cang thap, d6 mat cang thap nhung kha niang chéng nhiéu cang cao.

Vi du:
- Déi véi tiéng Viet: H, (Viét) = 4.5167; H,, (Viét) = 5,1713
> =87% =>D;=13%

_H,(A) 3,2223
logs  5,1713

= 62% = D, =38%

- Déi voi tiéng Nga: 1y = 87% = Dy = 13 %
Uy = 60% = D3 = 40%
- Déi véi tiéng Anh: [y = 84% = D, =16 %
Ug = 38% = Dg = 62 %
3.4.4. Cac diac trung cua kénh roi rac va cac loai kénh roi rac
Mot kénh roi rac hoan toan dugc dic trung boi ba tham s sau:
- Truong dau 16i vao va truong dau 16i ra cta kénh.

- Xac suat chuyén p(b i’ap)

- Téc d6 truyén tin cia kénh Lk

Dinh nghia 1:

Néu mot kénh c6 p(b;/a;) € t thi duoc goi 1a kénh dong nhat; p(b;/a;) & vio dau da
phat trudc no thi dugc goi la kénh khong nhé. Nguoc lai, p(b j / ai) € t thi kénh duogc goi la
khong dong nhit; p(b j / a;) € vao ddu da phat trude no thi kénh duge goi 1a kénh c6 nhé
(V1,]).

Dinh nghia 2:

Néu mét kénh cé xac suat chuyén:
p = const v6i Vi#], i=1,s,j=1,t
p(bj/aj) =9 e
pg =const  Vi=]
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thi kénh dé s& dugc goi la kénh déi xung.

Vi du:
p(bi/a;) = pq
a| 2 b1
p(bi/ay) p(by/a;)
a2° b2

p(b>/az) = pa

V xéc suét sai bang nhau, V xac suit ding bang nhau.
Déi v6i kénh ddi ximg nhi phan (Hinh v&): py + pgq =1.
3.4.5. Lwgng thong tin truyén qua kénh trong mét don vi thoi gian
Pinh nghia:
A I(A,B)

I'(A,B) = = =vgI(A,B)  [bit/s] (3.35)
K

1 . s . :
Trong do: L = T_ , T : thoi gian trung binh dé truyén mét dau qua kénh. L biu thi
K
s6 ddu ma kénh da truyén duoc (dugc truyén qua kénh) trong mot don vi thoi gian. I'(A,B) 1a
lwong thong tin di truyén qua kénh trong mot don vi thoi gian.

Néu kénh gian tin: Ty > T,
Néu kénh nén tin: Ty < T,
Thong thuong:  Tx =T,
3.4.6. Kha ning thong qua cia kénh roi rac

Pé danh gia nang luc tai tin t6i da cua mot kénh truyén, nguoi ta dwa ra khai niém kha nang
thong qua.

3.4.6.1. Dinh nghia

Kha ning théng qua cta kénh rdi rac 13 gia trj cuc dai ciia luong thong tin truyén qua kénh
trong mot don vi thoi gian, 14y theo moi kha nang co thé cé cta ngudn tin A. (Cuc dai ndy sé dat

dugc tng v6i mot phan bd i uu clia cc xac sudt tién nghiém p(a; ), Va; €A).

A
C'=maxI'(A,B) = vg maxI(A,B) [bit/s] (3.36)
A A
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C'=vgC v6i C=maxI(A,B)
A

C duoc goi 1a kha ning thong qua cta kénh dbi véi mdi dau.
C’ 1a mot tham s rat quan trong cua mot kénh.
3.4.6.2. Tinh chit
-C’ 2 0, C’ =0 khi va chi khi A va B doc 1ap (kénh bi dut).
-C'<vug logs, dang thirc chi xay ra khi kénh khong nhiéu. (3.37)
Chirng minh:
I(A,B)< H(A)
Lk I(A,B) < vgH(A) (v >0)
max(vgI(A,B)) < max(vgH(A))
v maxI(A,B) < vgmaxH(A)

C' < vk logs
3.4.7. Tinh khi ning théng qua ciia kénh nhi phan déi xtirng khong nhé, dong nhat

3.4.7.1. Dat bai toan

p(bi/a;) = pa

Ta c6 mot kénh nhi phan nhu hinh 3.4. Trong do: a 5 by

Xéc suét sai: p(b2 /al) = p(b1 /32): Ps p(bi/ay)
=,

Xac suét dang: p(bz /a2) = p(b1 /al): P4

by

3.20

p(a;)=p;play)=1-p; p(b2/az) = pa
Céc dau a| vaa, co cung thoi han T. Van dé: tinh C*?

3.4.7.2. Giai bai toan
Ta co:

C'= imaxI(A,B) L ax[H(B) — H(B/A)]
Tk A T A

Ta c6 ngay:

2 2

H(B/A) =-2"> p(a;)p(b;/a;)logp(b;/a;)
i=1j=1
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H(B/A) =—p(a;)[p(b,/a;)logp(b,/a;) + p(b, /a;)logp(b, /a;) |
—P(az)[P(bl /ay)logp(b;/a,;) + p(by/ay)logp(b,/ay) ]
= —p[(1 - py)log(l - p;) + p, logp;]
—(1 - p)[ps logp + (1 - pg)log(l - py)]
H(B/A) = - [pslogps + (1 - ps)log(1 - py)]

Ta thay H(B/A) chi phu thudc vao Pg» ma khong phu thudc vao xac sudt tién nghiém cua

céc ddu thudc ngudn tin A. Do do:

1
C'= T—m:x[H(B) —H(B/A)]

K
= Lmax H(B) —LH(B/A)
Tk A Tk

O day H(B/A) khong ddi ddi v6i moi trang thai (dic tinh théng ké) ctia ngudn A.
Ma:

max H(B) = H(B),,,,x =log,s =log,2 =1
A

1
Vay: C'= T—[l + pglogp, + (1 —pg)log(l — ps)]

K
C'=1(ps.Tic) Yo e
Clone = = 0 < Kénh khong nhid !
max — T < ps = U <= Kén ong nhicu.
K

C
o 1+ pglogpg + (1 - pg)log(l - pg)

max

(3.38)
D6 thi (3.38) biéu dién trén hinh 3.5.

0 0,5 1 ps

Hinh 3.5.
3.4.8. Pinh ly ma hoa thi hai ciia Shannon

Pinh Iy: Néu kha niang phat H’(A) cta ngudn tin roi rac A bé hon kha ning thong qua cia
kénh: (H’(A) < C’) thi t6n tai mot phép ma hod va giai mi sao cho viéc truyén tin co xac suat gip
16i bé tuy ¥ (néu H’(A) > C’ thi khong ton tai phép ma hoa va giai ma nhu vay) khi do dai tir ma
du 16n.

Nhan xét: Pay 1a mot dinh 1y ton tai vi né khong chi cho ta cach thiét 1ap mot ma cu thé
nao. Ly thuyét ma kénh trong chuong 4 chinh 12 hudng dan can thiét cho dinh Iy nay.
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3.4.9. Kha ning thong qua ciia kénh nhi phan doi xirng cé xo4
3.4.9.1.Dit bai toan

Cho kénh truyén, cac diu a; va a, nhu hinh v&. Cac ddu a; va a, co cung thoi han T.
Hay tinh kha ning théng qua C’ cua kénh nay vai diéu kién:

Xéc sudt xod: p(by/a;) =q

I- ps-q

Xéc suét thu dang;

p(b;/a;) =p(by/ay) =1-p;—q
Xac suat thu sai:

p(by/a;) =p(b;/ay) =p,

3.4.9.2. Giai bai toan

I-ps-q
Tuong tu bai todn trén, ta co:

1
C'= ¥m/§1x[H(B) - H(B/A)]

Trong do:

2 3

H(B/A) == > p(ajp(b;/a;)logp(b;/a;)
i=1j=1

=—p|(1-p, —q)log(1 - ps — q) + p,logp, + qlogq ]
—(1-p)[ pslogp +(1-p, - q)log(1-p, —q) +qlogq |
= —[(1-ps —q)log(1 - p, —q) + p,logp, + qlogq |
Ta thiy H(B/A) & vao tinh chat théng ké ciia nguon A. Do do:

mpa}x[H(B) - H(B/A)] = max H(B) — H(B/A)

3
~Solo sl
Trong do:
p(bs)=p(a;)p(bs/a;) +p(az)p(bs/a;)
=pq+(1-p)a=q
khong phu thudc vao tinh chét thong ké ctia ngudn A.

Nhu vy, H(B) s& dat max tmg v6i phan b cua cac xac suat p( a;) dam bao duoc:
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p(0r) =p(b)= 5

= mpz}xH(B) =—qlogq - (1- q)log@

= C'=F{(1-q)[1-log(1-q) ]+ pslogp; + (1 - ps — q)log(1 - p, - q)|

Trong d6 F = l
T

3.5. ENTROPIE CUA NGUON LIEN TUC. LUQNG THONG TIN CHEO TRUNG
BINH TRUYEN QUA KENH LIEN TUC KHONG NHO

3.5.1. Cac dang tin hi¢u lién tuc

Ddi v6i cac tin hiéu cao tin lién tuc s(t) thi gid tri cua nod co thé nhan mot cach lién tuc cc
gia tri khac nhau trong mgt khodang xéac dinh S, + S;ay , CON d6i s6 thoi gian t lai co thé lién
tuc hay roi rac (hinh 3.6)

Vi vay, ta s€ phan cac tin hi¢u lién tuc ra 2 loai.

- Tin hiéu lién tuc véi thoi gian roi rac (hinh 3.6a).

- Tin hiéu lién tuc véi thoi gian lién tuc (hinh 3.6b).

s(t) A s(t) 4

Smax  F oo c oo oo oo Smax b o e

Smin Lo o o e mm____ Smin | - - o

v

Hinh 3.6.
Céc tham sb dic trung cua tin hi¢u lién tuc la:
- Cong suat phod trung binh
- Bé rong pho
3.5.2. Cac dic trung va tham s ciia kénh lién tuc
Ta d4 biét rang cac dic trung ciia kénh roi rac la:

- Trudng déu 16i vao trudc hay sau bd ma hoa: A
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- Trudong du 16i ra sau b giai diéu ché hodc sau bd giai ma B.
- Xéc suat chuyén p(ai /bj) hoiic p(agn) /Bfn))

Dbi voi kénh lién tyuc, cac dic trung cta n 1a:
- Trudng déu 16i vao (sau bo diéu ché): {s(t)}
- Trudng déu 16i ra (trude bo giai didu ché): {U(t)}

- Mat do phan bd xdc sudt dé xudt hign U;(t) khi da phat hign s;(t):

W(U;(1)/s(1))

Ciing nhu ddi vi kénh roi rac tham s quan trong nhét cua kénh lién tuc 1a kha nang thong

qua cua no.
Nhiéu
4 (0 X , . s(t) Pudne ti u(t) - 4 Bi
—Lsf Mahoa |1 Diduché .| Cuonehn SGidgidieuchdl _ | Gigima —
- 5 Kénh lién tuc «—
— Kénh roi rac (chira kénh lién tuc) «—
Dinh nghia:

Kénh Gausse khong ddi 1a mot kénh lién tuc co tap tin 16i vao va tap tin 16i ra lién hé véi
nhau theo cong thurc:

u(t)=ps(t)+n(t) (3.39)
Trong d6 1 = const, (% t) , n(t): nhidu cong 13 tap 4m tring phan bd chuan.

3.5.3. Kénh lién tuc chira trong kénh roi rac

Tinh chét:

Kha nang thong qua cua kénh lién tyuc khong nho hon kha nang thong qua cua kénh roi rac
chtra n6:
Clt Z Cr.rchL’ra It (3.40)
Chirng minh:
Néu phép giai diéu ché va diéu ché 1a hai phép thuin nghich 1dn nhau nhu ta mong mudn thi
khi qua bo diéu ché va giai diéu ché luong thong tin 1a khéng doi (lugng thong tin truyén qua
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kénh trong mot don vi thoi gian). Nhu vay, kha nang thong qua cua kénh lién tyc ding bang kha
ning thong qua cua kénh roi rac. Tuy nhién phép giai diéu ché thuong 1am ton hao théng tin, do
d6 kha ning thong qua cia kénh roi rac khong thé 16n hon kha ning théng qua cua kénh lién tyc
nam trong no.

3.5.4. Entropie ciia ngudn tin lién tuc (ciia mdt qua trinh ngiu nhién lién tuc)

Xét mot nguodn tin S & mdi mot thoi diém co thé phat ra nhitng tin 1a mot dai luong ngau

nhién s ¢6 thé nhan cac gié tri lién tuc trong khoang S .. + Smax VOi mat do xac suit W (S)

Vi trong khodng S i, + S .. ta ¢ vO sO
nhiing gia tri cua s nén tap tin cia nguon S la

mot tap vo han va nhu vay S 1a mot nguodn tin B

lién tyc. Dé tinh entropie ctia ngudn nay ta /\//\/\\

S
Ta thuc hién mot phép lugng tu hod /\_/ V\\
hinh thac bang cach chia khoang \6/ A

S ~S

lam nhu sau:

) A1y x: 1A Smin
min max T n phan bang nhau. Moi phan

bang As va dugc goi 1a budce lugng tir (hinh >
3.7). Hinh 3.7.

Ta coi rang s s€ nhén gid tri S; néu gia
tri cia n6 nam trong mot phan thir i ndo d6. Nhu vay s c6 thé nhén céc gia tri sau: S’ = {S; },1=

I, n . Xéc suit dé s nhan gid tri S; s€ la:

p(si)~ Wi (s;)-As

Entropie ciia ngudn tin da rdi rac hod S’ s& bang:
ZWl Aslog[W1 As]
Khi cho As — 0, ta s& duoc entropie ciia ngudn tin lién tuc.

H(S) = AlsigoH(S = A15120 ;Wl log[Wl ] As |+

+ lim | log— W A
As—)O & ; I

H(S) = _]? W (s)log Wll(s) ds + |:AlsigOALs:| _]3 W, (s)ds

=1
73



Chuwong 3: Co s6 1y thuyét thong tin thong ké

o0
1
= H(S) = IW s)log ds + Iim — (3.41)
(5) 1) W, (s) As—0 As
—00
Tir (3.41) ta thdy entropie mot chiéu ciia ngudn tin lién tuc 16n v6 han do lim — = o0,
As—0 As

S6 hang thir hai khong phu thudc vao ban chét thong ké ciia ngudn (tin hiéu) ma chi c6 s hang
thir nhat phu thudc vao ban chét thong ké ciia ngudn, vi vay ta c6 thé 1dy né dic trung cho nhimg
quéa trinh ngau nhién khac nhau. Ta dit:

A e8]
h(S) = j W, (s)log ds (3.42)

1
Wi(s)
va goi h(S) 14 entropie vi phan (hay entropie twong d6i) ciia ngudn S.

Chuy:
- Khéc vdi entropie ctia ngudn roi rac, h(S) ¢6 thé nhan cac gia tri dwong, am (hitu han).
- Khéc véi entropie ctia ngudn rdi rac, h(S) phu thudc vao thang ty 18 cua s, tirc 1a phu thude

7 2 * . y
vao viéc chon don vi do. Néu tdng s Ién L lan: S = v.S, khi do:

ds
ds”

Wi(s") = Wi(s)| - == Wi (s)

V)

= h(S*) =— T Wl(s*)logwl(s*)ds* =h(S) + logv

—00

h(S) cling c6 tinh chét cong tinh.
3.5.5. MAu vét Iy minh hoa sw 16m vé han ciia entropie ciia ngudn lién tuc

Gia sir ta truyén tin tir A dén B bang duong day 1y
tuong: khong ton hao, khong giy nhidu. & dau B ta dat A B
mot may thu 1a mot volt ké 1y tudng (co tap 4m ndi bd
bang khong, nén c6 thé do v4i do chinh xac tuy ¥,

Zy =). Tin hi¢u phat ndm trong khoang

(0 + 1) Vol. Nhu vy, & dau thu ta s& nhan dugc u =s.

Hinh 3.8.
Néu truong A = {a;},1=110 (c6 10 tin) thi

ta co thé ma hoa mot cach don gian bang cach ddi ching nhu sau:
a; < 0,1V, a, < 0,2V, a,, 1V
Gia sir cac tin 1a ddng xac suat thi H(A) = log 10.
Néu A = {ai}, 1= m thi ta co thé phat di bang cach ddi ching:
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4 <> 0,01V, ay <> 0,0ZV, cee s aloo 1V

Néu cac tin 1a ddng xac suét thi H(A) = log100.

Tuong ty, néu 1 = 1,106 thi chi can chon buéc lugng tir AS = 1075 thi ta c6 thé dam béo
truyén dugc moi tin. Néu céc tin 1a dong xac suat thi H(A) = log1 0.

Vi kénh va thiét bi thu khong c6 nhidu nén ta co thé chon As bé tuy y dé truyén mot sb tin
16n tuy . Khi d6 entropie ctia ngudn tin c6 thé 16n tuy y. Néu As — 0 = H(A) > «.

Trong thyc té, ludn ton tai nhidu n(t) trén dudng diy va volt ké ludn c6 tap am ndi bd. Do
d6 khong thé chon AS nho tuy ¥ dugc ma phai 1a mot sé hitu han. Vi vay entropie ciia ngudn trén
thuc té 1a hitu han.

3.5.6. Luwgng thong tin chéo trung binh truyén theo kénh lién tuc khéng nhé

Xét mot nguodn lién tyc S va gia thiét cac tin s do ngudn sinh ra 1a doc 1ap théng ké véi
nhau, nghia 1a xét ngudn lién tuc khong nhd. Xét kénh lién tuc chi ¢6 can nhiéu cong n(t) cb cac
gié tri cling doc 1ap thong ké véi nhau. Khi d6 ¢ 1i ra ciia kénh ta nhan duge cac tin:

u=us+n

Céac tin nay ciling doc lap théng k& voi nhau. Khi dé kénh xét cling 1a kénh lién tuc khong
nhd. Ta sé tinh luong thong tin trung binh truyén theo kénh nay: I(S, U).

Ta ciing s& luong tir hoa céc tin & dau thu va dau phat. Budc lugng tr & dau phat 1a As,
bude lugng tr & dau thu 1a Au . Khi d6 ta c6 hai ngudn da roi rac sau: S'= {Si}, 1=1,n va

U'= {uj} , J=1,m. Tuong tu nhu myc 4, ta c6:
Xac sudt dé s nhan gia tri s; s& la: p(Si) =W, (Si ).AS )
Tuong tu, ta co: p(uj) =W, (uj).Au.
Xac suat dé dong thoi s nhan gid tri S; vaunhan gia tri u ] gan ding bang:
p(si,uj) =W, (si,uj).As.Au

Néu coi S; la tin truyén di va u j la tin nhan dugc tuong Gng thi khi d6 kénh s€ 1a roi rac

khong nhd va lugng thong tin chéo trung binh truyén theo kénh roi rac d6 1a:

/u.
1(S,U") = iiwz(si,uj).As.Au.logM
i=1j=1 p(s;)

Chu y rang theo cong thirc nhan xac suat:
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p(si.uj) _ W, (si,uj).As.Au

p(si/u;)= p(u;) Wi (u;)Au
' N LA WQ(Si,U.j).AS.Au
= 1(S,U") = i;J;Wz(si,uj).As.Au.log W) S0, (5

Khi cho As —0 va Au — 0 ta s& chuyén tir kénh roi rac sang kénh lién tuc va luong
thong tin trung binh truyén theo kénh lién tyc 1a:

I(S,U)= lim I(S',U") = _[ JWz(s,u)log W (s.u) ds.du (3.43a)

ia:% oo Wl (S).Wl (U)
hay
Wz(s,U) :|
I[(S,U)=M| log (3.43b)
50N e 3

3.6. ENTROPIE VI PHAN CO PIEU KIEN. TiNH CHAT CUA CAC TIN HIEU
GAUSSE

3.6.1. Entropie vi phén cé diéu kién

Tu (3.43b), ta co:

I(S,U) = M{log Wl

S I(S,U) = M|:10g wll(s)} + M{log V;’él((s;l;)}

o0

= IWl(s)logwll(s)dS+ I sz(s,u)log W2(s’u)ds.du (3.44a)

Co—w Wi (u)

Ta c6 thé viét dudi dang sau:
I(S,U) = h(S) - h(S/U) (3.44b)
Trong d6 h(S) chinh 14 entropie vi phan ctia ngudn.

o0

h(S)= [ Wi(s)log—

o Wl(s)

ds
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h(S/U)= [ | Wa(s.u)log 21((8“3)015@
o0 00 1
= W, (s,u)log———ds.d )
_.L__[O »(s,u)log W.(s/u) s.du (3.45)

Theo cong thirc x4c suat nhan: W, (s,u) =W (u).Wl (s/u)

h(S/U) tinh theo (3.45) duoc goi 1a entropie vi phan c¢6 diéu kién ctia ngudn S khi da biét
nguon U.

Dbi voi ngudn 1di rac, ta ¢6: I(A,B) = H(A) — H(A/B)

H(A) 1a lwong thong tin riéng trung binh chira trong mdi ddu cua A.

H(A/B) 1a luong thong tin t6n hao trung binh ctia mdi tin do nhidu trong kénh gy ra.

Vé mit hinh thirc, ta thay h(S) dong vai trd ciia H(A), con h(S/U) déng vai trd ciia H(A/B).

Vé mit y nghia thi khong phai nhu vay, boi vi h(S) va h(S/U) ¢é thé 4m va phu thudc vao
thang ty 1. Tuy vay, viéc dua ra h(S) va h(S/U) rét c¢6 lgi cho viéc tinh toan.

Tir (3.44a) va (3.44b) ta co thé suy ra cac tinh chét sau cta I(S,U):
-I(S,U) = 0, 1(S,U) = 0 khi kénh bi dirt: W(u/s) = W(u)

- I(S,U) =1(U,S) = h(U) — h(U/S): tinh chat ddi ximg.

- Néu kénh 14 khong nhiéu n(t) = 0 thi I(S,U) = o0 .

Hai tinh chit dau twrong tu nhu trong trudng hop kénh roi rac khong nhé. Tinh chat sau suy
ra tir tinh chat 16n v6 han cua entropie ciia ngudn lién tuc.

Chu y:
I(S,U) khong phu thude vao thang ty I¢.

3.6.2. Entropie vi phan ciia nhiéu Gausse

Xét nhiéu Gausse n(t) c6 M[n] =0 va D[n] = P

-
Ham mat do phan bo xac suat cua no la:

n2

1
W(n) = ——€Xp TN
n

Ta s€ tinh vi phan entropie vi phan cta nhicu nay.
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2
0 n

Taco: h(N) = j W (n)log| \/2nP, e*™ |dn

—00

2

0 n

h(N) = J W(n).log,/2nP, .dn + I W (n).loge*" .dn

= log/27P, jW ).dn + geJ' 2W (n).dn
7

™ =D[n]=P,
= log./27P, + %loge
=log./27P,.e (3.46)

3.6.3. Luwgng thong tin chéo trung binh truyén theo kénh Gausse
Ta co:
I(S,U) = h(U) - h(U/S)

o0

= _[ W, (u)log

1
o W (u)
Ta s& tinh h(U/S) trong trudng hop nhiéu Gausse. Kénh ta xét s& 1a kénh Gausse:

u(t)=ps(t)+n(t)

du—h(U/S)

h(U/S)=- T TWz(s,u).logwl(u/s).du.ds

h(U/S)=- T TWl(s).Wl(u/s).long(u/s).du.ds
T j 1 (u/s).log W, (u/s).du

h(U/S)=- T W, (u/s).logW, (u/s).du (3.47)

Dé xac dinh h(U/S) ta phai tinh dwoc W, (u/s).
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Vi yéu t0 ngau nhién chi do nhiéu gy nén, do d6 voi bat cir mot gia tri nhat dinh nao cua s

thi xac suat dé u roi vao khoang du cling chinh bang xac suat dé n roi vao khoang dn.

p{u ed%} = p{nedn}

W, (u/s)du =W, (n)dn

= W, (u/s)=W,(n)—= Wl(n)/du

Véid—u:i(s+n):—+—:1 ViQ:Okhis,ndC)clap
dn dn dn dn dn

Vay W, (u/s) = W, (n) = ——— exp] -2

= h(U/S) = h(n) =log/2neP,
du — log./2meP, (3.48)

= 1(U,9) = | W, (u).log Wi (o)

Neéu u cling ¢6 phan bo chuan thi:

h(U) =log/2neP,

Do s(t) va n(t) 1a doc 1ap nén:

_ 2 2
P, =P, +P, =0, + 0,

vay: h(U) :log__g\/Zne(Ps +P, )

Cubi cung, ta c¢6: I(S,U) = h(U) — h(S/U)

I(S,U) =1log |1+ Y = llog 1+ LS (3.49)
P, 2 P,

Trong do P, 1a cong sudt trung binh cua tin hiéu hiru ich (tin hiéu phat).

Nhén xét:

Tir (3.49) ta thiy I(S,U) khong phu thudc vao hinh dang va cdu tric ctia tin hiéu, ma chi phu

thudc vao ty sb P /P . Thuc ra két luan nay chi dung vé hinh thirc, thuc ra sau nay ta s& thiy néu

cau triic va hinh dang cua tin hi¢u thay d6i thi P,/P, ciing sé& thay déi, do d6 I(S,U) ciing sé& khac

nhau d6i vdi céc tin hi€u co6 cau truc va hinh dang khac nhau.

79



Chuwong 3: Co s6 1y thuyét thong tin thong ké

3.6.4. Tinh chit ciia cac tin hi¢u cé6 phan bd chuén
Dinh ly:
Trong sb nhiing qua trinh (tin hiéu) c6 ciing cong suat trung binh (c°), tin hiéu c¢6 phan bd

Gausse sé& cho entropie vi phan 16n nhat. Tirc 1a:

h(X)=- I W, (x).log W, (x).dx < log+/2mec”

maxh(X) =logv2necs” khi W (x) — mat d¢ chudn
Chirng minh:

Goi x(t) la tin hiéu khong Gausse.

- - 1
X(t) 1a tin hiéu Gause: W|| X | = —=6€Xp{-——
(t) 1a tin hiéu Gause 1( ] =y p P
X

X
Diéu can chimg minh & dinh 1y trén truong dwong véi viéc chirng minh bat dang thirc sau:

h(X) —log4/2neP, <0 (*)

Trudc hét theo gia thiét, ta co:

D.=D,=D

X

w _2 N - o
= J X Wl[x]dx = J- XZWI(X)dX (a)

—0o0 —0o0

h[ijz_zw{;}ogw{;jd;=

=logv2nD | W )~<d)~<+loﬁ x*W, (x)dx
1 D 1

Ta co:

do Jw{;jd;: [ Wy(x)dx =1va do (a)

—00
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~ [ 1 2
= h(X] == J {—ElogﬁtD = ;—Dloge:lwl (x)dx

=— J W (x logWI(;(jdx

Tir (*) = can ching minh: h(X) - h[Xj <0
Ta co:

h(x)—h[N]:—jw1 )log W, (x)dx + jwl long( jd

00 —00

= TW ( )log@dx (*%)

R AT

Véia> 1 bao gi¢ ta cling c6: log, x < x —1.

Nén:

h(X)—h(}N(]s Twl(x) @—1 dx

( jdx— [Owl x ) dx

vay h(X) - h[f(j <0 h(X)< h[f{j VX #x

—00

maxh(X) = h[ij ~log2reD

Y nghia dinh ly:

Trong sb cac qua trinh ngiu nhién ¢ cung phuong sai thi qua trinh c6 phan bd chuén thé
hién “tinh ngdu nhién” nhiéu hon ca. Do d6 ta thiy rang trong s6 nhiing tap c6 cing phuong sai
thi tap phan bd chuén c6 tac hai 16n nhat ddi voi viee truyén tin. (vi entropie dac trung cho do bét
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dinh, ma entropie cua tap chuén max nén do bét dinh cia nd 16n nhét). Do 1a 1y do vi sao trong
céc bai toan cua vo tuyén dién thong ké ngudi ta thuong xét tap chuén.
Bing phuong phép tuong ty, ta ¢6 thé chimg minh dugc:
b
a. Trong sb tat ca cac phan bd trong mot khoang hitu han (a,b): _"Wl (X)dX =1. bai

a

luong ngau nhién phan bé déu co entropie 16n nhat. H(X) = log(b — a) = log o231

b. Trong sd tat ca cac dai lugng ngdu nhién lién tyc dwong co cing ky vong m:
o0 o0
le (X)dx =1va JXWl (X)dX =m. Dai luong ngiu nhién phan b6 theo ludt mil c6
0 0
entropie 16n nhat.

3.7. KHA NANG THONG QUA CUA KENH GAUSSE

3.7.1. Kha nang thong qua cia kénh Gausse véi thoi gian roi rac
Pinh nghia:

Kénh Gausse khong ddi véi thoi gian roi rac 1a kénh Gausse khong doi co tin hiéu 16i vao
s(t) 1a ham lién tuc cua doi so roi rac.

Ta c6 thé coi tin hiéu lién tuc véi thoi gian 101 rac (hinh 5.1a) 1a mot day xung c6 bién do la
céc gia tri bat ky trong khoang Smin & Smax va chu ky lap lai (d6ng thoi ciing 12 d rong xung)
1a khoang thoi gian roi rac At. Pem cac xung (tin) d6 truyén vao kénh thi tbc do truyén tin cta

kénh (cling 1a toc d0 truyen tin ctia nguon) voi thoi gian roi rac s€ 1a:

VK :yAt

Tuong ty nhu doi véi kénh roi rac, kha nang thong qua cia kénh Gausse véi thoi gian roi
rac s€ la:

C' = vg.max I(U,S) (3.50)

I(U,S) 1a luong thong tin chéo trung binh truyén trong kénh lién tuc. P6i v6i kénh Gausse
khong ddi, ta co:

I(U,8)=h(U) - h(N) =h(U) - log/2neP,
= max I(U,S)=maxh(U) — log./2mneP,

Theo dinh 1y & phan 3.6, ta thay h(U) dat max khi u c6 phan bd chuan:

maxh(U) = log./2neP,
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& mot thdi diém nao do, ta co: u = ns +n

Do s van doc lap nén: P, = PMS + P, , AC _______________
Vay:
C':UK[log\/Zne(Pus +Pn) —logm:l 1t
EPHS/PH
o 4§ 1 >
= C' :%UK 10g(1 + %P:j (3.51) Hinh 3.9.

Trong d6 P“S / P, 1aty s tin trén tap & ddu ra clia kénh lién tuc (dau vao bo gidi diéu ché).

Ta khao sat C' = f(Pus/Pn):

P ) ,
Khi f — 0= C'—> 0. Tirc 1a néu S/N rét bé thi kénh coi nhu bj dut.
n

P ,
Khi P_ ) nhung con nho (< 3) thi C’ tang theo rat nhanh.

n

P ,
Khi ﬁ T nhung da kha 16n (> 12) thi C” tang theo rat cham.

n
Do d6 ta thdy khong nén chay theo viéc ting cong sudt cia may phat dé ting kha ning

thong qua ctia kénh ma nén ting toc do truyén tin ctia kénh (vi C’ ~ Lk ).

3.7.2. Kha niing thong qua ciia kénh Gausse véi thoi gian lién tuc trong mdt giai tin han
ché

Ta s€ tinh kédh nang thong qua cua kénh Gausse trong trudong hop tin hi¢u vao s(t) la ham
lién tyc cua thoi gian lién tuc, co phé hiru han F.

O dau vao cia bd giai diéu ché ta c6 thé dat thém mot b loc tan thép c6 giai thong F. (Giai
tan cong tac cia kénh luc nay ciing chinh 1 giai thong tan cua bd loc ndy). Nhu vy bo loc s&
khong anh huong dén méo tin hiéu nhung s& han ché duoc tap am tring. Theo dinh Iy
B.A.Kachennhicop ta c¢6 thé rdi rac hoa tin hiéu theo truc t ma van khong lam mat thong tin néu

nhu At = %F Nhu vy ta di thay viéc truyén tin hiéu lién tuc véi thoi gian lién tuc bang viéc

truyén tin liéu lién tuc voi thoi gian roi rac. Khi d6 tdc do truyén ciia kénh (s6 xung truyén trong

1
mot don vi thoi gian) s& la: L = E = 2F . Do d6 theo (3.51), ta c6:
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C'= Flog(l + P*%j (3.52)
n

Trong d6: F 1a bé rong phd cua tin hiéu

P, 1a cong sut trung binh cta nhidu trong giai F
Véi tap trang ta c6: P, = N.F

N, 1a mat do pho cong suét thyc € clia nhiéu

P S
= C'=Flog| 1+ NHF (3.52°)
0.

Nhén xét:

. . S
Néu tang C’ bang cach tang F thi kéo theo P, T = (EJ\L Nhu vay gitra C’, F va

(S/N) co su tra gia, ta duogc loi vé mit nay thi phai chiu thiét & mat khac.

Ta van c6 thé thu chinh xac duogc tin hiéu (dam bao C’ = const) trong trudng hop S/N bé
(cong sudt ciia may phét nho, cy ly lién lac xa, nhiéu manh) bang cach mé rong phd cua tin hiéu.
Vi dy: trong thong tin vii tru, S/N rat nho nén tin hiéu lién lac phai 1a tin hiéu giai rong (tin hiéu
diéu ché phurc tap, tin hiu gia tap,...)

Do chinh 1a y nghia cua (3.52), n6 con dugc goi la cong thirc Shannon.
3.7.3. Kha ning thong qua ciia kénh Gausse véi thoi gian lién tuc trong giai tan vo han

Trong (3.52), néu lay co s6 cua log 1a e thi C’ dwoc do bang [nat/s]. Néu do bang [bit/s]
thi:

. P 1 _
C'=1,443FIn| 1+ -2 = [bit/s] (3.53)
N, F

Bay gio ta sé xét sy phu thuoc ciia C’ vao F.

-Khi F — 0 thirdrangla C'—> 0

~Khi FT i C'T

Dic biét, ta s& xét gia tri cua C’ khi F —> 00, tirc 1a khi giai thong cua kénh khong han ché.

P P
Datis.l:x :>F:LS.l
NO F NO X

Khi X > 0 thi F > o0,
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' . . P“,S 1
Taky hi¢u: C,, = lim C'= lim | == —.In(1+x)|.1,443
F > x—>0| Ny x

P 1 c’ A
= C,, =1,443. 2 lim [—.1n(1+x)}
NO x =0 X C’DO ____________________________
Taddco: lim (1 + X)I/X =1 Pus/Ng f-----
x—0 '
, P E
= Coo :1,443N— (3.54) |
0 0 Pu/No F o

D6 thi C* = f(F) duoc v& ¢ hinh 3.10.

P P Hinh 3.10.

Taigiati F=— = C=F=—/—.
0 Ny

Tir d6 thi, ta thiy: Kha niang thong qu cua kénh Gausse v6i thoi gian lién tuc 1a mot dai
luong gisi ngi: 0 < C'< C_, . Didu nay dugc gidi thich nhu sau: Trong thyc té, moi vat déu c6
A A A ‘A r A A A \ r A A A A (6]
tap am nhiét. Tap &m nhiét c6 phan bo chuan va c6 mat do cong suat NO =kT".

0—23

Trong d6: k 12 hang s6 Boltzman, k = 1,38.1 J/do.

T® 1a nhiét do tuyét déi cua vat.
Vi vay kha nang thong qua cia moi kénh thuc té déu bi gi6i noi.
3.7.4. Pinh Iy mi hoa thir hai ciia Shannon d6i véi kénh lién tuc

Déi véi kénh lién tuc, dinh Iy ma hod thir hai cia Shannon dugc phat biéu nhu sau:
Dinh ly:

Céc ngudn tin 10i rac ¢6 thé ma hoa va truyén theo kénh lién tuc voi x4c suat sai bé tuy ¥
khi giai ma cac tin hiéu nhan dwoc néu kha ning phat cia ngudn nhé hon kha niang thong qua cua
kénh. Néu kha nang phét ctia ngudn 16n hon kha nang thong qua ctia kénh thi khong thé thuc hién
dugc ma hoa va giai ma véi xac sudt sai bé tuy y dugc.

3.7.5. Vi du: Kha niing thong qua ciia mt so kénh thuec té

- Kénh vién thong chuyén tiép:
" 6 . 7
C'= (n.1o = .10 ) Hartley/s

- Pién thoai, dién bao anh, vién thong chuyén tiép:
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C'= (n.103 . n.104) Hartley/s
- Pién bao:

C'= (n.lO . n.102) Hartley/s

- Conngudi: +Thigide:  C, =n.10° Hart/s

+ Thinh giac: Cvz =n.10° Hart/s.
Diéu nay chung to "trim nghe khong bang mot thiy"
+ Xlc gidc C'3: C'2 < C'3 < C'l
Con ngudi chi c6 thé nhan thie duge cac thong tin dua ra véi toe do truyén < 15 Hart./s.

Mot quyén sach 100 trang (& 2000 ddu/trang): I = (1 03 - 107) bit.
Tri nhé ngén han cta con ngudi: (1 0% +10° ) bit.

Trung binh mot doi ngudi tiép nhan ~1 0'0 pit.
BAI TAP

3.1. Thanh phd no c6 1% dan s 1a sinh vién. Trong sb sinh vién c6 50% la nam thanh nién. S6
nam thanh nién trong thanh phd 1a 32%. Gia sir ta gip mot nam thanh nién. Hay tinh lugng thong
tin chira trong tin khi biét ring d6 1a mét sinh vién.

3.2. C6 hai hop dung but chi, mdi hop dung 20 bt chi. Hop thir nhét c6 10 but trang, 5 but den va
5 but do. Hop thir hai c6 8 but tring, 8 but den va 4 but do. Ta 14y ha hoa mot but chi tir mdi hop.
Hoi rang phép thir nao trong hai phép thir noi trén c6 d6 bat dinh 16n.

3.3. Céc tin hiéu X;, X, v6i cac xdc sudt tién nghiém p(x;)=3/4, p(x,)=1/4 duge

truyén theo kénh nhj phan déi xtimg c6 nhiu nhu hinh v&. Do ¢6 nhifu nén x4c suét thu ding mdi
tin hiéu giam di chi bang 7/8. Hay tim:

a. Luong tin tire riéng c6 diéu kién I(X,/y, )

b. Lugng tin tirc chéo I(Xz,yz )

c. Céc lugng tin tuc
trung ( ) binh I(X, Yo ) ,
plyi/x;)=7/8
H(X), p(x,)=3/4 x| 7 HX/Y), [(X,Y)

p(y /x,)=1/8
p(XQ,) = 1/4 Xzo
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3.4. Mot bang chit cai gdm bdn con chir Xy, X, X3, Xy4. Gid tri xac suat xuét hién riéng r& cac

chir p(Xi) va x4c sut co diéu kién p(Xj /Xi) cho trong cac bang dudi day.

Xj X1 X2 X3 X4
p(x;) 0,5 025 | 0125 | 0,125
4
X; X1 X5 X3 X4 p(xj/xi)
X; j=1
X, 0 0,2 0,4 0,4 1
X5 0,2 0,2 0,3 0,3 1
X3 0,25 0 0,25 0,5 1
Xy 0,2 0,4 0,4 0 1

Hay tim d¢ thira cia ngudn tin trong hai truong hop:

a. Khi cac con chit doc 1ap thong ké v6i nhau.

b. Khi cac con chit phu thudc théng ké v6i nhau.
3.5. Mot dién dai vo tuyén dién gém 16 khéi ¢co gia tri nhu nhau vé d6 tin cay va dugc mic ndi
tiép va mot thiét bi kiém tra — thong bao sy hong hoc cia cac khdi. Hay tinh so6 1an thir it nhat tién
hanh bang thiét bi kiém tra — thong bao d6 dé c6 thé phat hién bat cir sy hong hoc nao cua tat ca
cac khoi.
3.6. Mot dién dai cua dich co thé 1am viéc trén song 7»1 (su kién Al) hodc ¢ trén song 7‘2 (su
kién Az ); n6 cling co thé 1am viéc & ché d6 lién tuc (su kién Bl) cling nhu & ché o xung (su

kién B,). Xac suét céc su kién dong thoi ¢6 gid tri nhu nhau:

p(A;B;)=0,15; p(A;B,)=0,7; p(A,B,)=0,1; p(A,B,)=0,05.
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Hay tinh lugng tin tirc vé ché dd cong tac cua dién dai ay néu coi rang do dai budc song da
biét.

3.7. Xéac dinh kha ning thong qua ciia kénh nhi phan ddi xing c6 xo4 (nhu hinh v&). Néu cac diu

X; va y; c6 thoi han T nhu nhau va T = —. F I tan s6 phat di cac dau.

l-ps-q
p(x1)=p X

p(xz)=1-p X2 O
I-ps-q
Ghi chii: Giai bang cach tim cyc trj cia ham H(B) = f(p)

3.8. O dau vao mot may thu nhan dugc tin hiéu hdn hop y(t) = x(t) + n(t). Trong d6 tin hiéu x(t)
va can nhidu n(t) déu la cac qua trinh ngiu nhién chuan, doc lap, c6 ky vong bang khong va

phuong sai 1an lugt bang Gz va Gr21' Hay tinh:
a. Luong tin tirc I(x,y) vé tin hiéu x(t) chira trong tin hiéu thu dugc y(t).
b. Luong tin tirc chéo trung binh.

3.9. A chon mdt trong céc s6 tir 0 + 7. Hoi B phai ding trung binh bao nhiéu cau héi dé tim ra sb
A nghi?

3.10. Tinh d6 rong giai thong cia mot kénh vo tuyén truyén hinh truyén hinh anh den tring véi

2
C ‘ L c
5.10° yéu to, 25 anh trong 1s va c6 8 muc sang dong xac suat, voi ty so —= = N SF =15.
n 0

Néu coi rang anh v tuyén truyén hinh xem nhu mét dang tap am tring.
3.11. Tim méat do phd tin hiéu S(f) dé bao dam tdc do truyén tin cuc dai khi cho trude cong sut
f2
toan phan ciia tin hi¢u: P, = J. S(f) df va mat do phd cua nhidu N(f).
fl
3.12. Hay so sanh kha ning thong qua cta hai kénh thong tin néu kénh thir nhét chiu mét tac dong
clia mot tap Am trédng, chudn trong giai tan F véi phuong sai 62 = 1V2 , con kénh thir hai chiu
tac dong ctia mot tap am trang, phan bd déu trong khoang +1,5 véi giai tn 2F. Coi rang cong

suat cua tin hi¢u rat I6n hon cong suat cua tap am.
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3.13. Trong 27 ddng xu giéng nhau c6 1 dong xu gia nhe hon. Gia sir ta ding mot can dia thing
bang (c6 hai dia can) dé xac dinh dong xu gia. Hay tinh s6 1an cin trung binh t6i thiéu dé xac dinh
dugc dong xu gia. Néu thuat toan can.

3.14. Trong bd ta lo kho 52 quén bai (khong ké phang teo), A rit ra mot quan bai bat ky. Tinh sb
cau hoi trung binh t6i thiéu ma B cén dat ra cho A dé xac dinh duoc quan bai ma A da rat. Néu
thuat toan hoi? Gia sir A da rut ra 5 ro, hay néu cac cau hoi can thiét.
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CHUONG IV - CO SO’ LY THUYET MA HOA

4.1. CAC PINH NGHIA VA KHAI NIEM CO BAN
4.1.1. Cac dinh nghia co ban

4.1.1.1. Ma héa

Tap cac tin roi rac rat da dang va phong phi. Dé hé thong truyén tin sd c¢6 thé truyén duoc
céc tin ndy can phai c6 mot qua trinh bién doi thich hop d6i véi cac tin roi rac, d6 chinh 1a qua
trinh ma hoa.

. 1 N e 18 Ar oA e A A r s T
Dinh nghia 1: Mé hoa 1a mét anh xa 1- 1 tir tép cdc tin roi rac @; 1€n tap cac trma QL
. l’li
Sfia; > oy
Pé co thé dé dang ma héa va giai ma, tir cac tir ma Ot?i thuong 13 cac phan tir ciia mot cau
trac dai s6 nao d6. Boi vay ta co thé dinh nghia cu thé hon cho phép ma hoéa.

Dinh nghia 2: Ma héa 1a mgt anh xa 1- 1 tir tdp cdc tin roi rac a; 1én mot tap con cod cau

tric cia mot cau truc dai s6 nao do.
4.1.1.2. Ma

Pinh nghia 3: M (hay bo mi) 1a san pham cua phép ma hoa, hay noi cach khac ma la mot
tap cac tr ma dugc 1ap nén theo mot ludt da dinh.

4.1.1.3. Céc yéu tb cia tir ma

Dinh nghia 4: D6 dai trma n; 1a s6 cac dau ma can thiét dung dé ma hoa cho tin a;.

Néu n; = const véi moi i thi moi tir ma déu c6 ciing d6 dai. Bo ma twong ting dugce goi la
bo mi déu.

Néu n; #n; thi b ma tuong g duoc goi 1a b ma khong déu

Pinh nghia 5: S6 cic ddu ma khac nhau (vé gia tri) duoc sir dung trong bo ma duoc goi 1a
co s6 ma. Ta ky hiéu gia tri nay 1 m.

Néu m = 2 thi bd ma tuong ting dugc goi 1a ma nhi phan.

Néu m = 3 thi bd ma twong tng dugc goi 1a ma tam phan

Néu m = p thi bd ma tuong tng dugc goi 1a mi p phan.

Thong thudng cac ddu ma duge chon 14 cac phan tir trong mot truong F nao do.
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Vidu 1: Tir ma oci7 trong bd ma déu nhi phan c6 d6 dai 7 ¢6 thé mé ta nhur sau:
a/=0110101
Mdi mot ddu ma trong tir ma nay chi cé thé nhan mot trong hai gia tri {0, 1} , mdi ddu ma 1a
mdt phan tir cia truong nhi phan GF(2).
4.1.2. Cac khai niém co ban

4.1.2.1. Pj thira ciia mdt bd ma déu (D)

Cho ngudn rdi rac A gom s tin: A = {ai; I,S} .

Xét phép ma hoa f'sau: f:ai—>OLin; OLiHEV.

Co s6 ma 1a m, khi d6 sd cc tir ma do daincothécola: N=m" .
Pinh nghia 6: D thura cua mot bd ma déu duoc xac dinh theo biéu thirc sau:
Ho (V) Ho (V)

Trongdo: H (A) =logs

Hy(V)=logN =nlogm
Vidu2: TacomahoéadtinA,B,C,D béng cac tin tr ma cua mot bd loc giai ma déu nhi

phan, c6 d¢ dai n = 3, khi d6 d¢ thira ciia bd ma nay la:
log4
3log?2

B0 ma nay c6 4 tor ma dugc dung dé ma hoa cho 4 tin roi rac. Céc tir ma con lai (4 tor ma)
khong dugc dung dé ma hoa dugce goi la cac tr ma cam.

D=1-

=33,33%

Doi voi cac b tir ma déu, dé danh gia dinh lugng sy khac nhau gitra cac tir ma trong by ma,
ta st dung khai ni¢m khodng cach ma sau.

4.1.2.2. Khoang cach ma (d)

Pinh nghia 7: Khang cich giita hai tir ma bat ky Ocin va OLEI 1a s6 cac ddu ma khac nhau

tinh theo cung mdt vi tri gitta hai tir ma nay, ky hi¢u d(OLin , OLE1 )

Vi du 3: a/=0110101

al=1001110
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d(oc?,oc}):6

Khoang cach mi d c¢6 dy du cac tinh chit ciia khoang cach trong mot khong gian metric.

Tinh chét 1: d(oﬁl ,aj-l) = d(ocj-l ,oc?)

Tinh chat2: 1> d(oc;l ,OL?) >0

Tinh chit 3: (Tinh chit tam giac): d(OLin,OL?)+d(OL?,OLE)Zd(OL?,OLE)

Pé danh gia dinh lwong kha ning khdng ché sai (bao gdm kha ning phat hién sai va kha
ning sira sai) ciia mot b ma ta sir dung khai niém khoang cach ma tdi tiéu (haykhoang cach
Hamming) sau:

Pinh nghia 8: Khoang caich Hamming dO ctia mot bd ma duoc xac dinh theo biéu thic

sau:

>

dy = min d(a?,an)

n n J
Vo ,a;

O day OL;l va OLE1 khong dong nhat bang khong (Ta coi Ocin 1a tir ma khong khi moi dau
ma trong tir md déu nhan gia tri khong).

4.1.2.3. Trong so ciia mdt tir ma

Pinh nghia 9: Trong s6 cua mot tir ma W(OL?) 1a s6 cac ddu ma khac khong trong tir

Vid:  o/=0110101
W (af ) —4
Néu ta coi mbi tir ma Ocin 13 mot vécto n chiéu trong mot khong gian tuyén tinh n chiéu

V,, . khi d6 phép cong duoc thuc hién gitra hai tr ma tuong tuh nhu phép cong giita hai vécto

tuong Ung.

Vidue: o/ =0110101<(0,1,1,0,1,0,1)
a/=1001110(1,0,0,1,1,1,0)

aj=aj+aj=1 11101 1o (1, L L L 0 1 1)
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O day phép cong trén mdi thanh phﬁn (toa dd) cua vécto dugc thyc hién trén trudng nhi
phan GF(2). Phép cong theo modulo 2 nay dugc mo ta nhu sau:

+ 0 1
0 0 1
1 1 0

Sau day la céc tinh chat cua trong so:

0<W(al)<1

- d(ocil ,oc}l) = W(oc}l +a§1)

4.1.3. Kha niing khong ché sai ciia mét bé mi déu nhj phén
4.1.3.1. Kha nang phat hién sai

Pinh 1y 1: Mot b méa déu nhi phan c¢6 do thira (D > 0) va co dO > 2 s& c6 kha ning phat
hién duoc t sai théa man diéu kién:

t<dy-1 (4.2)

Chirng minh:

Moi tir mi trong bd méa déu cach nhau mot khoang cach it nhat 1a dO- Khi truyén tin, do ¢
nhiéu tir ma nhan dugc c6 thé bi sai & t vi tri t <dy —1. Vi vay tir ma nhan dugc khong thé bién

thanh mot tir ma dugc dung khac. Nhu vay ta luén c6 thé phat hién dugc rang tir ma da nhan sai.
4.1.3.2. Kha nang sira sai

Dinh Iy 2: Mot bd ma déu nhj phan c6 d6 thira (D > 0) va c6 (dg >3) s& c6 kha nang

stra duoc e sai théa man di€u kién:

e< {doz— 1} (4.3)

O day [x] l1aky hiéu phan nguyén ctia sé x.

Chirng minh:

. N . d,—1
Khi truyén tin, do c6 nhi€u, tr ma nhan dugc c6 theé bi sai ¢ e vi tri (e < |: 02 . Nhu

vay, Khoang céch gitra tr ma nhan dugc véi tir ma khac tbi tiéu 1a € + 1. Nhu vay, ta luén co thé
xac dinh dung dugc tir ma da phat. Didu d6 ¢ nghia 1a ta da sira sai duoc e sai gap phai trén dugc
truyén.
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4.1.4. Mi déu nhi phan khong c6 do thira

Mai déu nhi phan khéng c6 d6 thira (D = 0) con dugc goi 1a ma don gian. Vi ma don gian
taco s=N=2"  Nhu vady mdi mot tir ma ¢ thé c6 déu duge st dung dé ma hoa cho cac tin
o1 rac. Voi tr ma don gian dO =1. Vi vay ta khong thé phat hién hay stra dugc bat cir mot sai
nao.

Gia st ta truyén tir ma don gian qua kénh dbi xing nhi phan khong nhd ¢ xac suat thu sai

mot dau 1a Po- Khi d6 xac sudt thu ding mot ddu tuong Gng 1a (1 —Po ) Tr ma chi nhan ding

khi moi ddu ma déu nhan dung. Nhu vy, xac suat thu dung tir ma pg la:
n
pa=(1-pg) (4.4)
Xac suét thu sai cua tir ma 1a:

pszl—pdzl—(l—po)n (4.5.2)

V6i py K 1 ta c6 cong thirc gan dung sau:
n
(1-pg) ~1-np
Ta co: ps NP (4.5.b)
Gia str xac suét thu sai cho phép ddi v6i mdi tinroi  rac 1a Pscp> khi d6 diéu kién st
dung ma don gian trong kénh ddi xing nhi phan khong nhé 1a:

Ps Spscp

Pscp

4.2. MA THONG KE TOI UU
Ta xét phép ma hoa sau dbi véi cac tin ctia ngudn rdi rac A:
/i oa—>al

Moi tin a; dugc ma hoa bang mot to hgp ma (tir ma) Ocini (OL;li 12 mot t6 hop mi gém n;
dau ma).

Ta xét truong hop ma nhij phan tirc 1a mdi ddu ma chi nhan mot trong hai gia tri "0" va "1".
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4.2.1. D¢ dai trung binh cia tir ma va ma hoéa toi wu

a; O(}li L —
Taco A = ——— V= ! 1=1,8
p(a;)) i=ls p(a;)

Pinh nghia 1: o dai trung binh ctia mot t6 hop mé duoc xac dinh theo biéu thirc sau:

HiM[ni]:énip(ai)

Pinh nghia 2: Mot phép ma hoa dugc goi 1a tiét kiém (hay tdi wu) néu né lam cuc tiéu gia

tri n.

4.2.2. Yéu ciu ciia mdt phép mi hoéa tdi wu

-n—min.

- C6 kha ning giai ma tirc thi: khong mot ddy bit nao trong biéu dién ctia mot tin (ky tu) nao
d6 lai 12 phan dau (prefix) ciia mot diy bit dai hon biéu dién cho mét tin (ky tw) khéc.

Vi du 1: Ma Moorse khong dam bao yéu ciu nay vi:

Mi s cho E (.) 1a tién t6 ctia ma s6 cho A ( _)
Mi s6 cho D (_.. ) 1 tién t6 ctia ma s cho B (_)
4.2.3. Pinh Iy mi hoéa thir nhét ciia Shannon (d6i véi ma nhi phén)

4.2.3.1. Pinh Iy

Luon ludn co thé xay dung duoc mot phép mé hoa cic tin 1di rac ¢ hiéu qua ma n co thé

nho tity ¥ nhung khong nhé hon entropic H(A) duoc xac dinh béi dic tinh thdng ké cua ngudn A.
n>H(A)

Chirng minh:

Néu goi m 1a co s6 cia bo ma thi lugng thong tin riéng cuc dai chtra trong mdi dau ma 1a
log m.

Goi n; la do dai cua tr ma OL;li ung véi tin a;, khi d6 lugng thong tin ri€ng cuc dai chira
trong tr ma nay la n; logm .

Luogng thong tin riéng trung binh ctia mdi tir ma la:

S J—
a: )n. loem =nlogm
> p(a;)n;log g
i=1
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Dé phép ma hoa khong 1am ton hao thong tin thi lwong thong tin riéng trung binh cuc dai
chtra trong mdi tir ma phai khong nho hon lugng thong tin riéng trung binh chira trong mdi tin
thudc ngudn. Tirc 1a:

Hlog m > H(A)
H(A)

hay n> .
log m

V&i mi nhi phan (m = 2) ta co: n> H(A)
4.2.3.2. Nguyén tic 1ap mi tiét kiém
S
Theo dinh I taco: Y _p(a;)n; =—> p(a;) logp(a;)
i=1 i=1
Bt dang thirc trén s& thoa man néu Vi ta co:
p(a;)n; > —p(a;) logp(a;)
hay n; >—logp(a;)

Nguyén tac: Cac tir ma c6 d6 dai cang nho s€ dugc dung d€ ma hoa cho cac tin ¢ xac suat
xuat hi¢n cang 16n va nguoc lai.

4.2.4. Thuat toan Huffman

4.2.4.1. Thuat toan ma hoa

Véi phép ma héa tdi vu ta co: n= H(A)
. : aj .
VAO: Nguon roirac A = ) ,1=1,s
1

RA: Tu ma OL;li twong ung vai tin a;

Budce 1: Khoi dong mot danh sach cac cay nhi phan mdt nut chira cac trong lugng
P> Pps --+» Py chocéctin @y, 5, ..., @,.

Budc 2: Thuyc hién cac bude sau n —1 1an:

Tim hai cay T' va T" trong danh sach véi cac nat gbe c6 trong lwong t6i thiéu p' va p".

Thay thé hai ciy nay bang cdy nhi phan véi nit gbc c6 trong lugng p' + p" va c6 cac ciy
conlaT vaT".

Danh dau cac miii tén chi dén céc cay con 0 va 1.

0 @ 1
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Budc 3: Mi sb cua tin a; la day cac bit duoc danh dau trén duong tir gbc cua cay nhi phan
cudi cung t6i nut a;.

Vi du 1: Xét cac ky tr A, B, C, D, E c6 cac xéac suét xuat hién tuong ung 13 0,2; 0,1; 0,1;
0,15;0,45

B C D A E

Budc 2: Lan I:

ON
C D A E

0
B

Lan 2:

Lan 3:
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LAn 4:

Buoc 3:
Ky tu A B C D E
Ma tuong ung 01 0000 0001 001 1
n; 2 4 4 3 1

Panh gia hi¢u qua:

s
n=> np(a;)=2.0,2+4.0,1+40,1+3.0,15+1.0,45
i=1 =2,1dau

S 1 100 100
H(A)=> p(a;)log =2.0,110g10 + 0,1510gF+ 0,2log5+ 0,4510gE

i=1 p(a;)

=0,2.3,3226+0,15.2,7375+0,2.2,3224 + 0,45.1,1522
=0,6645+0,4106+0,4645+0,5185
=2,058 bit

Ta thay n> H(A)

Nhén xét: Phép ma hoa trén 13 gan t6i uu.

4.2.4.2. Thuat toan gidi ma

VAO: Xau bit

RA: Xau tin (ky tu)

Budce 1: Khoi dong con trd P chi dén géc cua cady Huffman.
Budc 2: While (chua dat téi két thuc thong bao) do:

a. it x 12 bit tiép theo trong xau bit.
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b. If x =0 then
Dit P: = con tro chi dén cay con trai cia n6
else
P: = con tré chi dén cay con phai ctia n6
c. If (P chi dén nut 13) then
1. Hién thi ky ty twong tmg v6i nit 14.
2. Pit lai P dé n6 lai chi dén gdc cua cay Huffman
Vidu 2: Thong bdo nhan duge: 0100011001101 ...
Qua trinh giai ma:
Go1l1 0001 1T 001 1 01
G G G G G G
pT 17T N R N AN N
A C E D E A
RA:ACEDEA ...

4.3. CAC CAU TRUC PAI SO VA MA TUYEN TINH
4.3.1. Mot s6 céu tric dai sé co ban
4.3.1.1. Nhém: (G« )

Nhom G 13 mét tap hop cc phan tir véi mot phép toan trong 2 ngdi théa man cac tinh chat
sau:

-a,beG= a*b=ceG
-T@)ntaiph?int&donvie: ax*e=¢ *a=—a

- Ton tai phan tr nguoc alia*al=a! xa=¢

Néu a*b=Db *a thi nhom dugc goi 1a nhom giao hoan.

Vi du 1: Tép cic s6 nguyén Z véi phép toan cong (+) tao nén mot nhom giao hoan véi phan
ta don vi 1a 0.

Néu sb cac phan tir trong nhom ‘G‘ 1a hiru han thi ta c6 nhém hitu han cip ‘G‘ .

Néu He G va <H, *> tao nén mot nhom thi H dugc goi 1a nhom con ciia G. Cap cua H 1a
wdc cia cip cua G.
4.3.1.2. Nhom xyclic

Xét nhom hiru han (G, ). Néu G 6 thé md ta nhu sau”
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G:{ai ,Vi}

thi G duoc goi 1a nhom xyclic sinh boi a. o duge goi 1a phan tir sinh (hay phan tir nguyén
thiy) cua nhom.

Vi du 2: Xét nhém nhan: Zikl 2{1, 2,3, 4,5 6,7,8,9, 10}

Taco:  20=1 2° =10
2l=2 20=9
22 =4 27 =
23=8 28=3
24 =5 27 =6

Ta c6 thé viét Zikl = {Zi mod 1 1} )

Phan tor o dugc goi 1a c6 cap k néu n la s6 nguyén duong nhd nhat thoa man

oX =1modn.
O vi du trén ta c6 0rd(2) = 0rd(8) = ord(7) = ord(9) =10
43.1.3. Vanh: (R, +, +)

Vanh R 12 mot tap hop cac phin tir véi hai phép toan trong hai ngdi (Phép cong (+), phép
nhan (*)) thoa mén céc tinh chét sau:

- <R, +> 12 mot nhom dbi véi phép cong

- <R, °> 1a mot nira nhom d6i voi phép nhan. Diéu nay c6 nghia 1a khong nhit thiét moi
phan tir déu c6 phan tir ngugc ctia phép nhan.

- Tinh chét phan phéi: (a+b) c=ac+bc

Vanh R duoc goi 1a vanh giao hoan néutaco ab =ba
4.3.1.4. Ideal:

Ideal I 1a mét tap con trong R c6 céc tinh chit sau:

-a,bel: a+bel, <I,+> 12 mot nhom d6i véi phép *.

-ceR : cael
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4.3.1.5. Truwong <F,+, ->

Truong F 1a mot tip hop cac phan tir v6i hai phép toan trong hai ngdi thoa man:

- <F, +> 1a mot nhém cong

* .
- <F , °> 12 mot nhom doi véi phép nhan.
*

Trong d6: F =F\ {0}

Vi du 3: Truong nhi phan GF(2): Trudng nay chi c¢6 hai phan tir 0 va 1.
4.3.1.6. Khong gian tuyén tinh V,

Céc phan tir trong khong gian tuyén tinh duoc goi 14 cac vécto.
Ve Vn 14 cac vécto n chiéu. Mdi vécto n chiéu duge mo ta b?ing mot bd n toa do duoc sép

v(—)(vo, Vis wes Vn—l) voi v, e F
Trong khong gian V|, ta x4c dinh cac phép toan sau:
- Cong vécto: U =(u0, cees “n—l) , VZ(VO, ey Vn—l)
u+v:(y0, ey yn_l) véi y;=u;tv;eF

- Tich v6 hudng cua hai vécto: (u,v)

n-1
(u,v) = Zui"i eF
i=0

Hai vécto dugc goi la truc giao néu (u,v) =0
- Nhan mét vécto véi mot phan tir vo hudng

Xét phan tir vo huéng o, € F
o = (0w, ..., ouy,_;)
4.3.2. Cac dang tuyén tinh va ma tuyén tinh
4.3.2.1. Dang tuyén tinh

Pinh nghia 1: Cac dang tuyén tinh cia k bién doc 1ap X|, X, «vy X lacéc biéu thirc c6
dang:

k
F(xs s X)) = Zaixi (4.7)
i=1
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Trong do: a; € F

Nhin xét: Cé sy twong tmg 1 — 1 giira cac dang tuyén tinh, cic vécto va cac da thirc trong
vanh da thuec.

4.3.2.2. M tuyén tinh

Pinh nghia 2: Ma tuyén tinh d§ dai n 1a ma ma tr ma ctia n6é c¢d cac dau ma la cac dang
tuyén tinh

Pinh nghia 3: Ma hé thng tuyén tinh (n,k) 1a ma tuyén tinh do dai n trong d6 ta co thé chi
ra duoc vi tri cta k ddu thong tin trong tir ma.

Pinh nghia 4: Ma tuyén tinh ngiu nhién 12 ma tuyén tinh ¢6 cac diu ma duoc chon ngau
nhién tir cac dang tuyén tinh c6 thé co.

Nhén xét:

- Shannon di chimg minh ring ton tai cac mi dat dugc gioi han Shannon (théa mén dinh 1y
ma hoa thtr hai) trong cic ma tuyén tinh ngéu nhién.

- Kho tim cac ma tot trén cac ma tuyén tinh ngau nhién. Hon nira vi¢c ma hoa va gidi ma
cho cac ma nay cling rat phtrc tap. Boi vy cadc ma nay chi c6 y nghia vé mat 1y thuyét.

Vi du 4: S6 cac dang tuyén tinh khac nhau cua 4 bién doc lap 1a:
_n4 _
Ny =2*-1=15
S6 cac ma hé thdng tuyén tinh (7,4) la Ny = C131 =165
4.3.2.3. Ma tran sinh va ma trin kiém tra ciia mi tuyén tinh
Pé don gian cho viéc mo ta mi tuyén tinh nguoi ta thuong sir dung ma tran sinh Gk.n- Ma
tran nay chira k vécto hang doc lap tuyén tinh tao nén khong gian ma V—(n k)
2k céc véto khac nhau 13 tat ca cac t6 hop tuyén tinh c6 thé c6 ctia k vécto hang nay.
Trong dai s6 tuyén tinh ta biét ring v6i mdi G sé& ton tai ma tran H,,,, thoa man:
T _
GH =0 (4.8)
Trongdé: r=n-k

HT duoc goi la ma tran chuyén vicua H
H duogc goi 1a ma tran kiém tra ctia ma tuyén tinh (n, k)

Ta thiy rang H chtra r vécto hang truc giao véi cac vécto hang cua G

Hién nhién 1a néu a 1a mot vécto ma (a €V_(nr) ) thi :
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aHT =0 (4.9)

O day H cling 1a mot ma tran sinh ciia mot ma tuyén tinh V_( ) va G lai chinh 1a ma trdn

n,r
kiém tra ciia mi nay. Ta thdy rang khong gian tuyén tinh C sinh boi G 1a khong gian khong cia
khong gian tuyén tinh C* sinh boi H.

Tir (4.9) ta co thé viét ra r phuong trinh:

n
Zajhij=0 , i=1,1‘ (4.10)
i=1

Céc phuong trinh ndy con dwugc goi 1a cac tong kiém tra. Ma C sinh boi ma G va C* sinh
boi H duge goi 1a cac ma d6i ngau.

Néu C=Ct thiC duogc goi 1a mé tu d6i ngiu. Cac ma tw ddi ngdu c6 r=n—Kk va boi
. k 1
vay cotocd0 R =—=—.
n 2
Vi du 5: Xét ma hé théng tuyén tinh (7, 4) c6 cac d4u mi duoc chon tir cac dang tuyén tinh
nhu sau:

Tur mé a gobm cac dau ma a; dugc chon nhu sau:

a9 = Xo
=X
ay =X
a3 = X3

Ay =Xo+ X+ Xy
a5 =X + Xy +X3
ag =Xy + X + X3
Nhu vdy ma tran sinh G c6 dang:
1000001
0100111

0010110
0001011

Ma tran kiém tra cia ma (7, 4) nay la:
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1110100
H={0111010
1101001

H chinh 1 ma tran sinh ctia ma (7, 3) 1a ma d6i ngau voi ma (7, 4) sinh boi G
4.3.3. Cac bai to4n toi wu ciia ma tuyén tinh nhi phéan

Khi xdy dung mot mé tuyén tinh (n,k,do) ngudi ta mong mudn tim dugc cac ma cd do

thira nho nhung lai ¢6 kha ning khéng ché sai 16n. Dé don gian ngudi ta thuong xay dung ma dya
trén cac bai toan ti wu sau:

4.3.3.1. Bai toan 1
Véikva dO xac dinh, ta phai tim dugc ma cé d6 dai véi tir ma 1a nho nhét.

Tuong tmg v&i bai toan nay ta co gidi han Griesmer sau:
k-1 d
n> {—01 4.11)

O day I_x _l chi s6 nguyén nho nhét 16n hon hodc bang x.
Vidy6: Cho k=4, d,=3

n>3+2+1+1=7

Vay ma phai c6 do dai tdi tiéu 1a 7. Hay n6i mot cach khac ma (7, 4, 3) 1a mot ma tdi wu dat
duoc gidi han Griesmer.

4.3.3.2. Bai toan 2
Vi n va k xac dinh, ta phai tim dugc ma c6 khoang cach tiéu dO 13 16n nhat.
Tuong Gmg vai bai toan nay ta ¢6 gidi han Plotkin sau:
dy < n'kzk_l
20 -1
Vidu7:Chok=3,n=7

(4.12)

2
L 12°

do < —4
07931

Vay khoang cach dO 16n nhat 1a 4. N6i mot cach khac ma (7, 3, 4) 1a mot ma tdi vu dat

duogc gidi han Plotkin.
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4.3.3.3. Bai toan 3

Vi n va sd sai kha sira t xac dinh, ta phai tim dugc mé c6 sé dau thong tin k 13 16n nhat
(hay s6 du thira r = n — Kk 13 nho nhat)

Tuong tng voi bai toan nay ta ¢6 gioi han Hamming sau:
k S
n_
2" >3y (4.13)
=0

Vidu8:Chon=7vat=1

Lo
2'2>'Ch=C)+C} =8

i=0
r=log,8=3
hay k<7-3=4

Nhu vay ma (7, 4, 3) la ma tdi wu dat duoc gi61 han Hamming

Ma dat dugc gidi han Hamming con dugc goi 1a ma hoan thién.
4.4. VANH PA THUC VA MA XYCLIC

4.4.1. Vanh da thure

Ta xét tp hop cac da thirc c¢6 bac khong 16n hon n —1 sau:
n—1 .
1
f(x)=> fix (4.14)
1=0

degf(x)ﬁn—l

fi 1a cac hé sé dugce lay gi tri trong mot trudng F nao do.

Trén tap cac da thic nay ta xac dinh 2 phép toan trong la phép cong da thic va phép nhan
da thirc nhu sau:
4.4.1.1. Phép cong da thirc
n—1 ) n—1 ]
Xét hai da thtrc sau: a(X) = Z aixl , b(X) = Zbixl
i=0 =0
Ta co: a(X)+b(X)=C(X)

n—1 )
¢(X)=) ¢
i=0
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Ci = ai + bl
O day phép cong cac hé so a; va bi duoc thyuc hién trén truong F

Néu ta coi mdi da thirc ¢6 bac nhé hon hoic bang n —1 1a mot vécto trong khong gian

tuyén tinh n chiéu V,; thi phép cong da thirc hoan toan twong tw nhu phép cong vécto.
Vidu 1: Xétn =7, F = GF(2)

a(X) = 1l+x+x" < a=(1100100)

b(X) x+x* <  b=(0110000)

a(X)+b(X) = 1+x*+x* <> a+b =(1010100)

4.4.1.2. Phép nhan da thirc
Pé tich cua hai da thirc ¢6 bac < n —1 van 1a mot da thire c6 bac < n —1 ta phai thuc hién

phép nhan 2 da thtrc theo modulo X" +1 (tirc 1a coi X" =1).

n—1 ) n—1 )
a(X)b(X)=| D ax' || D bix' modX" +1
i=0 i=0
Vidy2: a(X)=1+X+X", b(X)=X+X>

a(X)b(X) = (1+X+X*)(X+X*) modX” +1
a(X)b(X) = (1+X* +X° + x>+ X* + X7 )mod X" +1
a(X)b(X) = 1+ X+ X+ X> +X* +X°

Ta théy réng tich cua hai da thirc dugc thuc hién trén co sé tich ctia hai don thirc x' va x).

xi x) = y(i+])modn (4.15)
Chii y: Phép nhan cac hé sb a; va bj la phép nhan trén truong F
4.4.1.3. Phép dich vong

Ta xét mot truong hop dac bi¢t cua phép nhan 1a nhan mdt da thuc a (X) va mot don thurc

n—1 .
a(X)=Zaixl (—)a:(aog ap, dy, ..., an—l)
i=0

Xét tich sau:
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n—1 )
b(X)zx.a(X):x. Zaixl <—>b=(an_1, ag, ap, ..., an_z)
i=0

Ta thay biéu dién vécto b dugc dich vong vé phia phai mot cap so véi biu dién vécto a.

Tuong tu ta co:

i (o=l
c(X):xJ.a(X):xJ. Zaixl <—>c:(an_j, Ay jil> +os an_j_l)
i=0

Xét thuong sau:

a(X ax'
d(x):Q:ZTIHd:(aI, ay, ..., y_y, dg)

X

Ta thay bic¢u dien cua véc to d dugc dich vong vé phia trai 1 cap so voi bicu dién cua vécto

Nhan xét:

a(X)= I1+x+x* <>a=(1100100)
b(X) = X.a(X) = X(1+X+X4) = X+x2+x> & b = (O 11001 O)

d(X) = = = 1+x°+x° < d=(1001001)

4.4.1.4. Dinh nghia vanh da thirc
Pinh nghia 1: Tap cac da thirc xac dinh theo (3.11) véi hai phép toan cong da thirc va nhan
da thtre theo modulo X" +1 tao nén vanh da thirc. Trong truong hop cac hé sé cia cac da thic

nam trong GF(2) ta ky hiu vanh nay 1a Z, [X]/Xn +1.
4.4.2. Ideal ciia vanh da thirc

Dinh nghia 2: Ideal I cua vanh da thirc gdm tap cic da thire a(X) 1 boi ciia mot da thirc

g(X) thoa man:
- g(X)[X" +1 (g(X) 1ause cia X" +1)
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- deg g(X)zr:mindeg a(X) véi Va(X) el, a(X) #0

Ta ky hiéu Ideal trong vanh da thuc 1a I = < g (X)>

r .
Hién nhién 1a véi g(X) =) gix' taco
i=0

go=g=1.,g {01} vsii=1r-1

Dé c6 thé tim dugc tit ca cac Ideal trong vanh ta phai thuyc hi¢n phan tich nhi thac X" +1
thanh tich cta cac da thtrc bat kha quy.

Pinh nghia 3: Da thic a(X) duoc goi 1a bat kha quy néu né chi chia hét cho 1 va cho
chinh no.

Nhu vay da thire bat kha quy 13 da thirc khong thé phan tich thanh tich cac da thirc c6 bac
nho hon.

Pinh 1y 4: V6i n =2™ —1, da thac X" 41 dugc phan tich thanh tich cua tht cd céc da
thirc bat kha quy c6 bac m va udc clia m.

Vidu 4:

-m =2, n=23: chi c6 duy nhit mot da thirc bt kha quy bac 2 1a X2 + X +1 va mot da thuc
bét kha quy bac 1 1a (1 + X) . Nhu vay:

X3+1:(1+x)(1+x+x2)

-m=3,n=7: Trong s6 8 da thirc bac 3 chi ¢ 2 da thirc sau la cac da thirc bat kha quy, d6

3 3

lax +x+1vax +X2+1.Nhu’véy:
X7+1:(1+x)(1+x+x3)(1+x2+x3)

-m =4, n=15: Trong s6 16 da thirc bac 4 chi c6 3 da thirc sau la cac da thirc bat kha quy:

X4+X+1, P +1va X4+X3+X2+X+1.Nhuvay:

X15+1:(1+x)(1+x+x2)(1+x+x4)(1+x3+x4)(1+x+x2+x3+x4)

Goi s cac da thic bat kha quy trong phan tich cua X" +1 1a L, khi d6 s6 cac Ideal trong
vanh duge xéc dinh theo biéu thitc sau: | 1| =2" —1
Dinh nghia 5: Da thicc g *(X) dugc goi 1a da thirc dbi ngiu cua da thirc g(X) néu:

g*(X)=x‘eeM g(x7)
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Vi du 5: Cho g(X):(1+X+X3).
Khi d6 da thie d6i ngdu g *(X) cua no la:
g*(X)=X3-(1+%+%j=X3 +X2+1

Néu g *(X) = g(X) thi g(X) duoe goi la da thire tw ddi ngau.

Nhén xét:

-Néu a(X) 1a bat kha quy thi n6 phai chira mét s6 1¢ céc don thirc.

-Néu a(X) 1a bt kha quy thi a *(X) ciing 1a mot da thire bét kha quy.
4.4.3. Dinh nghia ma xyclic

Pinh nghia 6: M xyclic (n, k) 1a Ideal 1=(g(X)) cia vanh da thitc Z, [x] / X" +1.

Vi ldeal (g(X)) chia tht ca cac boi cia g(X) nén néu a(X)e(g(X)) thi
a(X)ig(X) vahién nhien 12 x.a(X)ig(X) = xa(X)e(g(X)).

Ta c6 thé dua ra mot dinh nghia truc quan hon cho ma xyclic.

Dinh nghia 7: Ma xyclic la mot bo mé tuyén tinh 6 tinh chit sau: Néu a(X) 1a mot tir

ma thi dich vong cua a (X) cling 1a mogt tor ma thudc bo ma nay.
Chuy: g (X) dugc goi 1a da thuc sinh cua ma xyclic

Vi du 7: Tép tit c cac ma xyclic trén vanh Z, [X] / X’ +1. Vanh nay co tat ca 7 ideal

twong ing véi 7 bo ma xyclic.

N© g(X) Man, k) | do
1 1 (7,7) 1
2 1+X (7, 6) 2
3 1+X+X° (7,4) 3
3 1+X%+X3 (7,4) 3
4 1+ X+ X2 +x* (7,3) 4
4 1+X2+ X2+ X4 (7,3) 4
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7 > 7, 1) 7

4.4.4. Ma tran sinh ciia ma xyclic

Vi mi xyclic (n, k) 13 mot ma tuyén tinh nén ta c6 thé mo ta nd thong qua ma trén sinh G
nén chira k vécto hang doc 1ap tuyén tinh. Ta c6 thé thiét 1ap G nhu sau:
g(X)

L(X
G= Xg() (4.1.6)

Xk_l.g(X)

Vi du 8: Mi xyclic (7, 4) c6 da thuc sinh g(X) =1+X+X>. Ma tran sinh cia ma nay

¢6 thé mo ta nhu sau:

3
1+X+X 1101000

Go| XHXPHXT ) _j0110100
Ix2ex34xS| 0011010

0001101

X3+ X4+ X8
4.4.5. Ma tran kiém tra ciia mi xyclic
Vi g(X)‘Xn +1 nén ta c6 thé viét x" +1= g(X).h(X)

Hay h(X) = ZIE;;)I

h (X) duogc goi 1a da thire kiém tra.

Vi g(X).h(X) =0mod X" +1 nén cac da thic h(X) va g(X) dugc goi la cac da

thire truc giao.

koo
Taco: h(X) =D hx) véi hy=h =1, h;€{0,1} voi j=2,k -1
=0

Do su khac biét gitra tich vo hudng cua 2 vécto va tich cua hai da thirc tuong trng nén ta co

thé xay dung ma tran kiém tra ctia ma xyclic sinh boi g (X) nhu sau:
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(4.17)

x"Th* (X)
Vi dy 9: X4y dyng ma trén kiém tra cho mé xyclic (7, 4) c6 g(X)=1+X +X°

7
Ta c6: h(X):X3X+—;;1+1:(1+x)(1+X2+X3)=X4+X2+X+1

h(X)=1+X*+X> +X*
Ma tran kiém tra:
1+X2+X3+X4 1011100
H=| X+X2+X*+X° [=|0101110
X2+X*+Xx2+x0 | \00 10111

Ta dé dang kiém tra: G.HT =0
Véi a(X) 1a mot tir ma ta co: [a(X)].HT =0
4.5. MA HOA CHO CAC MA XYCLIC

4.5.1. M6 ta tir ma ciia mé xyclic hé thong

Pinh nghia: Mi xyclic (n, k) duoc goi 1a mot ma xyclic hé thong néu ta c6 thé chi rd vi tri
cua cac ddu thong tin va cac ddu kiém tra trong tir ma.
Thong thuong cac dau thong tin duoc sip xép ¢ k vi tri bic cao (tir bac r tdi bac n—1) Cac

vi tri bac thép con lai 1a cac déu kiém tra (tir bac 0 téibac r—1)

F L I T L A R A R

— N g
—~ —~

r déu kiém tra k dau thong tin
n—1 )
f(X)=) fix'= x"*a(X)+r(X)
=0

Ta co: f(X)ig(X) = f(X)=q(X).g(X) (1.18)
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. f(X) _x""a(X)  r(X)
g(X)  g(X)  g(X)
TX) x4 ), 1 (X) L19
20 %) e (™) -

Tir (1.1) va (1.2) ta thay: 1'(X) +1(X) =0

4.5.2. Thuit toan mi héa h¢ thong
Tir (1.19) ta c6 thé mo ta thudt toan xdy dung tir mé xyclic theo cac budc sau:
VAO: Tinrdirac a; € A

RA: Temi f; (X) twong tmg voi a; .

Bude 1: M6 ta tin a; trong tap tin can ma hoa (gém 2k tin) bang mot da thirc a; (X) voi
deg a;(X)<k-1.

Budc 2: Nang bac a; (X) bang cach nhin né véi X"k
. . n-k L o A
Budc 3: Chia a; (X)X cho da thirc sinh g(X) dé tim phéan du T1; (X) .

Budc 4: Xay dyng tir ma xyclic: f; (X) =a; (X).Xn_k +1; (X) (1.20)

4.5.3. Thiét bi mi héa
Phan trung tim cta thiét bi ma hoa 1a mot thiét bi chia cho g(X) dé tinh du. Thuc chét day
1a mét otomat nhé dang cua g(X).
r—1 )
Giasi: g(X)=) gix' (1.21)
i=0
Khi d6 thiét bi ma héa cho ma (n, k) véi da thire sinh dang (1.21) dugc md ta nhu sau (Hinh
0 Hoé mach
4. 1)3 gi = .
1 Ngan mach

vV, 1=k
&1 29) g3 &r-1
a;(X)x"™  vAo
1 — 2 —- 3 —> - > T > )e

k+l+n"v, H
112
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Hoat dong cua thiét bi ma hoa:
- k nhip dau: chia va tinh phan du: Mach va V; mé, V, dong, thiét bi hoat dong nhu mot
b chia dé tinh du. Két thuc nhip thit k toan bd phan du nam trong r 6 nhé tir 1 dén r. Trong qua

trinh nay, cac ddu thong tin (ai (X) X"k ) dugc dua ra qua mach hodc H.

- r nhip sau: dua ra cac d4u kiém tra (phan du) t6i ¢au ra. Mach VA Vl dong, thiét bi hoat
dong nhu mdt thanh ghi dich ndi tiép. Mach VA V2 m&, cac dau kiém tra duoc 1an luot dua ra tir
bac cao td1 bac thép. Két thiic nhip thir n, toan bd tir ma dugc dua ra déu ra.

Vi du 1: Thiét bi ma hoa cho ma xyclic (7, 4) ¢6 g(X) =1+X+X°

Vl 1 - 4

ai(X).Xn_k
«~1010:000

0.0

/
7

1+

Gia sir da thire thong tin can ma: a(X) =X>+X

Qua trinh hoat dong cua thiét bi dugc mé ta trén bang sau:

XuTlg Vio Trang théi cic 6 nhé Ra

nhip 1 2 1
1 1 1 1 0 1
2 0 0 1 1 0
3 1 0 0 1 1
4 0 1 1 0 0
5 0 0 1 1 0
6 0 0 0 1 1
7 0 0 0 0 1

Bang 1: Qua trinh hoat dong ctia b ma héa.

Kiém tra lai: a(X).xn_k = (X3 + X).X3 =x%+x*

113



Chuwong 4: Co s6 Iy thuyét ma héa

6 4 3

X +X X" +x+1
x5 +x*+x° x> +1
X3
x> +x+1
Du r(X)=x+1

X0 X’
Tir mé duoc thidt 1gp f(X)=x+x*+x+1 < 1 010011

4.5.4. Tao cac diu kiém tra ciia mi xyclic
Giastt f(X)eV - mixyclic (n, k) ¢ da thire sinh g(X).
Khido f(X):g(X) hay f(X)=g(X).q(X)
Trong do: deg f(X)<n-1

deg g(X)=r=n-k

n-1 )
vei f(X)=) fix'
i=0

x" +1
Goi h(X)= taco deg h(X)=k
()= s dean(x)
Nhan hai vé caa (*) véi h(X) ta co: f(X).h(X)=g(X).q(X).h(X)
vi g(X).h(x)=x"+1nén f(X).h(X)=g(X)x"+q(X) (**%)
<

Vi deg g(X) k —1 nén trong (**) khong chira cac thanh phan bac cao cia x c¢6 mil
k, k+1, ..., n—1.

Do d6 cac hé sb twong ng ctia cac thanh phan nay trong (**) phai bang 0. Ttc 14 trong

biéu thic:
n—1 ) k ]
1
= X || Xy
i=0 =0
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ta phai c6 céc s6 hang c6 dang: f; hj X =0 veéi 14 j thoaman: k <i+ j<n—1 hay
k—j<i<n-1-j.
Khijchay tr 0 dénk thi: n—r—j<i<n—1-j.

Nhu vay ta co:
K *
Zhjfn_j_i:() , 1<i<n-k (**)
=0

Hién nhién 14 ta luén ¢6: hy =hy =1.

Tur (***):fn_k_izlghjfn_j_i 1<i<n-k (ii.’i)

% % LR LA s . A L 1A 1R
(* *) la phuong trinh tao cac dau kiém tra. Ta c6 thé dung n6 dé tao cac dau kiém tra trong

cac chuong trinh ma hoa va giai ma.

Vi du 2: Cho ma xyclic (7, 4) ¢ g(X) =1+X+X°

7
X +1
Ta co: h(X)=3—=X4+X2+X+1.
X +x+1

[ kk A g dx 1.2 , ~ \ .
Tu (* *) ta thay cac dau ki€ém tra cua ma nay dugc tao tir phwong trinh sau:

fii=fr+ feoit foi, 1<1<3.
Vidg3: a(X)=x"+1
Taco: fo=f3=1, fs+f,=0
Khido:  fo=fo+ fo+ f=1
h=f+fa+ =1
fo=Jta+ 3+ /2=0

Thiét bi ma hoa xay dung theo phwong trinh trén c6 dang:

=D RN

—0
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Trang thai cac 6 nh&

X ‘ ang

‘}flg VAO RA

nhip 1 fa /s fe
1 1 1 0 0 0 1
2 0 0 1 0 0 0
3 0 0 0 1 0 0
4 1 1 0 0 1 1
5 0 1 1 0 0 1
6 0 1 1 1 0 1
7 0 0 1 1 1 0

4.5.5. Thuit toan thiét 1ap tir ma hé thong theo phwong phap nhin
VAO: - Ma xyclic (n, k), g(X)
-Tin a; € A
RA: Tumahé théng cua ma (n, k) xyclic

Budc 1: Ma hoa tin a; bang da thic thong tin a(X) véi deg a(X)Sk—l,

k-1
a(X)= Zaij
=0

Budc2: - Nang bac: a(X).xn_k
k-1 ) n—1 )
a(X)x"* = D xT =Y fx
j=0 i=r

- Tinh h(x).

Budc 3: fori=1to n—Kk do
k-1
Sockei = D hifasis
i=0
Budc 4:  Thiét lap tir ma hé thong.

n—1 )
(fO’ Jis oo fn_l) > f(X):Zfixl
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4.6. GIAI MA NGUONG
4.6.1. Hai thu tuc giai ma

Moi phuong phép giai ma déu c6 thé tién hanh theo mot trong hai thii tuc giai ma sau:

- Phuong phép (thi tuc) 1: Dan ra ban tin tir diy d4u nhan dugc.

»| Keénh »  Giai ma N
X y
Te y=xte

- Thu tuc 2: Dan ra vécto sai tir day d4u nhan duoc.

> Kénh Gidima |
T e

4.6.2. Giai ma theo Syndrom

g

Giasat ve V -mai xyclic (n, k) c6 da thirc sinh g(X).

Ma tran sinh ctia V_ (n,k) c6 dang:

g(X)
G- X.g(X)
xk_l.g(X)
Goi h(X) = ;(I;I(_I) ; Taco deg g(X) =1, deg h(X) =k.

Goi h' (X) 1a da thirc d6i ngiu cua h(X) . Theo dinh nghia:
h' (X)= x4 h(X).h(x_l)

Khi 6 ma tran kiém tra ctami V_ (n, k) c6 dang:
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x"Th* (X)
Taco GHT =0

Véivbitky, ve V taco vHT =0

Xét mo hinh kénh truyén tin sau:

enh u=(u0, U, ooy un_l)
—» >

fe

Taco S(u) —uHT :(V+r)HT —eHT = S(e)

u=v+¢e

S(e) 1a mot vécto r chiéu dic trung cho vécto sai e n chiéu.

Ta goi S(u) la Syndrom ctia vécto nhan duogc u.

Qua trinh giai ma dya trén vi¢c phan tich trang thai cua S(u) duoc goi la gidi ma theo
syndrom (hdi chung).

Hién nhién 1a khi khong c6 sai (€=0) taco: S(u)=S(e)=0

Khi ¢6 sai: S(u) = S(e) #0

Cin cr vao trang thai (gia tri) cu thé cua S(e) ma ta c6 thé dua ra mot phan doan nhat
dinh vé e.

M&i mét thanh phan cua S(u) s& cho ta mot mdi quan hé nao dé giita cac ddu ma va nd
duogc goi la mot téng kiém tra.
4.6.3. H¢ tong kiém tra truc giao va c6 kha niing truc giao

Tap r tong kiém tra trong S(u) tao nén hé téng kiém tra. Mdi tong kiém tra trong hé s&
chira mot thong tin nhat dinh vé dau can giai ma U, , thong tin do co thé nhiéu, it hodc bang
khong. Ngoai ra mdi tong kiém tra nay con chira thong tin vé cac ddu ma u ] khac.

Pé dé giai cho u; hién nhién rang ta can xdy dung mot hé tong kiém tra chira nhiéu thong
tin nhat vé U; . Trén co s¢ do6 ta dua ra khai niém hé téng kiém tra truc giao sau:
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Pinh nghia: Hé J tong kiém tra duoc goi 14 truc giao véi u; néu:
- M&i tong kiém tra trong h¢ déu chira U .

-Dédumi u ] (] # i) chi ndm t4i da trong mot tong kiém tra
Nhén xét:

- Hé tong kiém tra tryc giao chira nhiéu thong tin vé U; va chira it thong tin v€ cac dau ma
khac.

- Sai & mot ddu mi u j chi lam anh huong toi nhiéu nhit 1a mot tong kiém tra trong hé.
- Sai ¢ u; s€ lam thay doi tat ca cac gia tri cia cac tong kiém tra trong hé.

- Ta ¢6 thé sira dugc sai cho du U; dua trén thong tin vé gia tri ctia cac téng kiém tra béng
phuong phap bo phiéu (giai ma ngudng theo da s6). Khi d6 khoang cach md Hamming dat dugc
theo phuong phap niy s& thoa man diéu kién:

d0:J+1

Diéu kién truc giao trén 1a mot diéu kién kha chit chg, boi vay J <1 (s tong kiém tra doc
1ap tuyén tinh) va khong phai véi bat cir md nao ta ciing c6 thé xay dung duoc hé J tong kiém tra
truc giao thoa mén diéu kién J = dO —1.

DPé mo rong hon ta s& dua ra khai niém hé tong kiém tra c6 kha nang tryc giao.

Pinh nghia: Hé tong kiém tra dugc goi 1a ¢6 kha ning truc giao néu nd 1a hé téng kiém tra
truc giao vi mot to hop tuyén tinh nao dé cac ddu ma.

Xét to hop tuyén tinh cac ddu ma sau: o = Uil + Ui2 +...+ U, . Khi d6 h¢ tong kiém
tra c6 kha nang truc giao s& gdm céc tong kiém tra thoa mén diéu kién:
- o, ndm trong tat ca cac tong kiém tra trong he.

-U j (J#1; VOl Uik € o) chi nam trong nhiéu nhit 1a mot tong kiém tra trong hé.

Nhéan xét:

- Dua trén hé tong kiém tra c6 kha ning truc giao ta c6 thé giai ma dugc cho gia tri ciia o
bang phuong phap ngudng.

- Pé giai mi cho mot ddu ma Uik cu thé ta phai sit dung nhiéu budc (nhidu cip
nguong)
4.6.4. Giai mi nguéng dya trén hé tong kiém tra truc giao

Vidu 1: Xét mi (7, 3) c6 g(oc)=1+x+x2 +x4
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h(X)zX ;1=X3+X+1

h*(X)=1+X2+X3

10110060
0101100
00101160
0001011

vHT = [Si]
Ta c6 hé tong kiém tra truc giao véi ddu ma V3
Sp=Vy+vy+v;
S;=vy+vy+v;3
S, =Vs+vVg+Vy
= Hé tong kiém tra v6i ddu ma Vg (suy ra bang cach dich vong hé tong kiém tra trén)

SO:V6+V3+V5
SIZV6+V0+V4
82:V6+V1+V2

So d thiét bi giai ma theo thu tuc 2:

Vo | Vi| V2| V3 (T —>
>
4
(" B
v S
Y .§ 2

So d6 thiét bi ngudng M =2
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L7

So S; S,

Qua trinh giai ma duoc thyc hién trong 2n = 14 nhip. 7 nhip dau dé dua tr mad nhan duoc
vao cac 6 nho. Qua trinh giai ma dugc thyc hién trong 7 nhip sau.

Giai ma tor ma nhan dugc codang0 011111

Hay V(X)=X6+X5+X4+X3+X2

Trang thai cac 6 nhé
Nhip Sy S; S, E R4
Vo | Vi V2| V3 | Va4 | Vs | Ve

0 0 0 1 1 1 1 1

1 1 0 0 1 1 1 1 1 0 0 0 1
2 1 1 0 0 1 1 1 1 1 1 1 0
3 1 1 1 0 0 1 1 0 1 0 0 1
4 1 1 1 1 0 0 1 0 0 1 0 1
5 1 1 1 1 1 0 0 0 0 1 0 1
6 0 1 1 1 1 1 0 1 0 0 0 0
7 0 0 1 1 1 1 1 0 1 0 0 0

Trmadagiaima:0011101
o 6 4, .3 .2
HayV(X):X +X +X +X

P B ,
Sai ¢ vitri X~ da duogc sira.

Kiém tra lai:
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X6+X4+X3+X2 X4+X2+X+1

X6+X4+X3+X2 X2

0

4.6.5. Giai ma ngudng dua trén hé tong kiém tra c6 kha ning true giao

Vi dy: Xétma (7,4) ¢6 g(X)=1+x+x°

—xt e x?+x+1

g(X)
h*(X)=1+X2+X3+X4
1011100

H=0101110
0010111

Taco: v.HT = [Si]
Heé tong kiém tra c6 kha nang truc giao voi cap ddu ma V4 + Vs

SIZVS +V4+V3 +V1

82:V5+V4+V2 +V6

Dich vong hé tong kiém tra nay di hai cdp ta c6 duoc hé tong kiém tra c6 kha ning truc giao

v6i cap ddu ma: Ve +Vp:

S12V0+V6+V5+V3

SZZVO+V6+V4+V1

O nhip giai ma dau tién sau cip ngudng thir nhét ta c6 duoc gia tri ding cia (VO + V6) .

T&1 nhip gidi ma tha hai ta c6 dugce gia tri ding cua (V6 + Vs ) .

Cén ctlr vao cac gia tri nay ta c6 thé giai ra dugc gia tri ding cua V¢ sau cap ngudng thu

hai.

So d6 chirc nang thiét bi giai ma theo thu tuc 2.

VO Vl V2 V3 V4 V5 V6
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CY: Thiét bi ngudng & ca hai cap ngudng chi 1a mot mach VA ¢6 hai déu vao.

Gia sir tr ma nhan dugc c6 dang0001 111
Hay V(X) =x5+x° +x* +x°

Qua trinh giai mi dugc thuc hién trong 2n +1=15 nhip. n = 7 nhip dau, tir ma nhan duoc
dugc dua vao cac 6 nhd. 8 nhip sau 1a qua trinh giai ma.

Trang thai cac 6 nhé
Nhip SIS, | Y |Y | Yy |ra
VO Vl V2 V3 V4 VS V6

1 1 0 0

2 0 1 1 1 1 1 0 0 1
3 1 1 1 0 0 1 1 1 1 1 1 0
4 1 1 1 1 0 0 0 0 1 0 1 0 1
5 0 1 1 1 1 0 0 0 0 0 0 0 1
6 0 0 1 1 1 1 0 1 0 0 0 0 0
7 0 0 0 1 1 1 1 0 1 0 0 0 0
8 1 0 0 0 1 1 1 1 0 0 0 0 0

Sai & vi tri X5 da duoc stra.

Trmadagiaima:0001101
AN

Hay V(X) = X6 + X4 + X3

Kiém tra lai:

x|+ x+1

X6-|-X4+X3 X3

0

4.7. GIAI MA THEO THUAT TOAN MEGGIT

Gia sir f(X) 1a mot tir ma ctia mot bo ma xyclic V_ (n,k) c6 da thuc sinh g(x). Khi d6

f(x):g(X).

V1(2X3) =f(x)+e(x)

i)
Te(x
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Gia sir v(X) 1 tir ma dua t6i dau vao bo giai ma, khi do:

v(x) _f(x) e(x) .

g(x) g(x) g(x)

Béng cach phan tich phan du ciia phép chia trén ta co thé tim duoc da thirc sai e(x) .

So d6 phén tich du 1a mét so dd logic tong hop, ddy 1a mot thanh phan chirc ning quan
trong trong so do giai ma theo thuat toan Meggit sau:

Thiét bi nhé tir ma n diu _.®_.

A

vao

Thiét bi chia cho g(x) va tinh du

So d0 phan tich phan du

3

Vi du: Xét ma xyclic (7, 4) co g(X) =X~ + X + 1. Gia sir ddu sai 1a dau dau tién co bac

cao nhit cua tir ma, khi d6 ta co e(x) = x5 . Phan du twong mg cua (4.22):

x° X +x+1

xt+x3 X +x+1

X3+X2+X

Phan du r(x) = x? +1

Khi nhan thay phan du c6 dang r(x) =x° +1 thiso dd phan tich phan du cho ra tin hi¢u
stra sai (Tin hiéu 1) dua toi bo cong mod 2 dé stra sai cho ddu ma tuong tng.

Nhu véy chi khi phan su ¢6 dang 1 0 1 thi thiét bi logic to hgp mdi tao ra tin hiéu "1" dé sira
sai

So d6 bo giai ma c6 dang:

VAO

| VO Vl V2 V3

)
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Sau 2n = 14 nhip, bd giai ma hoan thanh qua trinh giai ma (7 nhip dau chia va tinh du dong
thoi dua ta ma vao b ghi dich dém, 7 nhip sau dé gidi ma).

Vi du tir ma nhan dugc cé dang:

V(X)=X3+X2+X(—)0 111000

Hoat dong cua bd giai ma dugc mo ta theo bang sau:

‘ Trang thai cac 6 nh&
Nhip | VAO V | RA

Vo Vi Vs Vi3 Vyu Vs Ve 1 2 3
1 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0
4 1 1 0 0 0 0 0 0 1 0 0
5 1 1 1 0 0 0 0 0 1 1 0
6 1 1 1 1 0 0 0 0 1 1 1
7 0 0 1 1 1 0 0 0 1 0 1
8 0 0 0 1 1 1 0 0 1 0 0 1 1
9 0 0 0 0 1 1 1 0 0 1 0 0 0
10 0 0 0 0 0 1 1 1 0 0 1 0 0
11 0 0 0 0 0 0 1 1 1 1 0 0 1
12 0 0 0 0 0 0 0 1 0 1 1 0 1
13 0 0 0 0 0 0 0 0 1 1 1 0 1
14 0 0 0 0 0 0 0 0 1 0 1 0 0

VAN
Tir ma da stra: V(X) = V(X)+e(X) = x0rxPex?ax

£ R P ,
Dau sai la X~ da duoc sta
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4.8. GIAI MA XYCLIC THEO THUAT TOAN CHIA DICH VONG
4.8.1. Nhiém vu cua thuat toan gidi ma

Ta biét ring v6i ma xyclic (n, k) khi chia tir ma nhan dugc f(x) cho da thic sinh g(x) s& co
hai truong hop sau xdy ra:

0 Néu tir ma nhan dung (khong co sai trén kénh truyén: e(x) = () thi phép chia nay khong

co du.
- Néu tir ma nhan sai (e(x) # 0) thi phép chia nay c6 du.

Cau trtic cua phan du s€ phan anh cau trac cua vécto sai e(x) . Vi vay viéc phan tich cau

triuc cua phan du chinh 1a nhiém vu cua céac thudt toan giai ma.

7 f(x):a(x)+e(x)

e(x)

a(x

Ta co: a(x)?g(X).

f(x) _a(x)

= + e(x) (4.23)

g(x) g(x) g(x)

Nhu vay phan du cta phép chia f(x) cho g(x) chinh 1a phan du cua phép chia vécto sai e(x)

cho g(x).
Chii y: Phan du ctia phép chia e(x) cho g(x) 1a mot da thirc c6 bac <1 —1. Nhu vdy phan
dunay c¢6 2" trang thai khéc nhau. Trong khi d6 sb cac kiéu sai khéc nhau laila 2" > 2",
S céc kiéu sai co trong s6 <t la:
cl+cl 42+ +CL

Nhu vay diéu kién can de stra duoc t sai la:

t .
>y <2nk (4.23)
i—0

DPay chinh la giéi han Hamming
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4.8.2. Giai ma theo thuat toan chia dich vong

4.8.2.1. Nhan xét

Tir (1.1) ta thdy rang néu k du thong tin trong tir ma dau nhan dung thi vi tri sai cac con
"1" trong phan du chinh 14 vi tri twong g ctia cac ddu kiém tra bi sai. D& giai ma ta chi can cong
(theo mod 2) tir ma nhan duoc v6i phan du sau phép chia 1a thu dugc tir ma da phat.

4.8.2.2. Thuit toan chia dich vong (bay 15i)
VAO:- Tir mi nhan duoc f(x)

-Ma V_ (n,k) c6 g(x), c6 dy.

RA: - T ma dénh gia tA“(X)

Bude 1: For 1:=0 to (n—l) do.

(1) Chia f(x).xi [hoz}c f(f)j cho g(x) dé tim phan du 1; (X ).

X

(@) Tinh w (1 (x)).

-Néuw(ri(x))ﬁtz[

- Néu W(I}(X))>t:>i:=i+l.Néu i+1=n chuyén sang budc 3.

dy-1

} chuyén sang budc 2.

Budc 2: Tu ma danh gia:

Hodc %(X):Xi{f(?) +ri(x)}

Budc 3: - Thong bao khong stra duoc sai (S6 sai vuot qua kha ning sira sai ciia bo ma)
4.8.3. Vidu

Gia st tr ma nhén dugc ciia ma xyclic (7, 3, 4) véi da thuc sinh

g(x):1+x+x2+x4

2 33 +x° +xb o 0111011

V(X) =X+X
Ta str dung thuat toan chia dich vong dé tim lai tr ma da phat theo cac budc sau:
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Buoc 1:
(1)i=0  (+) Chia v(x) cho g(x) dé tim phan du 1 (X ).

x® +x° +X3+X2+XX4+X2+X+1

3 2
+X X2 +x+1

X +X4+X

X" +X + X

X5 +X3+X2+X

X4-|-X3-|-X2

x* FxZ+x+1

3

ro(x):x +x+1

) W(ro(x)):3>{%}:1

(2)i=1 () Chia X.v(x) cho g(x) détim phan dv 1; (X ).

x6+x4+x3+x2+1x4+x2+x+1
xS x*+x3 +x? x2
rl(x):l

+) W(I‘l (X)) =]1=t
Budce 2: Tim tr ma danh gia.

tA“(X): X'V(X)—HI(X) X+ X+ X2+ x

X

Vay sai ¢ vi tri a da dugc stra
4.9. GIAI MA LUOL

4.9.1. Trang thai va gian d6 lroi
Tur bang trang thai cia so dd ma hoa & muc 4.5.3 ta c6 mot s6 nhan xét sau:
- Qua trinh ma héa ludn bat dau tir trang thai toan 0 va két thuc ciing & trang thai toan 0.
- Trong k nhip dau (k = 4) cac bit ra gidng nhu céc bit vao.

- Sau nhip thir k, cac bit kiém tra ndm trong thanh ghi duoc day dan ra dau ra.
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- S6 céc trang thai bang ok (trong vi du nay 274 =38 trang thai) ting theo ham mii

khi n — Kk ting.

Str dung thanh ghi mé t4 trong muc 4.5.3 ta co thé tim duoc tat ca cac trang thai ké tiép khi

thanh ghi nam & mot trang thai xac dinh.

Hinh sau chi ra tit ca cac dich chuyén trang thai co thé & mot trang thai bét ky cua bo ma

hoa cho ma (7, 4, 3).

Trang thai hién thoi
Trang thai 0
000

Trang thai 1
001

Trang thai 2
010

Trang thai 3
011

Trang thai 4

100
Trang thai 5
101
Trang thai 6
110
Trang thai 7
111

Bit dir li¢u 0:

Trang thai ké tiép
Trang thai 0
000
Trang thai 1
001
Trang thai 2
010
Trang thai 3
011
Trang thai 4
100
Trang thai 5
101
Trang thai 6
110
Trang thai 7
111
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Bing cach sir dung biéu do trang thai trén ta c6 thé ma hoa cac bit dit 1iéu 1011 ma khong
dung thanh ghi dich trong muc 4.5.2. Bit dit liéu dau tién 1a logic 1, boi vay trang thai s& chuyén
tir 000 dén 110 (minh hoa bang dudng lién nét tir trang thai 000). Pau ra bo ma hoa luc nay ciing
1a 1 gidng nhu dau vao. O thoi diém ké tiép trang thai hién tai 1a 110 va bit dit liéu 1a logic 0, boi
vay trang thai s& chuyén tir 110 sang 011 ...

Nhu vay qua 4 nhip ta thdy qué trinh chuyén trang thai la:
000 >110—>011—->001—>110

Sau nhip tht 4, cac thay d6i trang thai s& tuan theo viéc dich cac bit kiém tra tir thanh ghi (¢
day 1a 110).

Ta ciing c6 thé sir dung mot cach mo ta khac cho qua trinh ma hoa bang gian do ludi (hinh
4.4)

Bitdt ligu0: ~—7777 >
Bitdtligul: ——

Hinh 4.3: Gian db trang thai cho ma (7, 4, 3) ¢6 8 trang thai

Gian dd nay dugc tao nén bang cach ndi cac trang thai ké tiép ctia gian dd chuyén trang thai
& hinh 4.2 bit dau tir trang thai toan 0.
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Gian d6 nay minh hoa toan bd 2k =16 duong dan c6 thé co cho ma (7, 4, 3). Ludi co

ok _g hang (8 trang thai khac nhau), va ¢c6 n+1=8 cot. Cac nut trong cung hang biéu thi
cung mot trang thai trong khi d6 cac nat trong ciing mot c¢ot biéu thi tit ca cac trang thai c6 thé
000 (trang thai a), 001 (trang thai b), 010 (trang thai c), ..., 111 (trang thai h). Viéc chuyén trang
thai giita cac cot ké can dugc v& hodc bang cac duong lién nét hodc bang cac dudng dit nét tiy
theo li€u bit ra ciia bd ma hoa la 1 hay 0.

Chi ¢6 duy nhit mot trang thai ban dau 1a trang thai toan 0 (trang thai a). S6 cac trang thai
ludi s€ tang theo mdi khi bit dit 1iéu mdi duge dua vao bo ma hoa.

Khi dwa bit dir liéu du tién vao bd ma hoa (T = 0), c6 thé c6 hai nut khac nhau & thoi diém
tiép nhau. Bit dit liéu t 2 dua vao (T = 1) tao nén s cc nut co thé & thoi diém ké tiép 1a 22 .86

cac nut c6 thé co s& tiép tuc ting theo T cho t6i khi dat téi sb nut cyc dai ok _g (S6 cac trang
thai 16n nhat dat dugc khi T =n —k =3).

Sau khi T = k s6 céc trang thai c6 thé s& duoc chia d6i & mdi thoi diém ké tiép hudng vé
trang thai 0 1a trang thai dat dugc 6 T =n.

Trang thai a
000
Trang thai b
001
Trang thai ¢
010
Trang thai d
011
Trang thai e
100
Trang thai f
101
Trang thai g
110

Trang thai h
111

Bitdirligu0: —————— >

%tldﬁ’ licul: ———

Hinh 4.4: Gian d6 lwéi cho mi (7, 4, 3) c6 8 trang thai va 8 giai doan ké tiép
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4.9.2. Giai ma ludi.

4.9.2.1. Mé dau.

Giai ma ludi cho mi tuyén tinh do Wolf dua ra vao 1978, tuy nhién k¥ thuat nay chi thich
hop cho mot sé ma nhat dinh do s6 céc trang thai ting theo ham mii khi n —k tang.

4.9.2.2. Thuat toan Viterbi

Vao 1967, Viterbi 1a nguoi dau tién dua ra thuét toan Viterbi (VA). Thuét toan nay tim tat
ca cac dudng co thé trong ludi va cac khoang Hamming (hodc cac khoang cach Euclide) tir ddy
thu duoc ¢ ddu vao cac bo giai ma. Puong dan sé biéu thi khoang cach nho nhét tir diy thu dugc
dugc chon 1a day phat hop ly nhét va cac day bit thong tin Kkét hop duogc tai tao lai. Phuong phap
nay chinh 1a phuong phap danh gia day hop 1y t6i da vi duong dan hop 1y nhit dwoc chon tir tap
tat ca cac dimg dan trong ludi.

Hinh 4.5 ghi "lich st " ctua cac duong dan duogc chon boi bd ma Viterbi cho ma (7, 4, 3).
Gia st rang khong co sai trong kénh va boi vy ddy vao ciia bo giai ma chinh 1a ddy dd ma hoa
cho diy 0000000. O thoi diém dau (T = 1) bit nhan dugc 13 0, bit nay dugc so sanh véi cac bit
phat c6 thé c6 12 0 va 1 tuong tmg v6i cac nhanh tir nat a toi a va tir nit a dén g.

D¢ do cua hai nhanh nay la cac khoang cach Hamming cta ching (chinh 1a sy khéac nhau
giita cac bit phat c6 thé ¢ (0 hodc 1) va bit nhan dugc 0). Cac khaong cach Hamming twong tng
s€ladval.

Ta xac dinh d¢ do nhénh la khodang cach Hamming ctia m¢t nhanh riéng tir cac bit nhan
dugc va do do duong dan ¢ thoi diém thir T. PO do nay bang tong cac do do nhanh & tat ca cac
nhanh tir T =0 d&én T = T. cac d6 do dudong dan nay dugc ghi ¢ trén dinh cia mdi nhanh & hinh
4.5, twong tmg & thoi diém T =113 0 va 1 d6i voi cac duong ddn a —>a va a —> g . O thoi diém
T = 2 bit nhan dugc 1a 0 va cac do do nhanh 1a 0, 1, 0 va 1 twong ung vdi cac nhanh a — a,
a—>g, g—>dvag—f. Do dociacac duong dan nay 1a 0, 1, 1, va 2 tuong Gmg voi cic
duonga—>a—>a,a—>a—>g a—>g—>d, a—>g—f. O thoidiém tha 3, bit nhan duc
12 0. C6 8 nhanh c6 thé va cac do do dudong dan (xem hinh 4.5) 130, 1, 2, 1, 3, 2, 1 va 2 twong (mg
v6i cac duong a >a—>a—a,a—>a—>a—>g,a—>g—>d—o>b,a>g—>d—h,
a—>g—>foc,aogo>fHoe,ava>g—o>dvaasa>g—of.
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Céc bit da giai

ma
Cac bit nhan
duoc

Trang thai a
000

Trang thai b
001

Trang thai c
010

Trang thai d
011

Trang thai e
100

Trang thai f
101

Trang thai g
110

Trang thai h
111
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Ta ky hiéu o; va 0, twong Ung la ciac duong a—>a—>a—>a—>a va
a—g—>d—b-—a, cac duong nay xuét phat 6 nat khoi ddua va tré véntita & T =4. Cac
d6 do duong dan twong tng 14 0 va 3, cic nhanh tiép sau gin véi T >4 diternitad T =4 s&
cong thém cac d6 do nhanh nhu nhau vao cac do do duong dan cia ca hai duong O va Oly. Diéu
nay c6 nghia 1a do do duong dan cia O, laléonhon 6 T=4 va van gilt & muc 16n hon véi
T > 4. Bo giai ma Viterbi s& chon dudng dan c6 d6 do nho nhit (chinh 1a ddy trang théi toan 0)
va loai bo duong O, . Duong O dugc xem la duong séng sot. Thu tuc nay cting duoc ap dung &
cac nat khac véi T>n—-k=3. Can luwu y ring cac duong a—>g—>f—>c,
a—>a—>g—f, .. khong thé séng sot vi cac do do duong dan ctia chung 1a 16n hon va béi
vay chung bi loai bo khdi bd nhé cua bo giai ma.

Nhu vay chi c6 ok _g duong song sot tr T=n—k d&n T =Kk. Sau thoi diém
T =3 s6 cac dudng séng sot s& giam di mot nira sau mdi thoi diém.

Po6i khi 2 duong nhap vao lai cung mot d6 do duong dian. O T = 5 cic duong
a—>a—>a—>g—>d—o>b,a—>g—>f—>e—>c— b nhap lai ¢ nt b. Ca hai duong nay
déu c6 cing d6 do duong din 1a 2. Thong thuong b giai ma Viterbi s& chon ngiu nhién mot
duong song sot va loai bé cac duong khac. Tuy nhién tinh trang nay rat hiém khi xdy ra trong
mat thudt todn Viterbi quyéet dinh mém (hay thudt toan Viterbi dau ra mém - SOVA) hay dugc su
dung trong thuc te.

4.9.2.3. Giai ma Viterbi quyét dinh cirng.

Khi giai ma quyét dinh ctng, bo didu ché s& cho ra cic quyét dinh ctng (1 hodc 0) khi tao
lai day da phat. Trong truong hop nay cac khoang cach Hamming gitra cac bit nhan dugc va cac
bit da phat dugc danh gia trong ludi s€ dugc dung lam d¢ do muc tin cay.

Pé minh hoa cho qua trinh giai md nay ta sit dung ma (7, 4, 3) véi ddy bit phat di la
0000000. Sai s6 trén kénh nam ¢ bit dau tién va diy nhan duoc ¢ dau ra bo giai ma diéu ché 1a
1000000. B¢ giai mi s& so sanh bit ra ciia bd giai didu ché véi ca hai bit co thé duoc giai ma
(duoc biéu thi bang cac duong lién nét va dit nét trén hinh 4.6) 1a 1 va 0. Khi bit ra cia bd giai
didu ché va bit dwgc giai ma nhu nhau thi khoang cach Hamming ciia chung bang 0. Nguoc lai
khi hai bit nay khac nhau thi gia tri bang 1 ctia khoang cach Hamming s& dugc cong thém vao do
do dudng dan.

Vi ta di ngang qua ludi nén cac do do nhanh s& duoc cong lai & T = 7.\, duong dan co trong
s6 Hamming nho nhét s& dugce xem 1 dudng song sot. Boi vay diy duoc giai ma 14 xau.
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Hinh 4.6 minh hoa viéc lya chon duong séng sot (dugc danh gia b?lng duong dat nét dam)
ctia bd giai md Viterbi ra sao. Puong niy c6 do do dudng dan nho nhét va s& giai ma ra dugc
dung day thu duge. Can chi y ring d6 do duong dan cua duong séng sot twong duong voi s sai
trong day nhén dugc khi by gidi ma c6 kha nang sura cac sai nay.

Tuy nhién khi s6 sao trong kénh vuot qua kha ning stra sai cia md thi sé say ra giai ma sai.
Gia su kénh c6 hai sai ¢ vi tri thir 1 va vi tri thir 3. Giai ma sai s€ xdy ra ¢ 4 nhanh ban dau (duoc
ghi bang duong dam nét trén hinh 4.7) va diy duogc giai ma 1a 1011000

T=0 T=1 T=2 T=3 T=4 T=5 T=6 T=7

Céc bit (~ia giai 0 0 0 0 0 0 0
ma
Cac bit nhan 1 0 0 0 0 0
duoc

Trang thai a
000

Trang thai b
001

Trang thai ¢
010

Trang thai d
011

Trang thai e

100
Trang thai £
101
Trang thai g
110
Trang thai h
111
Bit dir li¢u 0:
135, _____ >
Bit dir liéu 1
T

Hinh 4.6: Giai ma Viterbi quyét dinh cirng cho ma (7, 4, 3)
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T=0 T=1 T=2 T=3 T=4 T=5 T=6 T-=

Cac bit (?’a giai 0 1 1 0 0
ma
Céc bit nhan 1 0 | 0 0 0
dwoc

Trang thai a
000
Trang thai b
001
Trang théi c
010
Trang thai d
011
Trang thai e
100
Trang thai f
101

Trang thai g
110
Trang thai h
111

Bit dir li¢u 0:

Bitdxligul: ————>
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Hinh 4.7: Giai ma sai khi ding gidi mi Viterbi quyét dinh cing
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4.9.2.4. Giai ma Viterbi quyét dinh mém.

Theo quan diém gidi ma Viterbi quyét dinh mém, tin hiéu nhan dugc & dau ra cua bd giai
mi diéu ché s& duoc lfiy mau. Sau d6 cac gia tri mau sé duoc dua truc tiép téi dau vao cta bd giai
mi Viterbi. Gia sir rang ta st dung diéu ché dich pha nhi phan (BPSK) ¢ dau phat, khi d6 mirc
logic 0 s& dugc giri 1a — 1, 0 con mirc logic 1 s& dugc giri 1a +1, 0. Néu ta phat ddy toan 0 thi day
phat twong tmg 1a —1—1—-1—-1-1-—1—1. G may thu, cdc diu ra mém ciia bd giai ma diéu ché
12 +0,8,-1,2,+0,6, -2,2,-0,4,—1,3,—0,9 (twong tmg véi day 1010000 néu ta
str dung giai ma quyét dinh cimg). Cac du ra mém cua bd giai ma didu ché duoc dung nhu do do
muc do tin cdy (xem hinh 4.8).

T=0 T=1 T=2 T=3 T=4 T=5 T=6 T=7

Céc bit Sia giai 0 0 0 0 0 0 0 0
ma
Cac bit nha
ac pit n an +0,8 _1,2 +0,6 _2’2 —0’4 —1,3 _079
duoc

Trang thai a
000
Trang thai b
001
Trang thai c
010
Trang thai d
011
Trang thai e
100
Trang thai f
101
Trang thai g
110

Trang thai h
111

Bit dit3iEu 0:

Bit dit liéu | ———»

Hinh 4.8: Giai ma Viterbi quyét dinh mém cho mi (7, 4, 3)
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Tin hiéu ra mém dau tién ctia bo giai diéu ché 1a + 0,8 ngu ¥ rang tin hiéu phat rat co thé 1a
+1 va do do muc tin cdy cia quyét dinh nay la 0,8. Xem xét duong dan a —> g tuong ung véi
logic 1, d9 do nhanh cua duong dan nay 1a +0,8. Tuy nhién duong dan a —> a khong dn khép voi
tin hiéu nhan duoc va d6 do nhanh ciia dudng dan nay 1a —0,8 (tich lity mot do ndo dudng dan
am hay la luong phat) do su sai lac cta no. O thoi diém thr hai tin hiéu nhan duoc 1a —1,2 tao
nén cic do do duong dan 1a +0,4,—-2,0,+0,2 va —0,4 tuong tng vdi cac duong
dina—>a—>a,a—>a—>g,a>g—>dvaa—>g—>f. Takyhiéu o va o, la céc
duong a—>a—>a—>a—>a vaa—>g—>d—>b—>a. Cic d6 do duong din tong cong
duoc tich lily ctia hai duong dan nay twong tng 1a +0,2 va +0,4 . Bo giai ma Viterbi s& chon
duong dan c6 d6 do duong dan 16n hon vi mice tin cay dugce tich lily ctia né 16n hon. Béi vay
duong 0L s€ dugc chon (chur khong phai la duong O, da duoc chon trong vi du giai ma quyét
dinh ctng & trén). Diéu nay ching to rang giai ma quyét dinh mém c6 hiéu qua cao hon giai ma
quyé¢t dinh cling.

4.10. MA HAMMING VA MA CO PO DAI CUC DAI
Ma Hamming va ma c6 do dai cuc dai la hai 16p ma quan trong trong ma xyclic.

Pinh nghia: Ma xyclic Hamming 1a ma xyclic c6 da thirc sinh 1a da thirc nguyén thuy bac
m, ma ndy c6 cac tham sb nhu sau:

(n,k,d,) :(2m —1,2™ —1—m,3)

Ma Hamming la ma t6i wu thoa man gidi han Hamming (4.13). Ngoai ma Hamming chi con
ma Golay (23, 12, 7) la ma hoan thién, ma Golay c6 da thirc sinh nhu sau:

g(X)=X"+X"+ X7+ X+ X +1

Bang sau 1a danh sach cac da thirc nguyén thuy c¢6 bac m tir 2 dén 8.

Bac Pa thuc nguyén thuy
012)
(013)
014
(025),(02345),(01245)

(016),(02 356),(01256)
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Bac Pa thuc nguyén thuy

(037),(01237),(02347),(0124567),(0123457),
(02467),(017),(01367),(02567),

(02348),(03568),(0125678),(01358),(02568),
(01568),(0123468),(01678)

Chii y: & bang trén ta thiy ky hiéu viét cac da thirc theo sb mii cua cac bac khac khong.
vide: (02567) > g(X)=X" +X°+X° +X* +1

Céc da thirc dbi ngiu clia cac da thirc trong bang ciing 1a cac da thirc nguyén thiy, cac da
thirc nay khong duoc liét ké o day.

Vi du: Pa thirc d6i ngau cua g(X) =X*+ X +1 1a da thitc
g (X)=X*+X>+1.
M3 dbi ngﬁu cua ma Hamming 1a ma c6 d dai cyc dai. ma nay c6 tham s6 nhu sau:
(n,k,dy) = (2m - 1,m,zm—1)
Da thure sinh cua ma nay c6 dang sau:

2M -1
X +1
(X)) ==~
h(X)
Trong do h(X) 1a da thirc nguyén thiy bac m.

Céc ma c6 do dai cyc dai 1a cdc ma toi vu thoa man gidi han Griesmer (4. 11).

Vi dy: - Ma xyclic (7, 4) ¢6 da thirc sinh g(X) = X? + X +1 12 ma Hamming.
- M xyelic (7, 3) ¢6 da thie sinh g(X) = X* +X* + X +1 1amd ¢6 d6 dai cuc dai,
4.11. CAC MA KHOI DUA TREN SO HQC CUA TRUONG HUU HAN

4.11.1. Truong hiru han ¢& nguyén té GF(p)

Ta dd lam quen v&i trudong nhi phan GF(2), trong truong nay cac phép toan sb hoc dugc
thuc hién theo modulo 2. Tuong tu di véi trudng GF(p) voi p 1a s nguyén td, cac phép toan sb
hoc thich hop (cong va nhén) gitta hai phan tir bt ky cua trudng phai duoc thyc hién theo modulo
p. Phan tir nguoc cia mot phan tir bat ky ddi vai phép cong duge tinh bang két qua cia phép trir
giita p va phan tr d6. Vi du trong GF(7), phan tir nguoc cua phép cong cia 5 13 2. Phan tir nguoc
ctia phép nhan (phan tir nghich dao) kho tim hon, tuy nhién quan diém sau ddy s& giup ta tim duoc
n6 dong thoi cho ta mot phuong phap xay dung trudng. Trong trudng GF(p) ngudi ta di chimg
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minh duoc ring ton tai it nhit mot phan tir ma cac liy thira ciia nd 1a cac phan tir khac 0 cua
truong. Phan tir nay dwoc goi 13 phéan tir nguyén thuy. Vi du trong truong GF(7) s6 3 1a phan tir
nguyén thuy vi:

{30:1,31:3,32:2,33:6,34:4,35:5}

Pay 1a mot nhom nhan xyclic cip 6 (c6 thé thay raing nhom nhan nay c6 hai phan tir nguyén
thuy 1a 3 va 5).
) S 6 A5, .
Véi 3 tathayrang 3° =3°.3=53mod7 =1.

Ta c6 thé thuc hién phép nhan bang cach cong cac sé mii cua 3.
vide 6.2=(3°)(37)=3" =3,

B6i vy ta c6 thé tim duoc phin tir nghich dao cua mot phan tr 3" batkyla 37" = 36-n

Nhu vay nghich dao cua 6 1a 6 va nghich dédo cua 5 1a 3.

4.11.2. Cac trwedng mé rong cia trwong nhi phan. Trwong hiru han GF(2™)

Ta c6 thé xay dung dugc truong hiru han ¢6 sd cac phan tir 13 lily thira nguyén ctia mot sb
nguyén té p. Trong trudng hop ndy ngudi ta cling ching minh dugc rang ludn ton tai mot phan tir
nguyén thuy trong truong va cac phép toan sd hoc s& dugc thuc hién theo modulo cia mot da thic
nao do trén GF(p). Trong gido trinh nay ta chi quan tam tdi trudng hop p = 2, khi d6 da thuc dugc
dung s€ 1a mot trong cac da thitc nhi phan nguyén thiy (chinh la cic da thtrc sinh cua ma
Hamming).

Gié st ta can tao mot truong hiru han GF(q) va ky hiéu o 1a phan tir nguyén thily cua né.
Céc liiy thira ctua o (i o dén OLq_z) gom —1 phan tir khac khong ciia truong. Phan tir
th_l s& bang phan tir OLO , cOn cac phan tir c6 s6 mil cao hon ciing lap lai cac phan tir 6 s6 mil
thap hon. Phuong phap nhan rut ra truc tiép tir phép cong theo modulo (q — 1) dbi voi cac sé mil

, 2M—1 2M—1

cua o. Doi véi truong GF(Zm) ta co: OL( ) =1 hay OL( )+1=0.

Diéu nay s& thoa man néu c6 bat ky mot nhan thire nao cua da thire ndy bang khong. Nhan
thirc ma ta chon phai 1a b4t kha quy va khong 1a nhan thic cia o +1 ddi voi bt ky gia tri n

nao nhé hon 2™ —1, néu khong nhu vay cac lily thira ctia o s& lap lai trudce khi ching tao ra tat
ca cac phan tir khac khong cua trudng (diéu ndy c6 nghia 1a o khong phai 1a phan tir nguyén thiy
ctia truong). Nhén thirc thoa méan cac tinh chit trén chinh 1a da thirc nguyén thiy c6 bac m.

Vi du: Xét truong GF(23 ) . Céc nhan thirc cia o +1 14

a7+1:(0c+1)(a3+oc+1)(oc3+oc2+1)
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Ca hai da thire bac 3 ¢ trén déu 13 cac da thirc nguyén thuy va ta c6 thé chon tiy ¥. Gia sir ta

tao cac liiy thira cia o theo diéu kién OL3 +o+1=0. Khi d6 cic phan tir khac khong cua
truong la:

1

o

o2
od=a+1
at=0?+a

oc5:oc3+oc2:oc2+a+1

= +a’ra=a’+1

Mai Ity thtra cua O ¢co thé duoc biéu thi béng mdt da thirc nhi phan cé bac nho hon hodc
bang 2. Phép nhan cac phan tir cta truong duoc thuc hién thong qua phép cong cac sé mii cua O
theo modulo 7. Phép cong duoc thyuc hién bang phép cong modulo 2 cac sd hang trong da thc.

3

Vidu: o +at=a+l+a’l+a=a’+1=0ab

Cén cht ¥ rang mdi phan tir 1a phan tir d6i (phan tir nguoc cua phép cong) cua chinh no.
(Diéu nay rat ra tir tinh chét cua phép cong modulo 2) Con mot van dé ta chua thoa man 1a o ¢6
thé biéu thi bang sb nhu thé nao. Tuy nhién diéu nay khong quan trong va ta co thé gan theo cach

ma ta mudn. Vi du ta gan gia tri 2 cho o va 3 cho 0L2 , khi @6 ta da quyét dinh réng trong s6 hoc
cta ta 2.2 = 3. Piéu nay khac voi suy nghi thong thudng cua chiing ta va bai vy ta phai coi viée
gan cac gia tri s6 12 hoan toan tity ¥ mic du c6 mot sd cach gan thuan tién cho sir dung.

4.11.3. Biéu dién da thirc cho trudng hiru han GF(2™)
Ngoai cach biéu dién sé ngudi ta co thé st dung biéu dién da thic cho cac phan tir cia
truong hiru han GF(qm ) . Véi truong GF(Zm) céc hé s6 nhi phan cua cac da thie duge dung

dé tao nén biéu dién cho cac phéan t.

Vi du: Xét GF(Z3 ) , biéu dién cho 8 phan tir ctia truong nay c6 thé viét nhu sau:
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0 = 000
1 =001
o =010
a? =100
o’ = o+l = 011
ot =of+a =110
o =a+a+l =111
o =a?+1 =101

O day day 3 bit dugc dung dé mé ta cho biéu dién da thirc ctia cac phan tir. Phép cong duoc
thuc hién b?mg cach cdng modulo 2 theo tung bit cua day

4.11.4. Cac tinh chit ciia da thirc va cdc phan tir ciia trudng hiru han

4.11.4.1. Cac nghiém cua da thirc

Ta biét ré“mg cac da thuc véi cac hé sb thuc khoéng phai lac nao cling ¢6 cac nhan tir thuc,
tuy nhién luén luén c6 thé phan tich ching duéi dang cac nhéan thirc phirc. Twong tu, mot da thic
bat kha quy trén trudng hitu han ludn c6 thé phén tich dugc trong mét trudng mo rong nao do.

Vi du: Da thirc nhi phan X3 + X +1 co thé phan tich dugc trén GF(8) nhu sau:

X3+X+1:(X+oc)(X+0L2)(X+0L4)

Céc gia tri oc,ocz,oc4 dugc goi 1a cac nghiém cua X3+ X +1vi chung biéu thi cac
gia tri cia X 1am cho da thirc bang khong.
Néu f{X) 12 mot da thire bat kha quy q phan thi {X) s& c6 cac nghiém trong mot trudng mo

rong GF(qm) nao do, tirc 13 AX) c6 thé biéu dién bang tich ctia mdt s6 hang c6 dang (X + Bl)
véi B; 1 phan tir ctia GF(qm). Hon nita néu B 1a mot nghiém nao dé thi co thé

7 3 2 3
thay rang cac nghiém khac c¢6 dang 4,84 ,p9 ,...

Tuong ty nhu trudng hop phan tich cac da thirc v6i cac hé s thuc ta ¢ thé st dung thuat
ngir cac phan tir lién hop cho cic nghiém cia mot da thirc bat kha quy. Vé6i da thirc nhi phan bat

kha quy c6 nghiém 3 thi cic nghiém lién hop 1a BZ ,B4 ,Bg yee

Su ton tai cac nghiém lién hop cia mot da thirc twong dwong véi cac tinh chat sau:

£(x9)=[rx)7J"
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Néu [ 1a mot nghiém cia f° (X) thi BY ciing 1a mot nghiém cua f (X) Da thuc
f (X) duogc goi 1a da thire tdi tiéu cua B. Néu B la phan tr nguyén thay thi f (X) la mot da

thirc nguyén thity. Nhu vy co thé sinh ra mot truong hitu han tir mot phan tir nguyén thuy 13 mot
nghiém cua da thirc nguyén thuy.

Vi du: Xét truong hitu han GF(8) tao boi da thiuc nguyén thuy X? + X +1. Thé
X=a,X= o’ hodc X =a* vio da thuc nay ta thy no bang 0. Boi vay X3+ X +11a da

thire t6i tiéu cia cic phan t& o,a’,o. Tuong tw thé o,a® va oclz(: ocs) vao

X +X+1 ta thdy rang ching 1a cac nghiém cua da thirc nay. Pa thirc tdi tiéu cua o’ 1a
(X+1).

Néu m 13 s6 nguyén nho nhat d& B™ =1 thi phéan tir B duoc goi 1a co cdp m (ky hiéu
Ord(B) =m) va B phai a nghiém cuia X™ +1. Néu B ciing 1a nghiém ciia mot da thirc bat
kha quy f(X) naodo thi f'(X) phai la mot nhan thie cia X™ +1.

. . 3\m
Vi du: Gid tri nhé nhat cua m dé (OL ) =1 1a 7. Boéi vay da thuc
_~3 2 \ A A L, 7
f(X)—X + X“ +1 1amét nhan thirc cia X +1.
4.11.4.2. Cac phin tir ciia treong hitu han xem nhu cic nghiém ciia mét da thire

Cac nghiém cua nhi thitc X> ' +1 chinh Ia céc phan tir khéc khong cua GF(2m) .

Vi du: Ta da c6 phan tich cta X" +1 nhu sau:
X7 1= (14 X) (14 X+ X (14 X7 + X7
Ta ciing biét rang o 1a nghiém cia (X3 + X+ 1) va boi vay o? va o cling la
céc nghiém cia n6. o 13 nghiém ciia (X3 + X2 +1) va boi vay af va o ciing 1a
cac nghi€ém cua nd. Nghiém cua (X + l) la 1.
4.11.4.3. Cac nghiém ciia mdt da thirc bat kha quy

Pa thirc bat kha quy f(X) bic m s& ¢6 m nghiém 1a B,B2,B4,. : .,Bzm_l va Bzm =B

vi B2 =1,
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Vi c4c nghiém cua X2 71 12 tht ca cac phan tir khac khong cia GF(Zm) nén mot da
thizc bt kha quy bac m ludn co cic nghiém trong GF(2m). Nguoc lai, cac nhan thirc cua

X% 7141 chia tt ¢ cac da thire bAt kha quy bac m. Nhu vay X2+ X2 +1va X2+ X+1
1a toan bo cac da thirc bat kha quy bac 3 co thé co.

Chu y ring X™ +1 1a u6c caa X" +1 néu va chi néu m 1a u6c cua n. Pidu nay ciing co
nghia 13 tat ca cic da thirc bt kha quy bac m 1a nguyén thuy néu 2™ 1 1asé nguyén to.

Vi du: 7 14 s6 nguyén t6 nén tit ca cac da thirc bat kha quy bac 3 déu 1a cac da thirc nguyén
thuy.

15 khong 1a cac sb nguyén t6 nén khong phai tit ca cac da thirc bat kha quy bac 4 déu la cac

da thirc nguyén thiy. C6 ba da thirc bit kha quy bac 4 1a 1+ X+X*, 1+ X3 +X* va

1+ X+ X% +X° +X*. Chi 6 hai da thae 1+ X+ X% va 1+ X° + X* 1a céc da thic
nguyén thuy

4.11.4.4. Phan tich m§t da thirc nhi phan f(X)

Dé phan tich mot da thirc nhi phan ta phai xay dung duoc truong hitu han ma trén nd ¢ thé
tim dugc cac nhan thirc ciia da thirc ndy. Mudn vay, trudc tién ta phai tim cac nhan thirc bat kha

quy nhi phan cta da thic f (X) nay (néu co) va cac bac cua chung. Sau do6 ta tim boi chung nhd
nhit (BCNN) ¢' ctia cic bac nay. Cac nhan thic ciia f (X) s& dugc tim trong GF(ZC') . Can

de y rang:

ab a b a a b-1 a b-2 a b-3
20 —1=(20) —1=(2 1) (20) +(20) T(20) sl
Béi vay 2¢ 11 boi cua 2° —1 néu ¢' 1a boi cua c. Bing cach chon ¢' 12 boi cua béc ¢
ctia mot nhan thire bat kha quy nhi phan nao do6, khi d6 cac nghiém cua n6 s& nam trong GF (ZC)
va cling nam trong GF(2C')

Néu ¢' 1a boi ctia cac bac ctia moi da thirc bat kha quy nhi phan thi tAt ca céc nghiém cua

chung c6 thé biéu dién dugc trong GF (ZC ) )

Vi du: Dathirc f (X) =X+ X*+1 dugc phan tich thanh tich cta hai da thic bt kha

quy sau:

X5+X4+1:(X3+X+1)(X2+X+1)
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Ta ¢6 deg(X3+X+1):3,deg(X2+X+1):2
BCNN(3,2)=6
Nhu vay f (X) c6 thé phan tich dugc thanh tich cua cac da thirc bac nhit trong GF(26) )

4.11.5. Xac dinh cac mi bang cac nghi¢m

Ta c6 thé x4c dinh mot bo ma bang cach cho rang cac tir mé 14 cac da thirc nhi phan ¢ cac
nghiém xé4c dinh trong GF(Zm ) Chang han néu nghiém 1a o trong GF(8) thi da thurc tdi tiéu
ciané 1a X° + X +1 va tht ca céc tr ma phai chia hét dugc cho da thirc ndy. Trong truong hop
nay, da thuc t6i tiéu dong vai tro nhu da thic sinh ctia ma.

Mot cach tong quat ta c6 thé coi da thuce sinh 1a BCNN cua cac da thirc t6i ti€u ctua céc
nghiém dugc xac dinh. Bac ctua da thirc (chinh 1a s6 dau ki€ém tra cua ma) la s6 cac nghi€ém phan
biét sao cho tong s cac nghiém la so6 dau kiém tra .

Néu da thirc ma V(X) c6 mot nghiém 3 thi V(B) =0.
Cho v, l1ah¢ sé cia X", khi do:
Vot e+ voBt VB v’ =0

O dang vécto ta c6 thé viét nhu sau:

Bn—l ]

Tuong ty, néu V(X) c6 j nghiém tir B; dén Bj thi :

n-1 pn-1 I-l_l_
1 2 ...
2 2 2
vi Bt By ... By |=0

Bi By ﬁ
B B p
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A3 T
Tabietrang: v.H =0
Nhu vdy ma trdn chuyén vi cua ma tran ¢ trén chinh 1a ma tran kiém tra ciia ma. Cac
nghiém déu la cac da thirc cua O (ta cling xem nhu 1a cac vécto va chung ciing phai dugc chuyén
vi), bdi vay ta co the viét:

[ an—1" 1T Q0" ]
-l Bl (
n-1'  an-1" 0"
| P2 2 B2
n—1T 1" or
B Bi Bj |

Ta thiy rang chi cAn mot trong cac nghiém [3, B2 , B4, Bg,. .. nam trong ma tran kiém tra la
du.
4.11.6. Ma Hamming

Mi Hamming c6 da thtic sinh 1a da thirc nguyén thuy. B&i vay mot phan tir nguyén thuy bat
ky déu dugc xem 1a nghiém ctia mi. néu ta 1y phan tir oL 1am nghiém thi:

T T T
H:[ocn1 ol ao}

Ta biét rang cac lily thira ciia oL 1a tit ca cac phan tir khac khong cua truong, diéu nay co
nghia 14 ma tran kiém tra H chtra moi t6 hop 0 va 1 ¢ thé co.

Vi du: Xét ma Hamming trén GF(8) c6 OL3+0L+1=O,matrénkiémtrchﬁamﬁnéy co
dang:
1110100
H=0111010
0011101

Ma tran naychura tat ca cac vécto cot 3 bit co thé co. Pay chinh la ma trén kiém tra ciia ma
xyclic (7, 4)

4.11.7. Ma BCH

Vao nim 1959, Bose,Ray — Chaudhuri va Hocquenghem 1a nhiing nguoi dau tién dua ra 16p
ma quan trong nay.

Pinh nghia: Ma BCH sta t sai 1a ma xyclic ¢6 2t nghiém lién tiép trong GF(qm) va cé

do daila q™ —1.
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Sau day la cac budce dé xac dinh moét md BCH trén GF(q) c6 do dai n va c6 kha nang stra

t sai:
1. X4c dinh sb nguyén nho nhét m sao cho GF(qm) co phﬁn ti nguyén thuy [3 .

2. Chon mét s6 nguyén té khong 4m b. Thong thudong b= 1

3. Liét ké ra 2t Iy thira lién tiép cta B
Bb Bb+1 Bb+2t—1

Xac dinh céc da thirc ti tiéu trén GF(q) clia cac phan tir nay (can chl y rang cac phan tir
lién hop c6 ciing mot da thirc tbi tiéu)

4. Pa thirc sinh g(X) 1a BCNN cua da thirc tdi tiéu nay. ma tao duoc chinh 1a ma xyclic (n,
k) voi k =n—degg(X).

Pinh nghia: Néu b =1 thi ma BCH duoc goi 1a mda BCH nghia hep. Néu n=q™ —1 thi
ma BCH duogc goi 1a ma BCH nguyén thuy.

Vi du: Ma BCH nhi phan stra sai don c6 do dai 2™ —1 1a ma c6 hai nghiém lién tiép trong
GF(Zm ) . Néu ta chon cac nghiém nay 1a o va OL2 thi nghiém thtr hai (OL2) 13 hién nhién c6.
Béi vay day chinh la ma Hamming.

Mi BCH nhi phan stra hai sai phai c6 cac nghiém lién tiép 1a o, 0L2 , OL3 va 0L4. Hién

A 18 1 X v P N S G , 2
nhién la chi c6 o va OL3 la cac nghiém doc lap (0™ va o 1a cac phan tir 1ién hop cuia o). Boi
viy ma tran kiém tra ctia mi ndy c6 dang sau:

H= T T T T
L) 32t 3 30
Céc ma BCH cho phép str dung phuong phap giai ma dai sd. Xét truong hop n =15 va co
hai sai & cac vi tri i va j. Ta c6 syndrom sau: S = eH!
Syndrom c6 hai thanh phan S| va S3:
S| = ol +o!

s;=a +a

Thé o) = S|+ o' tir phuong trinh thir nhat vao phuong trinh thir hai ta co:

2

stal +5,0% +57 +53=0
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o' chinh la nghiém cia phuong trinh nay. Vi cdc gia tri 1 va j 1a tuy y nén ca hai vi tri sai
¢6 thé tim dugc tir phuong trinh trén

Vi du: Ma BCH sua 2 sai ¢c6 do dai 15 c6 cac nghiém o va 0(3 trén GF(16) su dung da

thirc nguyén thuy X* + X +1. cac phdn tr o' cua truong duoc biéu dién bing cac da thuc ¢6

dang sau:

a’=0001 a®=0101

al=0010 o’ =1010

a>=0100 al®=0111

>=1000 all=1110

at=0011 a2 =1111

>=0110 a>=1101

a®=1100 a*=1001

o =1011

Khi d6 ma trén kiém tra c¢6 dang sau:

H:_amT J L L
2 o2 a3 oY
[111101011001000]
011110101100100
001111010110010

L_|111010110010001
111101111011110
101001010010100
110001100011000
10001100011000T1 |

Gia st tr ma nhan duoc la :
v(X)=x’+x*+1<3000000001010001

Syndrom tuong tmgla1 11 00110

Hay s =o', sy=0” (a''=1110,a°=0110)
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Ta c6 phuong trinh sau: o4 gl 3 5=

Véii=17 taco:

1

0
o +all o’ +a’ =

0

1

I
S O O O

S = = O

o o o =

Voi1= 8 taco:

OLO+O(,12+OL3+OL5:

oS O O =

S = = O
Il

oS O O O
Il
S

Nhu vay sai ndm & vi tri 7 va 8. tir ma d phat fX) la:
f(X)=X+X"+X°+X*"+1<>00000011101000 1
Ta c6 thé kiém tra lai két qua giai ma trén theo mot cach khac. Biét rang cac nghiém ol va
o’ ¢6 céc da thirc tdi tiéu twong ung la X+ X +1va X*+ X3+ X% + X +1. da thirc sinh
cia mé xyclic nay 14 tich cua hai da thic tdi tiéu trén g(X) =X8+ X7+ X%+ X* +1. Boi
vay day la ma xylic (15, 7) va tir ma nhan duge & trén phai chia hét cho g(X).
4.11.8. Cac ma Reed —Solomon (RS)

Pinh nghia: Ma RS 1a ma BCH q phén ¢6 do dai ™ —1.

Trong GF(qm) da thurc t6i thiéu ctia mot phan tir B don gian chi la (X - B) . B6i vay da

thire sinh ctia ma RS c6 dang:
g(x)= (x —~ ocb)(x —ab+1)...(x —~ ocb+2t_1)

trong d6 O 14 phan tir nguyén thuy cua trudng. Bic cia g(X) bang 2t, nhu viy voi ma RS

n —k = 2t, khodng cach coamdRS: dj=n—-k+1

Vi du: Cho n=7. Gia st o 1a nghiém cta da thirc nguyén thuy x> + X +1. Boi Ity

3

thura lién tiép cua o la 0(1 R Ocz, o, OL4 . Nhu vay da tirc sinh cuia ma RS stra 2 sai la:

g(x):(x—a)(x—a2)(x—a3)(x—a4)zx4+0L3x3+x2 +ox+a’
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Can chi y rang cac hé sé cia g (X) nam trong GF(S)

Ma RS tuong (g 13 mi (7, 3) co 8° tir ma.

Ngoai cac mi tam thudng 1a ma kiém tra chin (n,n — 1) va ma lap (n, 1) , ma Rs cling 1a
mdt mi thoa mén gisi han Singleton sau: dg <n—k +1
4.12. CAC MA CHAP
4.12.1. Mé& dau va mot sé khai niém co ban.

M3 chap 12 ma tuyén tinh c6 ma tran sinh co cu trac sao cho phép mé hoa c6 thé xem nhu
mot phép loc (hodc iy tong chap). Ma chap dwoc sir dung rong rii trong thuc té. Boi md hoa
dugc xem nhu mot tap hop cac bo loc ) tuyén tinh v&i day ma 1a cac dau ra cta bo loc duge phép
xen k&. Cac mi chap 1a cic ma dau tién duoc xdy dung cac thut toan giai ma quyét dinh phan
mém hiéu qua

Vi du: M khéi tir cac khdi k diu tao ra cac khdi n ddu. Véi cac ma chéap (thudng duge xem
1a cac ma dong), bd mi hoa hoat dong trén dong lién tuc cac dau vao khong dugc phan thanh cac
khéi tin 101 rac. Tuy nhién tdc d6 md — duogc hiéu 1a viée dua vao k ddu & mdi bude thoi gian s&

n
tao ra n dau méi. S6 hoc c6 thé duoc thuc hién trén mot truong tiy ¥ nhung thong thudng van 1a

trén GF(Z).

Ta biéu thi cac ddy va cac ham truyén dat nhu cac chudi lity thira ctia bién x (d6i khi con
dung ky hiéu D thay cho x). Day { .., M_H,, M_y, Mj, My, My, .. } (v6i cac phan tir m;

thudc truong F) duoc xem nhu mot chudi Laurent:

o0
m(x)= Z m,x"°
€=—00
Tap tat ca cac chudi Laurent trén F 1 mot truong, ta ky hiéu trudng nay la F[[XH . Nhu
vay m(x) € F[[X]:'
Dbi v6i dong nhiéu dau vao ta dung ky hiéu m<1) (x) biéu thi dong dau vao dau tién,

2 .2 . AN L A s s \ R
m( ) (X) biéu thi dong dau vao thr hai... Tap cadc dong vao xem nhu mot vecto:

m(x)=| m")(x) m®) (x) | F[[x]]
Bd ma hoéa cho ma chép thuong dugc coi 1a mdt tap cac bo loc $0.

Vi du: Hinh 4.2 chi ra mot vi dy vé mot bo ma hoa
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Hinh 4.2: B mi héa cho mi chip toc dd R — 1
2

(cac 6 D biéu thi cac 6 nhd mot bit — cac trigo D)

Dong vao m, di qua hai by loc dung chung cac phan tor nhé tao ra hai dong ra:
1
Cg() = mk + mk_2 va Cg{z) = rnk + mk_l + mk_2
Hai dong ra nay duogc dua ra xen k& dé tao ra dong dugc ma Ck . Nhu vay ctr mdi bit vao

1

lai c6 hai bit ma dugc dua ra, két qua 13 ta c6 mot ma c6 toc dd R = —.

Thong thudng ta coi trang thai ban déu ciia cac phan tir nhé 1a 0, Nhu vy, voi dong vao
m= {1, 1, 0, 0,1, 0, 1} cac dau ra sé la:

cV=f1,1,1,1,1,0,0 0 1}vac®={1,001110,11}

Dong ra: C:{l 1, 10, 10, 11, 11, 01, 00, 01, 11}

O day ddu phay phan cach cac cap bit ra tng voi mdi bit vao.

Ta co thé bidu thi ham truyén tir dhu vao m(x) tr diu ra C)(x) nhu sau:

g(l)(x)=l+X2.Tu0rngtutac() g?(x)=1+x+x°

Dong vao m={1, 1, 0, 0, 1, 0, 1} c6 thé biéu thi nhu sau:
m(x)=1+x+x"+x°eGF(2)[[x]]

Cac dau ra s& 1a:
C(l)(x):m(x)gl(x):(l+x+x4+x6)(1+><2):1+x+><2+x3+x4+x8
CP(x)=m(x) gy (x) = (14 x4 x* +x)(14x+x7)

=1+X3+X4+X5+X7+X8
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V6i mdi ma chap tdc 40 R = — ¢6 mot ham truyén ma trdn K xn € (X) (con duoc goi la
n
ma tran truyén). Vi maé toe dd R = — & vi du trén ta co:

Ga(x):[1+x2 1+X+X2]

Ma tran truyén nay khong chi c6 dang cac da thirc, ta c6 thé thiy thong qua vi du sau:

Vi du: Xét ma tran truyén ciia ma chap sau:

1+x +x2
Go(x)=|t =7

Vico "1" ¢ cot dau tién nén dong vao s€ xuat hién truc ti€p ¢ dau ra dan xen, bdi vay day la
mot ma chap hé thong

Bd ma hoa cho ma nay dugc mo ta ¢ hinh 3:

— rﬁf)

J’_

m
_k D o D ‘\.Ck
ICE)
Hinh 4.3: B ma héa hé théng véi R — 1
2
. \ 1 2
Véi dong vao: m(x)=1+x+x2 + x4+ x* + x8 cac ddura Cg() va C${ ) c6 dang:
1
Cgi) =1’n(x)=1+X+X2+X3+X4+X8
5 1+x+x2+x3+x4+x8)(1+x+xz)
cl?) =

1+x2

=14+ xt +x +x8x 0

Mot bo ma hoa chi c¢o cac hang da thirc trong ma tran truyén duogc goi la bd ma hoa cod dap
mg xung hitu han. Mot bd ma hoa c6 cac ham hitu ty trong ma trin truyén goi 1a bd ma hoa ¢

dap trng xung vo han.

Véi mi c6 toe do k/n voi k > 1 ddy thong bao dau vao (ta coi nhu dugc tach ra tir mot day
thong bao thanh k dong), ta co:

m(x)=| m")(x), m®)(x), ... m)(x) ]
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va:

M) x) M (x)
6(x)= g<2’1:>(x) g<2’2:>(x) ()

g(k,l) (X) g(k,2) (X) - g(k,n) (X)

Day ra dugc biéu thi nhu sau:
c(x)=| ) (x). P (x), ... € (x)|=m(x)G(x)

Ma tran truyén G(X) dugc goi 1a h¢ théng néu co thé xac dinh duoc mot ma tran don vi

trong cac phan tir cia G(X) (chang han néu bang cac phép hoan vi hang va/hodc cot cia G (X)
c6 thé thu duoc mot ma tran don vi).

Vi du: Cho ma hé thdng toc d6 R = 2/ 3 c6 ma tran truyén sau:

1 0 ol
+ X
G<X) = 2
0 1 3
L 1+x7 |
So d6 thé hién ciia ma nay cho trén Hinh 4:
> ) (x)
(1)
” (X)A?—r DiLly DD —‘

- c(x)

A\ 4

—»?—» D
Hinh 4.4: B mi hoa h¢ thong R — 2

Mot so d6 ma hoéa khac c6 hi¢u qua hon dugc moé ta & Hinh 5:

m(l)(x)
c®(x)
H(%—v Dlisan(Hy—{ P c(x)

Hinh4.5: So’ 46 b6 ma hoa hé théne p — % ¢6 phin cirne don sian hon

m® (x)

4
w)
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Gia su: m(x):[1+xz+x4+xs+x7+..., X2+X5+X6+X7+...]

Khi d6 dau ra C(X) c6 dang:

2 6 3

C(x)=[1+x2+x4+x5+x7+..., X2 +x°+x +x7+..., X+ X +x5+...]

Khi dua ra xen ké dong ra s€ la:

{100, 001, 110, 001, 100, 111, 010, 110}

Tur cac vi du trén ta c6 dinh nghia sai cho ma chap

Pinh nghia: Ma chap téc @ R =k/n trén truong cac chudi Laurent hitu ty F[[XH trén
truong F 1a anh cia mot anh xa tuyén tinh don 4nh cia cic chudi Laurent k chiéu

m(x) € F[[X]]k vao cac chudi Laurent C(X) € F[[X]]n

4.12.2. Cac ma Turbo.

Vao nam 1993, Berrou, Glavieux va Thitimajashima da dua ra mét so dd m3 héa méi cho
cac ma chap dugc goi 1a ma Turbo (Hinh 6). Trong so dd nay dong thong tin vao dugc ma hoa hai
14n v6i mot bd x4o tron dat gitta hai b ma hoa nham tao ra hai dong dir li¢u dugc ma hoa co thé
xem la doc 1ap thong ké voi nhau.

Céc bit vao m(X)

> Bomahdal _|_» Trich Cac bitra

\ 4 I chon _C—(X)

Xao tron B0 ma hoa 2

y

Hinh4.6: B ma héa Turbo

Trong so do nay cac by ma hoa thuong duoc sur dung 1a cac bo ma hda cho ma chép co toc

do R=1/2.

Céac mi nay dugc sur dung rat hiéu qua trén cac kénh phadinh. Nguoi ta da ching to ring
hiéu nang ctia ma Turbo sé& ting khi ting kich thudc cta bd x4o tron. Tuy nhién trong nhiéu tng
dung quan trong (ching han khi truyén tiéng noi), kich thudc bo x4o tron qua 16n khong sir dung
duoc do két qua giai ma bi giir cham

Vi du: Xét so dé ma hoa Turbo c6 ham truyén sau: (Hinh 4.7)
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1
G =
(X) 1+x°

V61 b x40 trén duge mo ta boi phép hoan vi [1

[1={8.3.7.6,9,0,2,5,1,4}

m(x) ' (x)
’ v. - .4
Hoan vi [] ’—' > o )
C Trich C (X)
(X) chon >

A 4

-

Gia sir day vao la: m(x)=[1,1,0,0,1,0,1,0,1,1] = c” (x)

Hinh4.7:

Khi d6 day ra cia bo ma hoa thu nhét 1a:
A (2)
C (X):[1’1’1519951’1919950]

Day bit dugc hoan vi dua vao bo ma hoa thir hai la:

m(x)=[1,0,0,1,1,1,0,0,1,1]

Day ra ctia b ma hoéa thur hai la:

A (3)
C (X) [1999191703(_)’0’9’1’1]

N A
B0 trich chon s& chon dwa ra cac bit dugc gach dudi lan luot & cac dau C (X) va

(x)

Diy bit dwoc ma hoa & dau ra c6 gia tri R = — la:

6(3)
v(x)=[1,1,1,0,0,1,0,1,1,0,0,0,1,1,0,0,1,0,1,1]

Khi khong dung bo trich chon day bit ra s& c6 te do R = 5 va co dang
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V(x) = [1,1,1,1,1,0,0,1,1,0,1,1,1,0,0,0,1,0,1,1,0,0,1,0,1,0,1,1,0,1]
Day ra V(X) duoc diéu ché va phat qua kénh, & dau ra kénh tin hiéu nhan dugc giai diéu

ché dé tao ra vécto I'(X) bao gdm cac vecto 1‘(1) (X) (twong ung voi C(l) (X) ), r(z) (X)

A\ AN
(twong ung véi C (2)(X) ) va r(3) (X) (twong tmg véi C (3)(X) ),
Hoat dong chung cua thuat toan giai ma Turbo c6 thé mé ta nhu sau (xem hinh 4.8).
Dt liéu (r(l) (X),r(2) (X)) dugc dua to1 bo giai ma 1. Trudce tién bo giai ma nay sir dung

st dung thong tin tién nghiém trén cac bit da phat va tao ra cac bit c6 xac suit xuat hién phu
thude vao dir li€u quan sat duoc. Pau ra danh gia nay cua bd giai ma 1 dugc xao tron theo luat
hoan vi [] va dugc dua t&i b giai ma 2 va dugce lam thong tin tién nghiém. Cung dua tdi bd giai

ma 2 1a dit liéu nhan duoc (r(l) (x),r(3) (x)) cin cha ¥ ring () (x) phai duoc dua téi b

x40 tron [1. Dau ra danh gia cua bd gidi ma 2 dugc gidi xdo tron bé'mg luat hoan vi ngugc H_l
va dugc dua tro lai lam thong tin tién nghiém cho bd giai ma 1. Qué trinh chuyén thong tin tién
nghiém s& duoc tiép tuc cho dén khi bo giai ma quyét dinh ring qua trinh di hoi tu (hodc cho t&i
khi dat duoc mot s6 1an ldp nhat dinh)

Phan quan trong nhat cua thuat toan giai ma nay 1a mét thuat toan giai ma quyet dinh meém,
thudt toan nay s€ cung cap cac danh gia ctua cac xac suat hi¢u nghiém cho moi bit vao

Giai xao tron H_l Dbanh gia

f(x) 7] BOER | peanh gig
— 5 mal »  Xiotron [1

A

’-*/-\
L
—~
>
~—
\ 4

— B0 gii —
r(l) (X) ma 2 Giai x40 | RA
Xao tron []

\ 4

A 4

> -1 —»
trQnH

\ 4

Hinh 4.8: So dd khdi chirc ning cia b giai ma Turbo
BAI TAP

4.1. Hay thiét 1ap cac tir ma hé thong cho ma xyclic (7,3) = <1 +X+ X2 + X4> voi cac da thuce
thong tin sau: a, (X) =1+x

'c12(>():1+x2
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4.2. Gia st tr ma nhén dugc ciia ma xyclic (7, 3) c6 g(X) =1+x+ X2 + X4 c6 dang

V(X)=X6+X5+X4+X2+X<—)OO 11101 16

x ... . X
Hay sir dung thuét toan chia dich vong dé tim duoc tir ma dé phat biét ring mi (7, 3) nay ¢
dy=4.
4.3. Hiy lap bon tir ma cia ma hé thdng nhij phan (8,4) biét rang cac diu tin tirc ctia mdi tir ma l1a:
a.1100
b.0101
c.1010

vama tran kiém traciabomala: H =

—_ = O
— O =
—_— = OO =
S = O =

4.4. Hay lap ma Huffman cho nguén tin san ra cac chir doc 1ap Xy, X,, X3, X, VvoOi cdc xac suét
tuong ung p(xl) =0,1; p(Xz) =0,6; p(X3) =0,25; p(x4) =0,05. Tinh d9 dai trung
binh ctia tir ma. Tinh entropie ctia ngudn.

4.5. Mot ma don gian n ddu dung trong kénh nhi phan khong dbi xtmg vé6i xac suit thu sai déu
“0" 1a py = p(0—> 1) khac xdc sudt thu sai ddu “1” 1a p; = p(1—> 0 ). Cac 13i xay ra doc
1ap voi nhau. Hiy tim x4c sudt giai dung ma. Xac suit ndy c¢6 nhu nhau ddi v6i moi tir ma khong?
4.6. Cho b0 ma hé théng nhi phan (8,4), cac dau Oy, Oy, Oy, Oy lacac dau mang tin, cac dau

O5, Og, Oy, Olg lacac déu kiém tra, dugc xac dinh nhu sau:

OL5=OL1+OL2+OL3

(a)

OL6=OLI+OL2 +OL4

(15=OL1+0L2+OL3 +OL4

Chimng minh rang khoang cach cuc tiéu ciia ma trong bo ma nay bang dmin =3.

4.7. Xét ma (7,4) c6 d = 3. M4 nay stra dugc mot sai. Tinh x4c suat thu dung mot tir ma khi x4c
suat thu sai mot ddu ma bang Po

4.8. M3 hé thdng (3,1) ¢6 hai tir ma 000 va 111. Tinh x4c suat sai twong dwong khi ding mi nay
trong kénh ddi ximg c6 16i xay ra véi xac suat thu sai mot dau 1a p doc 1ap v6i nhau.
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4.9. S6 cic to hop ma ciia mot bd ma la Ny =m". Trong d6 sé cic tir mi dem ding la
N < N (s6 céc tir ma con lai goi la cac tir ma cdm). Khi mot tr ma dung bién thanh mot tir ma
cAm nao d6 thi ta bao viéc truyén tin gip 18i va nhu vay 15i tw dong duoc phat hién. Hay tinh sb
luong cac tir ma sai co thé c6 ma chung duoc phat hién tu dong va s tdi da cac tir ma co thé sira
ctia bd ma nay. Ap dung bang s véim=2,n=4, N = 8.

4.10. Cho :

XP 4 1=(X4 )X+ X+ 1)(X* X+ 1) (X X 1)(XF X4 X4 X+ 1)

a. Hay tim tat c cdc mi xyclic c6 thé ¢6 trén vanh Z, [X]/X15 +1

b. Hay tim da thtrc sinh cia ma BCH sura 3 sai.

4.11. Hay thuc hién bai tap 4.4 theo thuat toan Shannon — Fano sau:
Budc 1: Chia tap tin thanh hai nhom c6 tong xac sudt xap xi nhau
Budc 2: Ghi "0" vao cac tin cua mdt nhom

Ghi "1" vao cac tin cua nhom con lai

Budc 3:V6i moéi nhom lai thuc hién cac budce trén. Thuat toan ding khi mdi phan tir chi con
chira mot tin

4.12. V6i ma BCH stra 2 sai duge mo ta trong vi du & muc 4.10.7 hay giai ma cho day sau: 1 00 0
10110010001

4.13. Hay giai cac bai tap 3.8 va 3.14 bang cach ma hoa nhij phén.

4.14. Cho X° +1=(X+ 1)(1 X+ Xz)(l + X34 x6). Hay thiét 1ap tAt c& cic md xyclic ¢6
thé c6 trén vanh Z, [X]/X9 +1.

4.15. Hay thuc hién ma hoa Huffman cho nguén rO1 rac sau:

a dp 43 a4 a5 3dg A7 dg dg 3
A=l 1 1 11 1 1 1 1

1
4 4 8 8 8 32 32 32 64 64

Danh gia hiéu qua cta phép ma hoa

Hay giai ma cho day cac bit nhan dugcsau: 1011001110101 ....

3

4.16. Hay thiét 1ap tir ma hé thong ciia bo mi xyclic (7,4) c¢6 da thic sinh g(X) =X+ X2 +1

twong mg vé&i da thirc thong tin a(x) =x> +x theo thuat toan nhan va theo thuat toan

chia.
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4

4.17. Cho ma xyclic (15, 11) c6 da thirc sinh g(X) =X" + X+ 1. Hiy mé ta so d0 chic ning

cta thiét bi ma hoa hé thdng theo phuong phép chia da thirc cho bd mé nay. Tim tir ma ra cia

thiét bi trong truong hop da thirc thong tin dau vao c6 dang: a(x) = XIO + X9 + X7
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CHUONG V - LY THUYET THU TOI WU

5.1. PAT BAI TOAN VA CAC VAN PE CO BAN
5.1.1. Thu tin hiéu Khi c6 nhiéu 12 mdt bai toan thong ké

Ta xét truong hop don gian nhat khi dang cua tin hiéu trong kénh khéng bi méo va chi bi
nhidu cong tinh. Khi d6 ¢ ddu vao ciia may thu s& c6 tong cua tin hiéu va nhidu:

u(t)=pS;(t—1)+n(t) (5.1)

Trong d6 | - hé sb truyén ciia kénh (thong thuong p << 1)

Gia thiét | = const.

T - thoi gian gitt cham tin hi¢u cua kénh

n(t) - nhiéu cong, la mot ham ngﬁu nhién

Truong dau 16i vao {OLi} 1= I,_m, khi do cac S; (t) la cac tin hi¢u phat twong g voi
cac tin QL; .

Do n(t) 1a mot QTNN nén u(t) ciing la mot QTNN. Vay khi nhan dugc u(t) ta co thé
dé ra m gia thiét sau:

1. S, (t)(OLI ) da dugc giri di va trong qua trinh truyén S (t) duoc cong thém mot nhiéu:

n(t) = u(t)—uSl(t —r)

2.5, (t)(ocz) da dugc truyén di va trong qua trinh truyén S, (t) duogc cong thém mot

m. S, (t)(am) da dugc truyén di va trong qua trinh truyén S (t) duogc cong thém mot
nhidu: n(t)=u(t)—pS, (t—71)

Nhiém vu cta bd thu 1a phai chon mot trong m gia thuyét nay trong khi né chi biét mot s6
tinh chét cta nguén tin hi¢u va dang cua tin hi¢u nhan dugc u (t) .Rdrang la mdi mot gia thuyét
déu c6 mot xac suat sai tuong tng vi n(t) 12 mot ham ngiu nhién. Nhu viy may thu phai chon

mot 101 giai ndo d6 trong diéu kién bat dinh. Viéc xét cac quy ludt chon 10i giai trong diéu kién bat
dinh chinh 1a ndi dung cua bai toan théng ké. Vi vay thu tin hiéu khi c6 nhiéu 1a mot bai toan
thdng ke.
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5.1.2. My thu t6i wu

Nhiém vu ciia may thu 13 phai chon 15i giai do d6 may thu con duoc goi la so d6 giai. Yéu
cau 16n nhét cia so db giai la phai cho ra 16i giai dung (phat Q; ta phai tim dugc Bi ). Trong thuc
té c6 rat nhiéu so do giai. Trong tat ca cac so d6 giai c6 thé co thi tai mot so d6 bao dam xac suét
nhan 16n phai dung la 16n nhat (xac suat giai sai la bé nhat). So do6 nay dugc goi 1a so do giai toi
uu. May thu xay dung theo so do gidi do duogc goi 1a may thu toi vu (hay 1y tudng)

5.1.3. Thé chéng nhiéu

C6 thé dung xac suat thu ding dé danh gia do chinh x4c ciia mot hé théng truyén tin mot
cach dinh lugng. Pé danh gia anh hudng cia nhidu 1én d6 chinh x4c cia viée thu, ngudi ta dua ra
khai niém tinh chéng nhidu ctia may thu. Néu cung mot muic nhidu, may thu nao dé cé xac suit
thu dtng 14 16n thi duoc coi 1a ¢ tinh chdng nhiéu 16n. Hién nhién rang tinh chdng nhifu cua
may thu t6i wu 14 16n nhat va duoc goi 13 thé chéng nhidu.

5.1.4. Hai loai sai 1Am khi chon gia thuyét

a. Sai lam logi 1: Goi Hj 1a gia thuyét vé tin oL, da guri di. Noi dung ctia sai 1am nay 14 bac
bo H; ma thyc té 1a n6 dung. Tirc 1 qua that ol gui di ma ta khong.gui. Sai 1am 1 13 bo s6t tin
(hay muc tiéu).

b. Sai lam logi 2: Thira nhan Hl trong khi thuc té no sai. Tuc 1a thuc ra khong c6 O ma ta
lai bao 1a co. Sai 1am loai nay goi la nham tin hodc bao dong nham.

Binh thuong, khong co diéu kién gi dac biét, sy tdn tai ctia hai loai sai 1am trén 1a khong
"ngang quyén" (khong gay tac hai nhu nhau)

5.1.5. Tiéu chuin Kachennhicov.

Thong thuong khéi niém t6i wu 1 phai hiéu theo mot nghia nao do, tirc 1a t6i vu theo mot
tiéu chuan nao d6. Thong thuong trong thong tin "thu t6i wu" dugc hiéu theo nghia nhu sau (Do
Kachennhicov & ra va goi 1a tiéu chuan Kachennhicov).

Trong cting mot diéu kién da cho trong sb hai hay nhiéu so dd gai, so d6 nao dam bao xac
sudt giai dung 16n nhét thi duoc goi 1a ti wu. (tiéu chuan nay con duge goi 1a tidu chudn nguoi
quan sat ly tuong).

Nhugc: Khong da dong dén cac loai sai 1am, tirc 13 coi chung ton tai "ngang quyén" nhau.

Uu: Pon gian, dé tinh toan, dé thyc hién.

Ngoai tiéu chudn Kachennhicov con c6 mot s nhimng tiéu chuin khac nhu: Neyman-
Pearson, Bayes, Vald .... Nhiing tiéu chuan nay khic phuc dugc nhuoc diém trén nhung kha phic
tap nén khong dung trong thong tin.

5.1.6. Viéc xir Iy t6i wu cac tin hiéu

Nhiém vu cua may thu la cho ta céac 101 giai Bi . Qua trinh thtrc hién nhiém vy nay dugc goi
la qua trinh xtr ly tin hi€u. Trong qua trinh xur 1y tin hi€u thuong phai thuc hién cac phép toan
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tuyén tinh hodc phi tuyén nho cac mach tuyén tinh hodc phi tuyén (vi du: bién tn, tich song, loc,
han ché, nhan, chia, tich phan, binh phuong, khuéch dai ....). Qua trinh xtr 1y tin hi¢u trong may
thu t6i wu dwoc goi 1a xtr 1y t6i wu tin hiéu. Xt Iy dé nhan 10i giai c6 xac sut sai bé nhat.. Trudc
kia viéc tong hop cac may thu (xdy dung so d giai) chi cin cir vao cac tiéu chuin chét luong
mang tinh chit chirc ning ma khong mang tinh chat théng ké. Anh huong ctia nhiéu lén chat
lwong cta may thu chi duoc tinh theo ty sé tinh /tap. T 13 viée tong hop may thu tdi wu trude
day chi chu yéu dwa vao truc giac, kinh nghiém, thi nghiém. Ngay nay 1y thuyét truyén tin da cho
phép bang toan hoc tong hop dwoc may thu tdi wu ("Téi wu" lic ndy méi mang tinh chit dinh
luong) tirc 1a dya vao céc tidu chuan t6i uu bang cong cu thdng ké toan hoc ngudi ta da xac dinh

5.1.7. Xac suit giai sai va quy tic giai toi wu
Cho o la tin higu da gii di, xac sudt dé giri tin hiéu nay dila p(ay; ), p(a;) duge goi la

m

Xé4c sudt tién nghiém Zp((xi) =1 |. Gid thiét ring S; (t) co thoi han T, S (t) duoc goi 1a
1

cac tin hiéu nguyén tb tmg voi cac ddu ma. & may thu ta nhan dugc u(t) . Tu u(t) qua so do

gidi ta s& c6 1oi gidi 3 ] nao d6. Néu nhan duogc B ; thi ta coi rang O ; da dugc guri di. Nhu vay o

da dugc gui di voi mot xac sudt p (OL / / u) duogc goi 1a xac suat hau nghiém. Do do6 xac sudt giai

sai s¢ la:

p(sai/u,B,)zl—p(al/u) (5.1)

.....

-Tu u(t) cho ta 3
-Tu u(l) cho ta 3,

Néu p(sai/u,B;)<p(sai/u,By) (5.2) thitase coi so dd thir nhat ti wu hon so dd thir
hai.

Tur (5.1) va (5.2) = p(sai/u,B; ) > p(sai/u,p,) (5.3)

Tie 1a x4c suét chon 10i giai sai p(sai/ u,f3 1) cang nho néu xac sudt hau nghiém twong

ung p(ocl /u) cang lon.

Ta xét m so do, khi d6 ta c6 thé coi (m - 1) hé thirc sau:

p(a;/u)>p(a;/u) Véi

1=1,m
) (5.4)
1#1
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Néu ta c6 (m —1) hé thirc nay thi ta coi so do giai chon Bl s& 1a t6i uu (theo nghia

r
.....

Kachennhicov) vi né dam bao xac suat phai sai 1a bé nhat (5.4) chinh 1a quy tic giai tdi vu. So

r
.....

do giai thoa man (5.4) chinh la so ) giai toi uu.

5.1.8. Ham hop Iy

Dung cong thirc Bayes: p(ocj /u) = (5.5)

1,m
|

Thay vao (5.4) ta co: p(a,)w(u/al)>p(oci)w(u/oci) Véi {1 (5.6)

H

1

va duoc goi 1a ham hop 1y (ty s6 hop 1y). N6 dic trung cho muc do
w(u/ay)

hop 1y cua gia thuyét cho rang o ; da duoc guri di (so voi gia thuyét cho rang Q; da duoc gui di).

, A P(oy) (. |i=1,
Ta co: Ao = Vo 5.7
aco l/1(u) p(Otz) 1 { 1 (5.7)

.....

5.1.9. Quy tic hop ly toi da

. N . 1 ) —
Néu moi tin hiéu gui di déu dong xac suat: p(OLl) = p(OLi) =— voi Vi,/=1,m thi
m

(5.7) tré thanh Ay (u)>1 V6i Vi=/ (5.8)

(5.8) duoc goi 1a quy tic hop 1y tdi da, no hay dugc ding trong thuc t& vi hau hét cac hé
truyén tin déu c6 thé coi (véi sai s6 chap nhan duoc) ngudn dau c6 cac ddu ddng xac suit.

Dé co thé thdy rd anh huong cua tinh thong ké cua nhidu & (5.8) ta thuong viét nd dudi

dang:
i (1) w(u/a;) w(u/oy):w(u/0)
ul)= =
h w(u/a;) w(u/a;):w(u/0)
jkl/i(U):M :>7\‘l/0(u)>}\'i/0(u) Vi#l (5.9)
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Ao (u) va Aij (u) dé tim hon A (u) O day phai hiéu rang W(u/O) chinh 1a mat
dd xac suét cua nhiéu.

5.2. XU LY TOI UU CAC TiN HIEU CO THAM SO PA BIET. KHAI NIEM VE THU
KET HQP VA THU KHONG KET HQP.

5.2.1. bat bai toan

Mot kénh truyén tin hi€u lién tuc chiu tac dong ctuia nhicu cong Gausse (chuan) c6 mat do
xac suat bang:

n2

1 TH 2
W(n):Gme 20 (5.10)

c6 phuong sai Gz va ky vong triét. Tin hiéu phat c6 moi yéu t6 triét trudc (tién dinh)

5.2.2. Giai bai toan
5.2.2.1. Tim ham hop Iy A0 (u)

Ta ¢6 u(t) = pS; (t — 7:) + n(t)
L, T =const 1a cac tham sb cua kénh da biét

Sj (‘[) cling da biét

Pé tim 7\,1/0 (u) ta gia thiét u(t) ¢6 phd hiru han F, . Nhu véy ta c6 thé roi rac hoa u(t)
thanh n s doc:
n=2FT, trong do T 1a thoi han cia u(t). Nhu vay ta phdi tim

U, Ug, eve Uy

}\,j/o(ul, Us, ... un)

W, (v, vy, oo uy Joy)
W, (uy, uy, .... u, /0)

7\.‘]'/0(111, u2, un):

W, (ul, Uy, ... U, / 0) chinh 14 mat do phan bd n chiéu cia nhiu Gausse, néu coi cac

s6 doc cua nhidu doc lap, thong hé véi nhau thi:
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2

2ET 2ET oy
W_ (u;,u,),....u,/0)= W, (u, )= e 20°
A | R ¥ e

1 2ET 2
k
=————=CXpy— Z —
2ET 2
(G\/Zﬂ?) k=1 20
Ky hi¢u ¢; (t) = pS; (t — r).
Khi phat OLJ- ta s€ nhan dugc cac Uy = Cjk +ny.

Pé tinh toan dé& dang ta coi viéc da phat j twong duong véi viéc nhan dugc nhidu cb cac

gia tri nhiéu Ny =uy — Cjk . Ttc 1a coi :

Wn(ul, Uy, ... un/ocj):Wn(ui, Uy, ... U, /O)

Tuong tu nhu trén ta co:

Wn(uvl, u'z, u'n /0):

= hjo(ur: s ... Uy ) =exp Zzu—kz— )3

Phuong sai Gz ctia tap co thé biéu thi qua mat dd phd cong suét cta nd va giai théng cia
kénh F,

1
o’ = G,F, Trong d6 F, = ——
2at
] ET | 2ET 5
kj/o(ul, Uy, .... Uy )=exp G Z ukAt—G— z (uk —cjk) at
0 k=1 0 k=1

Khi F, — 00 ta co:
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75/0( )— hmk (ul,uz,.... un)

R —

=exp{ j Ec dt+Gifu )dt”

=Ajo(u)= exp{—%?}exp{%EZ}()} (5.11)

0 0

T
Trong d6 Ej = chz ( )dt la nang lugng cua C; (t)
0
C; (t) 1a tin hiéu nguyén t6 mang tin & 16i ra cia kénh

Zj(u)z%}u(t)cj(t)dt (5.12)

Zj (u) dugc goi la tich vo hudng cua u(t) va Cj(t)

5.2.2.2. Quy tic ti wu viét theo cac tham sb ciia thé hién tin hiéu.

b

, .. Apo(u . Ji=1 , .
Dung quy tic hop ly toi da M >1 Vi 4 .Lay log, hai vé:

7\41/0(11) 1¢1

In%yo(u)=Inkyo(u) >0

— hl}\,l/o (U) > hl?\.l/o (U) (*)
Thay (5.11) vao (*) ta duogc:
2L 207, (0) >~ 2oz, (u) Vei
Nhan hai vé véi -0 ta co:
E 1=1,m
Z __] e 2, D
(W)= >2i(v) =3 Vm£¢1
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Chu ¥ rang Ej/T = Pj la cong suét cua tin hiéu C; (t) & dau vao so dd giai.

Zl(u)—%>Zi(u)—% Véi i1 (5.13)

14
.....

Dua vao quy tic giai toi wu (5.13) ta s& xay dung duoc so do gia cong tbi wu tin hiéu.

5.2.2.3. Xay dung so dd xir 1y tdi wu tin hiéu

i R

> X > L > _|—>

i ; T! 1 Zy(u) .

! b Thiét

Lot Lo pi/2 bi D
a(t) | ! . Zi(u) ¢ 1 o |25

| o _____ | ' ,
. h =
I o sén B
T
1 —
» X > ?]. > >

Xung cyc hep dé
déng bo & to=T

N

8

=
o

Hinh 5.1: So do gia cong t6i wu tin hi¢u.

Loi giai B; 14y ra dugc chinh 1a 10i gidi c6 x4c suat sai bé nhat

T (5.12) ta d3 v& duoc so d6 khéi cua viée hinh thanh tich vo hudng Z, (u) So d6 nay
gdm 3 khbi:

- Tao tin hi¢u ¢; (t) dong vai tro nhu ngoai sai

- Mach nhan dong vai trd nhu bién tan

- Mach tich phan (dong vai tro nhu bo loc)

Nguoi ta con goi so dd trén 1a bd loc phdi hop chii dong (c6 ngudn) hay con goi 1a twong
quan ké. Sau nay chung ta sé& théy duoc ré“mg dé tao tich vo huong Zi (u) ta co thé chi dung mot
mach tuyén tinh, d6 1 bo loc phéi hop thu dong (khong ngudn)

Chii y: Dé so sanh ding lac, nguoi ta phai ding xung cuc hep ddng bo mé thiét bi so sanh

vao dung thoi diém doc ty =T
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5.2.3. Khai ni¢m vé thu két hop va thu khong két hop
5.2.3.1. H¢ c¢6 khodang nghi chi dong.

O trén ta d3 giai bai téan thu tdi wu cac tin hiéu co cac tham sd d3 biét (tirc 1a xac dinh duoc
mot cach chinh xac bién do, tan s, pha ban dau va W, T =const). Thuc té gia thiét
L, T = const khong phu hop vi W, T 13 cdc tham sb cia kénh phu thudc rat nhidu vao cac yéu tb
ngau nhién.

Khi [ thay déi thi Z; (u) s& thay doi ty 1€ voi L con p; sé thay doi ty 1€ véi uz . Vi vay
dé dam bao duoc quy tic giai (5.13) ta can ¢6 mach ty dong hi¢u chinh dé bu lai su thay ddi cua
WU (vi du dung mach TDK (APY)).

Khi T thay ddi s& 1am cho gdc thoi gian thay doi gdy ra su khong dong bo giira C; (t) va
u(t) . Dé thuc hién dugc sy dong bo giita C; (t) va u(t) ta phai dung hé théng TDT (ATIY).

Dé c6 thé tranh dugc su phiic tap cia thiét bi khi phai ding thém TDK khi p thay ddi
ngudi ta chon céc tin hi€u cé cong suét trung binh nhu nhau, tic 1 p; =p j véi Vi, j=1,m.
Luc d6 quy tic giai sé 1a:

Z;(u)>Z(u) Vizl (5.14)

So d6 giai ltic nay sé rt don gian va ngay ca khi W thay dbi ta ciing khong phai ding thém

mach TPK (Hinh 5.2)

> ) " Thiét
& » Z(u) > :)(1)
_________ L séanh

» Zn(u) >
Hinh 5.2: o
0=

Hé théng co Pi =P; (Vi,j = l,m) dugc goi 13 hé théng co khoang nghi chu dong.

5.2.3.2. Dinh nghia thu két hop va thu khong két hop

Tin hiéu tong quat c6 dang:

C;(t)=Cy; (t)cos(oot +o(t)+ (po)
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Khi gia cong tdi wu tin hiéu ta cin biét duong bao COi(t) va tn sb tic thoi

_ - do(t)
coi(t)—co+T.

Néu viée thu C;(t) can biét ¢ (dé diéu chinh h¢ thong thu) thi dwoc goi 1a thu két hop.

Néu viée thu C;(t) khong can biét @ (dé diéu chinh h¢ théng thu) thi duge goi la thu
khong két hop.

Thuc té khi T thay d6i s& lam cho O thay d6i. T chi bién thién it nhung ciing da lam cho

(¢ thay d6i rat manh. Khi d6 ta phai chuyén sang thu khong két hop.

5.3. PHAT TiN HIEU TRONG NHIEU NHO BQ LOC PHOI HQP TUYEN TINH
THU PONG.

5.3.1. Pinh nghia bd loc phdi hop tuyén tinh thu dong
Pinh nghia: DBdi véi mot tin hiéu xac dinh, mot mach tuyén tinh thy dong dam bao ty sb
Pra = (—) cuc dai & mot thoi diém quan sat nao déy s¢ duoc goi la mach loc phéi hop tuyén
ra
tinh thu dong cua tin hi¢u do.
Sau nay dé gon ta chi goi 1a b loc phdi hop.

Trong do P, 1a ty sO gilra cong suat dinh cta tin hi¢u va cong suat trung binh cta nhicu ¢

dau ra bo loc éy.
5.3.2. Bai toan vé bd loc phdi hop
5.3.2.1. N§i dung bai toan.
Cho & dau vao mot mach tuyén tinh thu dong mot dao dong cod dang:
y(1)=C(1)+n (1)

C; () 1a thé hién cua tin hidu phat di (con duge goi 1 tin hiéu to1)

1
n (t) 1a nhiéu cong, tring, chuan
Hay tong hop mach d6 dé né c6 ham truyén sao cho & mot thoi diém quan sat y(t) nao do,
Pr, clanoé phai cuc dai.

5.3.2.2. Giai bai toan.

Thuc chit bai toan nay 13 bai toan téng hop mach (ngugc v6i bai toan phan tich mach) ma
ta dd hoc & gido trinh "Ly thuyét mach ". Nhiém vu cia ta 1a phai tim biéu thirc giai tich cua
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ham truyén phuc K, (0)) ctia mach tuyén tinh thu dong sao cho & mét thoi diém quan sat (dao

dong nhéan dugc) nao d6 p,, dat max.
Goi Siv ((0) la mat do phé (bién) phuc cua thé hién tin hiéu & dau vao mach tuyén tinh.
Goi Sira (0)) la mat do phé phuc cua thé hién tin hiéu & dau ra cta no.

Khi d6 theo cong thirc bién ddi nguoc Fourier thé hién tin hiéu & dau ra cia mach tuyén tinh
thu dong nay la:

Cira ()= i OJ? Sira (©)e'®'de> = T Sira (2711 ) e!*™'df
- Ojo Siv (211 K; (27f )™ df

Trong do: S, (2ch) =S, (ZTCf)Ki (ZTCf)
Cong suit dinh cua tin hiéu & dau ra ciia mach:

2
i (o) = [ S (2K, (277 )62
pcira _‘ lra(to)‘ - IV( ch) 1( ch)e f
—00
Cira (to) 1a gid tri dinh cita tin hicu
Theo gia thiét vi can nhiéu 1a tap tring nén mat d6 phd cong suét ciia né sé la N, = const

(N, bang 5 mat d6 phd cong suét thuc té, vi phd thuc té chi co tir 0 +00). Do d6 cong suat

trung binh cua tap ¢ dau ra ciia mach nay s€ la:

pn, =02 = [ No[K;(2n/) dr =N, [ [K;(2n/ ) o

—00 —00

O day ta ap dung dinh Iy Parseval:

o0 1 o0
_.sz (t)dt= E:[O‘S(oa)‘dw
Ta xétty s6: Ppy = Pe,
n
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2
j Siv (21K, (2 )exp(j2nfty ) df
Pra = —© ~ (5.15)
2
N, j [K; (27f )| df

Van dé ¢ day 1a phai xac dinh K; (2nf ) trong (5.15) nhu thé nao dé Py, dat max.

Dé giai quyét vn dé nay ta c6 thé dung nhiéu phuong phép, ¢ dy ta sir dung bét déng thirc
Byhakobckuu — Schwartz:

2
J‘ F(x)o(x)dx| < ”F(x)‘z dx J ‘(p(x)‘z dx (5.16)
Ping thiic & (5.16) chi c6 khi: ¢(x) =k F (x) (5.17)

Trong do: (p(X) , F(X) 1a cac ham phtic bién thyc
F (X) 12 ham lién hop phirc ciia F(X)
k 1a hé sd ty 1&
Trong (5.15) néu cho S;, (27‘cf)ej2nﬁ° dong vai tro F(X) ,con K; (ZTEf) dong vai tro
nhu (p(X) trong (5.1).

Khi d6 4p dung (5.16) cho (5.15) ta dugc:

Ojo Sy (2 )exp(i2nfto )| df T K; (27 ) df

Pra < = )
No [ [K; (21 )| df
LT o,
= Pra SN_ J Siv(znf)e °| df
0
=p <L OJ? ‘S- (271:f)‘2 df Dinh ly Parseval 5 (5.18)
ra NO 2 v . NO
(5.18) chig t0 Py max = & (5.19)

Ny
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o0
2 .
trong d6 E; = j ‘SiV(ZTCf )‘ df’ 1a ning lugng cta tin hidu t&i (5.19) chimg to ty s6

—00

(—j chi phu thudc vao nang lugng cia tin hiéu ma hoan toan khong phu thudc vao dang cua
ra

no. Ta biét ring x4c sudt phat hién dung chi phu thudc vao (—j . Vi vy theo quan diém cia
N ra

bai toan phat hién dang cua tin hiéu la khong quan trong. (Chi khi can do ludng cac tham sb cia

tin hiéu nhu tz, aAF (d6 dich tin) thi d6 chinh x4c cua phép do va kha ning phan biét cua hé

théng do s€ phu thudc manh vao dang tin hi¢u).

Theo (5.17) p,, chi dat max khi:

k; (2nf ) =kSiy (2nf )exp{- j2nfty ) (5.20)

(5.20) chinh 1a dap sé ci bai toan ta dd néu ra ¢ trén. Nhu vay bai toan da giai xong. Dé
thdy rd duoc y nghia vat 1y k¥ thuat ta s& xét k§ (5.20) hon nira.

5.3.3. Pic tinh bién tin va dic tinh pha tan cia b loc phéi hop

5.3.3.1. Pic tinh bién tin.

Tir (5.20) ta 6 [k; (2nf )=k

S, (2nf ){ (5.21)

(5.21) 1a biéu thirc giai tich ctia ddc tinh bién tin ciia b loc phdi hop, ta thiy nd co dang
gidng hét modul mat do phd cua tin hiéu. Diéu d6 c6 nghia 13 khi di cho tin hiéu téi thi dic tinh
ctia mach tuyén tinh can tong hop s& do mat d6 pho phtic cua tin hiéu quyét dinh.

Ngoai ra tir hinh 5.3 ta con thiy: bo loc phdi hop s& 1am suy giam céc thanh phan pho tin
hiéu va tap 4m mg v6i nhitg phan c6 cuong d6 nho cta phd tin hiéu. O nhiing khoang tan s ma
cuong do cac thanh phan phd cia tin hiéu cang nho thi sy suy giam dé cang 16n.

SV Foa
2Ny
® ®
Zl > >
k a 3 K2 A
® Hinh 5.3
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5.3.3.2. Pic tinh pha tin.
Ta viét lai (5.20) nhu sau:

k; (@) =k[S;, (w){e_jq)xi (©)g-jot _ k‘S?V (w){e_jq’((”) (5.22)

trong do ¢ () 12 phé pha cua tin hiéu t6i.

con ¢(w) = [, (whot,] (5.23) 1a dich pha gdy bsi bd loc. D6 chinh 1a dic tinh pha tin
ctia b loc phdi hop. Ta thy [(pXi ((o)—HotO] 1a dich pha toan phéan cua tin hiéu tai thoi diém quan
sat t,. Nhu vay tai thoi diém t = t, dich pha toan phén cua bg loc vira van khtr dugce dich pha
toan phan cua tin hiéu truyén téi qua bo loc, diéu d6 1am cho moi thanh phan dao dong diéu hoa
ctia tin hiéu t6i dong pha v6i nhau. Vi vay cac thanh phan dao dong diéu hoa duoc cong lai véi
nhau va tin hiéu ra s¢ dat duoc cuc dai t =t ;.

Ngoai ra tir (5.20) ta thdy bo loc phdi hop c6 tinh chit bat bién dbi v6i bién d6 vi thoi gian
va pha dAu cta tin hidu. B&i vi céc tin hi¢u khac véi X;(t) v& bién do va pha ban dau
(Hl 1, \|11) thi mat d6 phd cua tin hiéu nay chi khac nhau véi mat d6 pho cia X; (t) mot thira
5O L exp{— j((x)tl +Vy] )} Tinh chét nay cta bo loc phdi hop rit quan trong va dic biét 1a ddi
voi thue té. Thuc vay, thong thuong bién d9, sy gitt cham va pha ban dau cua tin hiéu thu ta
khong biét. Nhu vy dang 18 phai xay dung mot s6 16n cac bd loc ma mdi bo loc chi 1am tbi vu
cho mot tin hi€u c6 gia tri bién d9, sy gitt cham va pha ban dau cu thé thi ta chi cAn mot bd loc
phéi hop tuyén tinh thu dong, bd loc nay sé 1a tdi uu cho moi tin hiéu cung dang. Trong radar
thong thudong cac tham sé nhu bién d6 va pha ban dau nhan cac gia tri ngiu nhién va khong may
thong tin c6 ich (c6 nghia 1a cac tham s6 ky sinh). Tir két ludn trén ta thdy rang sy ton tai cia cac
tham s6 ngau nhién nay khong 1am bién doi cau trac cta bo loc t6i wu.

5.3.4. Phin rng xung g; (t) ciia mach loc phéi hop

Ta biét rang phan tng xung va ham truyén lién h¢ védi nhau theo cdp bién doi Fourier:

1% ot
gi(t)=2— K;(o)e! de
T _»

Thay (5.20) vao:

w . .
= g;(t)= % IS?V (@) el da

o0

k 7 ot —
= gi(t)=5 [Siv(ek " o
—00

Ta co: S?V ((D) =5, (— 0))
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0 . CiV (t)
= gi(t) =25 [Siy (o)l Ho o
2n
bat
- >t
=0 gl sz el d) i) T
= gi(t)=-kCi\ (to - t)
Vi k 12 hing s6 tiiy ¥ nén ta co thé lay: < - > !
v (tO t)
gi(t)=kCjy (tg —t) (5.23)
P thi g; (t) vé trén hinh 5.4.
Tir hinh 5.4 ta thdy rang dé thoa mén diéu kién thé _ Lt
hién duoc bd loc: ) to <T
gi(t)=0khi t<0nénty>T Ciy (tg = t)
5.3.5. Huéng trng ra ciia mach loc phdi hop
Theo tich phén Duhamen:
< y t
U, IU t - x)dx to<T
0
Thay (5.23) vao ta co: Hinh 5.4
t
Uta (t) = k_[UV(X)CiV (tO -t X)dx
0
t t
t=ty)=>Up (tO ) = k'[UV (X)Civ (X)dx = k.[ Uy (t)CiV (t)dt
0 0
£ 1A 1 ,
Néulay t=ty va k= T thi ta co:
1 T
Un (T)= = [ U (6)Cyy (1)t
0
= U,y (T)=2Z;(u) (5.24)

Nhu vay ta ¢ thé diung mach loc phdi hop dé tao ra tich v hudng. So dd giai t6i vu nhd do
s& don gian hon rat nhiéu.
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5.4. LY LUAN CHUNG VE THU KET HQP CAC TIN HIEU NHI PHAN

z

5.4.1. Lap so db giai toi wu mot tuyén

5.4.1.1. Lap quy tic giai.
Xét mot ngudn tin nhj phan: o] <>"" va oy <>"0".
Khi d6 tin hi¢u s c6 hai thé hién S;(t) va S, (t)
Ta gidi han chi xét nhidu cong va 14 tap 4m tring, chuan dimg.
Tin hiéu & ddu vao may thu: u(t) =G (t)+ n(t), 1=1,2
Ung véi quy tac giai theo Kachennhicov ta s€ nhan duoc 101 giai diing o, néu:
T T
L Tu(e (dt - 21> L fu(t)e, (de - 22 *)
T g 2 Ty 2

bé lap dugc so dd mot tuyén ta dua (¥) vé dang sau:

11 I
T (j)u(t)[cl (t)-Co(t)dt > E(Pl -Py) (529

1
5 (Pl -P ) duoc goi 1a ngudng lam viée
5.4.1.2. So' d0 giai téi wu mot tuyén. (hinh 5.5)
1T Uvng Sosinh | Umane
— 3lx > ¥j - >
0 vOi ngudng
A T
Ci(t) > — fe Caft) t=tg
Hinh 5.5

. 1 . .
Néu Uvng > E(Pl - P2) thi Urang # 0, khi d6 ta xem rang c6 1oi giai By vé o .

. 1 . .
Néu Uvng < E(Pl - Pz) thi Urang = 0, khi d6 ta xem rang co 1oi gidi 3, vé o,.

Chu y:
-Néu P, # P, ma p (ham truyén dat ciia duong truyén) thay déi thi ta phai c6 thiét bi tu
dong diéu chinh ngudng. Néu khong thi x4c sut giai sai s& tang lén.
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-Néu P, = P, thi ta khong can phdi c6 thiét b so sanh tw dong diéu chinh ngudng. Khi d6

ta s& ding bo phan biét cuc. Ta quy wdc rang:
+ Upang > 0 thi o 16 giai B; <> a;

+ Upang <0 thicd 16i giai By <> o,

Néu goi C (t) =C;(t) — C,(t) la tin hiéu s thi khi ding bo loc phdi hop véi tin hiéu

C () thiét bi s& don gian di rat nhiéu (hinh 5.6.)

u(t) B loc phdi hop Thiét bi
| vei Cu(t) ngudng %

Tt=t0

A 4

Hinh 5.6.

5.4.2. Xac suit sai khi thu két hop tin hiéu nhj phén

5.4.2.1. Dat bai toan

Cho kénh nhj phan, d6i xtmg, khéng nhé ¢6 nhiéu cong, trang, chuan theo mé hinh sau:

Hay tim cong thie biéu didn x4c sudt sai toan phan (x4c suit sai khong diéu kién) cua kénh
nay khi so d6 giai tin hi¢u Ia t6i wu theo Kopennhicop.

5.4.2.2. Giai bai toan
Theo cong thirc xac sudt day du:
Py =p(0)-p(Ba/ ) +p(aty).p(By /0ty
Pé tim xac suét sai ctia hé P, ta phai tim xac sudt sai ctia mdi diu p(BZ / OLI) va

P(Bl/az)-
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- Theo quy tac giai (5.25), p(Bz /OLI) chinh 1a x4c suat dé khong thoa man (5.25), tirc la:

p(B, /)= { JU —Cy(t ]dt< ! (P, —Pz)} (5.26)
Trong d6: U(‘[) =C (t) + n(t) (*)
17
P, = ¥J.Ci (t)dt (*%)

Thay (*) va (**) vao (5.26), sau mot vai bién doi don gian, ta c6:

T

p(B,/ay)= {IC% t—%}Cl(t).Cz(t)dt+%.([n(t)[Cl(t)—Cz(t)]dt
<—jcl dt——jc2 }

T T
1 1
= p(By/ay) =pi=[n(t).Ca(t)dt < —=[CZ (t)dt (527)
T 0 2T 0
Trong d6: Cy, (‘[) =C (t) -G, (t) .
1 T
P, = —J‘Ci (t)dt 1a cong suét trung binh cua tin hiéu hiéu sd.
0
= —j dt 1a mot dai luong ngau nhién, vi n(t) 1a mot qua trinh ngau nhién
va tich phan la mot phép bién doi tuyén tinh.
1
:>p([32/ocl):p{§<—5PA} (5.28)
Theo dinh nghia x4c suét:
1
1 2
p{g < _EPA} = j W(&)dg (5.29)
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Pé tim W(g) , ta thdy rang phép bién ddi tuyén tinh cia mot qua trinh chuéan ciing 1a mot

qué trinh chuan. Vi n(t) chuan nén & ciing chuan. Do d6 W(i) = W(n) :

= W(&)= ! exp{[iaa] } (5.30)

2n0§ 2 G%

Trong do: a; = M{%}n(t)CA(t)dt} . %}M{n(t)}CA(t)dt

0 0

ViM{n(t)} =0nén a; = 0.

Xac dinh phuong sai: Gé :

o - D[] - D{;in<t>cA(t)dt}A;M{Eno)q(t)dﬂ
U OGN AN
SERY ﬁcA(t>cA<tl)n<t1>n<t>dtdn}
- f[ea0e M as, o

Theo gia thiét n(t) 1a tap am trang, chuan, dimg, dung bién d6i Wiener — Khinchin, ta tinh
dugc ham ty twong quan cta no:

A
M{n(t)n(t;)} =R(t—t;)=Ny5(t - t;) (b)
vai R(t—1;)= [ Nyl ™4
Thé (b) vao (a), ta dugc:
, N, M7
00
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Ap dung tinh chét sau ciia ham 3 :

jf 8(x — xg)dx =f(xy) khi a<xy<b

b

Thay (d) vao (c), ta dugc:

) NOT T N()T 5
o} =FICA(t)dtJCA(t1)5(t —t,)dt, —T—JCA(t)dt
0 0 0
2 _ NPy
= op=—0 (5.31)
Thay (5.31) vao (5.30)
1 g2
W(E) = - 5.32
(&) ) Ny Py ©xP 2N0PA (32
T
T T

1 2 (22
= exp- — d¢ =
5 NoPy NoPa
T @© T
Ddi bién: Pat 1 = S NP
[NoPy
T
P,T
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Trong d6 Gy =2N|, la pho cong
suét thue té.

(I)( ) goi 1a ham xac suét sai (con ky
higu la erf).

Trong gido trinh Ly thuyét x4c suét, ta

co: d)(—X):l—(I)(X).Néntacé: /':

v

P,T °
p(By/ay)=1-¢| [k \2G
Hinh 5.7.
(5.33)
Tuong tu: %
- m
P\ T
— A > 1 0 1 2
p(Bi/ay)=1-¢| |2~ | (533)
( ! 2) 2G 0.5
0.2
P.T 0.1 <
0.05 N
= Pps = 1- (1) —A (5.34) 0.02 N\
2Gy 107 A\
\
A . - R X ]0_3
D6 thi bi€u dién (5.34) v€ trén hinh 5.8.
Thong thuong T 1a xac dinh vi khi thiét ké hé L
thdng truyén tin nguoi ta thuong cho trude toe do 10
truyén tin. D& giam nho Py nguoi ta gidm nho S
10
GO bang cach dung cac by khuéch dai tap am
nho (khuéch dai tham s6, khuéch dai luong tir,...) 1076
) ) \
5.4.2.3. Tinh xac suat sai trong mot so truong P«

a. Cac tin hiéu doi cwe:

Cq (t) =—Cy (t)
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Cy(t) 0]

A A

AWAEN -,
0 \/ \/ T t 0 T t
Cy(t) C,(t)

y

AWAN .
VAVEE

Vv

=

1
1
1
1
1
1
1
:
| A
1
1
1
1
1
1
1
(]
1
1

Ca=C(t)-Cy(t) = Cy(t)=2C,(t) = P, =4P, =4P, =4P,

P:H+Q

C

1a cong suat trung binh cua tin hiéu t6i Ci (t) .

ps=1—¢[ 4P°T]:»ps=1—¢(ﬁh)

2G,

Trong d6 P_.T 1a nang luong cua tin hiéu.

h= ’PCV (chinh Ia ty $b tin/tap)
GO

b. Cac tin hiéu truc giao (theo nghia hep)

Pinh nghia: Hai tin hiéu duoc goi 1a truc giao theo nghia hep, néu:

T

e\ Icﬁ(t)cz(t)dt:() ci(0)

A 0 A
AR RvAva:
C, (1) C,(t)

A A

° SR \Vanvan:

Khi db:
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T T T
Py =[Cx(t)dt=[CF(t)dt+[C3(t)de
0 0 0

2P.T
0

ps=1-¢(h) (5.36)
c. Mgt trong hai tin hiéu triét (C, ( t) =0)
Hé nay chinh 1a hé truyén tin nhi phan c6 khoang nghi thu dong.
Ca(t)=Cy(t) =Py =P =2P,
= p,=1-¢(h) (5.37)

d. Cac tin hiéu nhw nhau (C; (1) =C, (t))

1 1
CA(t)ZO:PA:Oa(l)(o):E:ps:E:psmax

Nhu vay, viéc 1ap lai cac tin bi sai hoan toan: kénh lién lac bi dit. M6 hinh kénh trong
truong hop nay nhu sau:

0,5

0 B3

ae 05 20 By
Chu y:
. P, +P
O day ta coi P, :ITZ,

5.5. XU LY TOI UU CAC TiN HIEU CO THAM SO NGAU NHIEN — THU KHONG
KET HQP

5.5.1. Cac tham so cua tin hi¢u 1a cac tham so ngau nhién

Do chiu tac ddng cuia nhicéu yéu to ngau nhién nhu nhiét do, d6 am, ap suat, dién ap nguon...
nén:
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- Trang thai ctia cac khdu ctia mach truyén tin luén thay dbi.

- Céc tham s6 vat 1y cta kénh ludn thay doi (},L, T, )

- Vi vy céc tham s ciia tin hiéu phai 1a cdc tham s6 thay d6i ngau nhién.
5.5.2. Xir Iy toi wu cAc tin hiéu c6 tham s6 ngiu nhién bién thién chim

Ta goi mot tham s6 ngau nhién & 1a bién thién cham néu trong khoang quan sat T, cc bién
thién ctia n6 chua kip boc 19 13 rang, tirc 1a: d&/dt = 0.
Ta s& xét mot s6 truong hop cu thé sau:

a. Neu cac tham sO ngau nhién bién thién cham c6 cac gia tri bi€t trudce thi ta s€ can clr vao
tin hi¢u nguyén t6 vira nhan dugc dé thong bao nhiing hiéu bict vé gia tri cia cac tham so cua tin
hiéu nguyén to s€ thu ti€p sau. Thuc chat bai todn nay da xét ¢ trén (thu két hop).

b. Néu gia tri ctia cdc tham s6 ngu nhién bién thién cham khong biét trude (thu khong két

5.5.3. Xac suat hau nghiém cua tin hi¢u c6 cac tham so thay doi ngau nhién

Pé don gian, ta chi gia st mot trong nhirng tham ) Y; cua tin hi¢u CK (yl,yz,...,t) la
ngiu nhién. O dau thu tit ca cac s6 con lai déu di biét chinh xac. Gia sir tham sd ngau nhién nay

la ;. Khi d6 tin hidu thtr K c6 tham s6 y; khong biét s& ky hiéu 1a Cy , (t). Trong truomg

hop tong quat, luat phan bd ciia Y1 €6 thé phu thudc vao chi s6 k. Vi véy tinh chat thong ké ctia

tham sb nay dugc xac dinh boi phan bd dong thoi sau:
W(Ck.11)=p(Cx )W (7,/Ck) (5.38)

Trong do: W(y 1/Ck ) 12 mat d xac suat ctia tham sb Y | khi da biét gia tri Ck.- Néu

gidtricua Y| & Kk (diéu nay thuong xay ra trong thuc té) thi:

W(CK,yl)zp(CK)W(yl) (5.39)

Ciing nhu trong trudng hop tin hidu di biét hoan toan chinh xéc, ta c¢6 thé tim xac suét hau

nghiém cta CK,yl (t) theo cong thirc:
W(Cg,v,/u)=bW(Cg,v;)W(u/Cg.v;)  (5.40) (Cong thic Bayes)
Trong d6 b = const (%k ) .

W(u/Cyg, la mat do xac sudt cua dao dong nhan duoc néu di truyén tin hiéu
K> i1 g Yy

CK,Y[ (t):
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= -
u)=Cg . (t) +n@

Ta thiy ham W (Cy, 7, /u) khong chi chira thong tin vé tin hi¢u phat C ma con chua
ca thong tin vé Y 1 » 46 la nhirng thong tin thura. Ta ¢ thé bo nhitng thong tin thira nay bang cach

liy trung binh W( Ck.1q /u) theo moi gié tri ¢6 thé c6 cua Y, . Khi dé ta co:

p(Ck/u)= JW(CK’YI /u)le =b.p(Cx )IW(YI /Cx )W(U/CK,Y1 )le
(5.41)

Sau d6 trén co s¢ phan tich xac suét hau nghiém p(CK / u), ta s€ tim duoc 101 giai vé tin
hi¢u da phat:

p(Ck /u)>p(C;/u) Vizk (5.42)

Néu tin hiéu c6 mot sb tham s ngiu nhién Y1>Y2,--- thi ta can phai tim
W(u/ CK,YVsz---) va sau d6 ldy trung binh theo moi gid tri c¢6 thé co cua cac tham sb
Y1:Y25--- - Chily rang tinh chét théng ké clia cac tham sb Y1-Y2,--- dugc xac dinh bang ham:

W(Ck.715Y25-) =P(Ck )-W(11,72,---/Ck )
Ta co:
p(CK /U) = b"p(CK )J.J....J‘W('Yl,'Y2,.../CK ).W(u/CK’YI’Yz’"' )dY]dYZ"'
(5.43)
P ( CK ) 1a xac suét tién nghiém cua tin hidu phat CK .
5.5.4. Xir Iy toi wu cac tin hiéu c6 pha ngiu nhién

Dé cac dinh cau tric ciia may thu ti uu, ta s& phén tich (5.41) c6 ké dén quy tic giai (5.42).

Gia str rang cac tin hiéu phét c6 thoi han T va pha dau ¢ thay doi ngau nhién:

Ci (1) =Ag (t)cos| B (1) -0 |
= Ag (t)cosBy (t)coso+ Ay (t)sinBy (t)sing

7AN

=Ck (t)cos@+Cg (t)sing (5.44)

Trong d6 Cy (t)=Ag (t)cosBy (1), CAK(t) la bién d6i Hilbert cua Cy ().
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AK (t) va 9K (t) la bao va pha tire thoi cta tin hi¢u CK (t) .Gia str @ la tham s6 ngiu

nhién ¢ k va c6 phan bé déu:
1

W((P)= 2_Tc (pe(0,2n)
0

(p¢(0,2n)

Gia thiét trén c6 nghia 1a pha ¢ trong khoang (0,T) duoc gilt khong d6i va thay ddi ngau
nhién mot cach d6 1ap khi chuyén tir khoang quan sat nay sang khoang quan sat khac.

TméctiéntaséxécdinhW(u/CK,(P)=W[n'(t)=u(t)—CK’(p(t):|.
O phén 5.2 ta da co:
' v 1 I & >
W, nq,..., [0)|=——= i (U-—C )
n(nl n, ) (G\/ﬂ)ZFCTeXP{ 202 S\ K.o; }
Trong d6: n =2F.T.

Pé tim W(U/CK,@) ta cho F, — o0

W(u/Cg )= lim Wn(n'1 ,,,,, n'n/o):

F, —o0

2
Trong d6 At = ! ;G—ZGO.KhiFC—>OOth‘1At—)0.
2F, F,
1 R 2
:>W(u/CK’(P)= nexp{——I[U(t)—CK(p(t)} dt}
c 2n) 09

B T A
W(u/CK,(p):bl.e Gy ,exp{GiJ‘U(t){CK(t)coscp+CK(t)sin(pH (5.45)
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T
Ex :ICZK’(p(t)dt
0

Nhan tir by chira tat ca nhing dai luong  k .
Bién dbi tich phan & mil cia nhan tir ham mi, ta co:
AN

q(k,q)) :cosq)}U(t)CK(t)dt+sin(p_T[U(t)CK(t)dt =

= Ug cos@+ Vg sing

Ky hiéu Mg = \/U%( + Vé, Pk = arctg(VK /Ug) (5.46)
Ta c6 thé viét: q(k, ) =My cos(@g — ) (5.47)
Theo (5.41) ta tim duoc:
2
C 2n —My cos((pK—(p)
p(CK/u)zbl.M.e_EK/G0 jeGO do=
2n 0
= bz.p(CK )e_EK /GUIO [ 22/[K j (5.48)
0

Trong do IO ( X) 12 ham Bessel bién dang cép 0, 1a mot ham don di€u tang cua x.

Pé thuan tién, chung ta s€ khong so sanh cac p(CK / u) ma s€ so sanh logarit ty nhién

cta chiing. Lay In (5.48) va ap dung quy tic giai, chung ta s& nhan dugc quy tic giai sau:

Tin hiéu Cy (t) da duoc phat di, néu:

lnp(CK)—E—K+lnIO[2MKj>lnp(Ci)—£+lnIO(2Mi} Vizk
G G G
0 0 0 0

(5.49)

Nhu vay quy tic giai khong chi phy thudc vao mirc nhiéu ma con phu thudc vao cac tinh
chat cua cac tin hiéu. Thong thuong, trong cac hé théng thuc té c6 khoang nghi chu dong tat ca
céc tin hiéu phat c6 ning lwong nhu nhau. Gia sir cac tin hi¢u 1a dong xac sut, khi d6 quy tic giai
ctia may thu t6i wu c6 thé viét dudi dang sau:

Mg > M; Vi#k (5.49")
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R rang 1a do tin ciy cia viéc truyén cang cao néu trong diéu kién khong c6 nhiéu M; va
My cang khéc nhau. Theo (5.46), gia tri M; s& dat cyc tiéu bang 0 néu:
T T .
[k (1)Ci(t)dt=0; [C (1)Ci(t)dt=0 (5.50)
0 0

Céc tin hi¢u thoa man (5.50) s€ duogc goi la céc tin hi¢u truc giao theo nghia chat. Cac tin
hi€u , cac tin hi¢u khong giao nhau vé thoi gian,... 1a cac tin hi€u truc giao theo nghia chat.

Nhu vay, khi pha bét dinh, cac tin hiéu truc giao theo nghia chdt s€ 1a cac tin hi¢u tbi vu.

Dé don gian, ta s€ v€ so dd giai theo (5.49’).

U, :'T[u(t)cl(t)dt

xung dong bd
cos Qt l
Tach

i

a(t) May phat song | M,
cac dao + || duong
v A
dong phu bao £
Quay pha 90° e Pt ‘ Thiet

bi
sin Qt SO
u(t) M, sanh
O N
p< X
T
t

v, - j u(t)er (1)

0

l

Hinh 5.9

5.5.5. So sanh thu két hop véi thu khong két hop

Dé cu thé, ta xét vin dé nay trong cac hé thong tin ding tin hiéu hai phén, truc giao (chit),
c6 nghi chu dong. Véi gia tri da cho cua h=/E_ /G, xac sut sai khi thu khong két hop s&

duoc tinh theo cong thirc sau:
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—lex —Ei (5.51)
Ps 5 p > :
Ta thiy:
1 h?
Pskkh =5 €XP) =~ >Porn =1—9(h)
Vidul:

Khi h = 3: pgyp, 1,15.107; poyp 5,55.107 . Do d6 khi chuyén tir thu két hop
sang thu khong két hop, p, tang # 5 lan (h=3).

Thong thudng khi thiét ké hé thong truyén tin nguoi ta an dinh trudc Ps rdi tim h dé dam
bao pg do.

Vidu 2:

Néu p, =107*: hy; =3,73; hy,;,=4,12. Vi h? ~ P, nén khi chuyén tir thu két hop

2
4’%} ~ 1,21 lan.

sang thu khong két hop cong suat cua tin hiéu phai ting mot lugng 1a (

9

Vay dé giit nguyén x4c suat sai pg = 107 Khi thu khong két hop, phai ting 21% cong suét
so v6i thu két hop. Ngudi ta van dung cach thu khong két hop vi thu két hop doi thiét bi phirc tap
va thuc hién k¥ thuat ciing phtic tap. Do d6 vé mat kinh té, xét dén cung thu khong két hop van
tiét kiém hon.

5.5.6. Chu thich

Ta khong xét xir Iy toi wu cac tin hiéu c6 bién do va tan s6 bién d6i ngau nhién vi néu dung
tin hi¢u gidi hep thi bao va tan s cia n6 c6 thé xem nhu da bict trude chinh xac.

D061 voi cac tin hiéu gidi rong thi van dé phai xét day du hon, khi do ta phai xét viée xu ly
t6i wu cac tin hiéu c6 bién d6 va tan so6 thay doi ngau nhién.

5.6. MA KHOI KHONG GIAN , THOI GIAN (STBC).
5.6.1. K§ thuat thu phan tap.
Tin hiéu nhan dugc & may thu:
yi =hx+n
y, =h,x+n,

hy =|hy[e!® h, =|h,|e!:
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Gia st ta ¢ thong tin day dii vé kénh (qua bo danh gia kénh). Khi do ta co thé loai bo tac
dong cua kénh tao ra tin hiéu két hop ¢ dau vao bo tach hop 1y cuc dai nhu sau:

X =hyy; +h,y,

= (I + o Jx -+ Biny -+ yn
\(x
y \hi

et B

Bo danh hy ¥ 4 !
giakénh | (X) ®‘— Bo danh

gid kénh

>N
%

XU A

A 4

B6 tach hop 1y cuc dai

Hinh 5.10: Ky thuét thu phan tip dung hai may thu

Duya trén khoang cach Euclide giita X va tit ca cac tin hiéu phat co thé co, bo tach hop Iy
cuc dai s& cho ra quyét dinh hop 1y nhit vé tin hiéu da phat. Quy tic quyét dinh don gian & day 1a
chon tin hiéu Xy va chi néu :

d(i,xi)sd(i,xj) Vi j (5.52)

O day d(A, B) 1a khoang cach Euclide giita cac tin hiéu A va B

Tir (5.52) ta thiy rang tin hiéu da phat chinh 1a tin hiéu c6 khoang cach Euclide cuc tiéu d6i
v6i tin higu két hop X
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5.6.2. Mi khoi khong gian — thoi gian dua trén hai may phat G,

Pay chinh 14 so @ STBC don gian nhat do Alamouti dé xuat (5.52) sir dung hai may phat.
Ma tran phat duoc xac dinh nhu sau:

X1 X2
Gy,=| _ _ (5.53)
X2 X
Viéc mé héa két hop va qua trinh phat duogc néu trong bang sau:
Anten
Khe thoi gian T
Tx, Tx,
1 X1 X9
2 —X, X

O mdi khe thoi gian c6 hai tin hiéu thu dong thoi phat tir hai anten.

Vidu: O khe thoi gian thir nhat (T = 1) , tin hi¢u X; dugc phat tir anten TX, dong thoi
anten TX, ciing phat tin hiéu X,, cdc tin hiéu —X, va X; dugc dong thoi phat tir cac anten
Tx; va TX, (6 day X va X, la cac tin hiéu lién hop cta cac tin hiéu X; va X,)
5.6.2.1. STBC G, dung mjt may thu

Gid st ta co:

Cac mau tap am doc lap cong vao & may thu & mdi khe thoi gian va bdi vay tin hi€u nhan
dugc co thé biéu dién nhu sau:

y1 =hx; +hoxy + 1y (5.54)

¥ s€ nhan duoc trudc tién, sau do la y,
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Churong 5: Ly thuyét thu t6i wu

Tin hi€u y; chua cic tin hiéu dugc phat X; va X,, con tin hi€u y, chira cac thanh phﬁn
lién hop cua chung. Pé xac dinh cac dau da phat ta phai tach cac tin hiéu X| va X, tu cac tin
hi¢u nhén dugc y; va y,. Boi vay ca hai tin hi¢u y; va y, phai dugc dua qua bo Kkét hop. Bo
Kkét hop thuc hién xtr ly dé tach céc tin hiéu X va X,.

Dic biét, dé tach X; ta két hop y; va y, nhu sau:

X, =hjy, +h,y,

= (‘hl |+ ‘h2‘2)xl +hyny +h,m,
Tuong tu, dbi véi tin hidu X, ta thuc hién nhu sau:
X, =hyy +hyy,
= thlxl + thzXz + Hznl + hIEIXZ — hlﬁle — hlﬁz (557)

T (5.56) va (5.57) ta c6 thé thdy rang ta da tach dugc céc tin hiéu X; vd X, bang cac
phép cong va nhan don gian. Tur tinh tryc giao c6 trong (5.53) ta thiy tin hiéu khong mong mudn
X, dugc loai bo khodi (5.56) va nguoc lai tin hiéu khong mong mudn X dugc loai bo khoi
(5.57).
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Churong 5: Ly thuyét thu t6i wu

5.6.2.2. STBC G, dung hai may thu
O méy thu thir nhat RX; ta co:
yir =hyxp+hpx, +0yy (5.58)
Yio =—hy Xy +hppX; +1y, (5.59)

O méy thu thir hai RX, ta c¢:

X1 X2
—X X

Rx, Rx,
Ny E Ny
Y1 Y21
Y12 Y22
A y, hll A A h21 A ’
B6 danh R Bo két hop J B6 danh
giakénh [ hy, “h,,| gidkénh
X
i2
\ 4
B6 tach hop ly cuc dai

Hinh 5.12: STBC G, dung hai may thu

Tong quat ta c6 thé dung q may thu, khi d6 tin hiéu nhan dugc ¢ may thu thr i c6 dang:
yit = hyxg +hjpx, +ny —

B B 1=1,q
Yio =—hyX; +hjpX; + 05
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Céc tin hiéu nhan duoc s& két hop dé tach céc tin hiéu da phat X va X, tir cac tin hi¢u thu

duoc Y11, ¥125Y21, Yoo nhu sau:
X;=hy vy +hyp¥p +hyyo +hyyyp, (5.62)

Xy =hjyy; —hy V0 +hosys —hy Yo, (5.63)

Ti€p tuc bién doi ta co:

%1 = (101 ol g+ ool ) +

B B (5.64)
+hyny +hpny, +hyny +hopny,

. 2 2 2 2
- B (5.65)
+hypny —hyny, +hyny —hyny,

Mo rong cho q may thu ta co:
=S (10 P+ [P h h.fi
Xl_z ‘ 11‘ +‘ 12‘ X| +hyny +hjong, (5.66)
i-1
o =S (10 2+ h h. @
X2—Z ‘ il‘ +‘ 12‘ Xy + hyjony —hyng, (5.67)

=1
Nhan xét: Trong (5.66) tin hiéu X; dugc nhan voi mot thanh phan c6 lién quan dén bién 46
I T 2 P A A an o oas

phadinh 1a ‘hil‘ + ‘hiz‘ . D€ thu nhén tin hiéu X; v6i d tin cdy cao cac bién do cua dap ung
xung cua kénh hij phai 16n. Trong (5.66) ta c6 thé thay rang co6 hai thanh phan bién do phading
tirc 1a ¢6 hai duong doc 1ap dé phat cho dau X. Boi vay néu mot dudng bi suy giam thi duong
con lai van co thé cung cép dugc Xy véi do tin cdy cao.
BAI TAP
5.1. Tai 16i ra cua bo khuéch dai trung gian cia mdt may thu cac tin hi¢u mang diéu bién co thé
hién:

X() =S (t+@)+ (1-2).Sy(t+ o) + &(1)
)

Trong dé &(t) 1a tap am chuan, dang: é(t = X(t)COS Ot + Y(t)sin(oot , €0 ky
vong bang khong va ham twong quan bang: B@ (T) = G%.p(’t) COsSmT.
Con S; (t,¢;) 1a tin hi¢u manip diéu bién:
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Churong 5: Ly thuyét thu t6i wu

S, (t,(pl) =U_, cos(coot + (pl)

0<t<T

Pha dau (; la mot dai luong ngiu nhién, phan bb déu trong khoang [— TT, n] . Tham s6 A
ciing 1a dai lugng ngiu nhién trong khoang [0,T], né nhin cac gia tri A = 7\,1 =1 hoidc

A =L = 0 véi cac xé4c suat tién nghiém bang:

| B
= = = = —.Bi€trang A = = 1 g1a tr1 duong bao 0
P2 )=P(S;)=p(r)=P(S, 2B“ ang A = A; =1 khi gia tri dudng bao ¢
dau ra bo tach song tuyén tinh vuot qua ngudng HO' Trong truong hgp nguoc lai thi
A =%y =0.Tinh:
a. Ngudng tdi uu HO dé dam bao cyc tiéu hod x4c suét sai tong cong.
b. X4c suit sai tong cong (mg v4i ngudng H, do.

5.2. Tai dau vao bo loc tuyén tinh tac dong tin hi¢u:
x(t) = s(t) + n(t)

Trong d6 n(t) 14 tap am tréng, chudn, ding. Con s(t) 12 xung thi tan doc 1ap v6i n(t) va co
dang:

s(t): AT t<T
0 t>T
Tim ham truyén cua bg loc sao cho ty sb tin trén tap O dau ra cta bd loc dat cuc dai. Tinh
Sra max (t)
= —G .

ra

5.3. Xac dinh ham truyén cua bd loc FH véi tin hi¢u dang:

S(t) = Aexp —[ET

Tx

Trong d6 T, la thoi han cua xung ¢ murc Ale.

5.4. Tim so dd khéi cua bo loc FH véi xung thi tan chit nhat dang sau:
A 0<t<rt,
s(t) =

0 vVt>1,,t<0
Tinh ty s6 tin/ tap & dau ra bo loc nay.
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5.5. Chirng minh rang may thu t6i wu dam bao khoang cach tir vecto tin hiéu nhan dugc téi vecto
tin hi¢u phat dat cuc tiéu chinh la may thu t61 uwu dam bao xac suat sai bé nhat.

5.6. O dau vao mot mach tich phan RC, tac dong mot tin hi¢u dang:
X(t) = s(t) + n(t)
Trong d6 n(t) 13 tap 4m trang, chuan, ding c6 mat do pho:
Sa(f)=Gy/2
Con s(t) 1a xung thi tan chir nhat dang:
0<t<r,

Vt<0,t>r1,

i SramaX(t)‘vxw.,. LA A .
Ky higu a = — 1a ty so gilra gia tri cyc dai cua tin hi¢u trén gié tri trung binh
(6}
ra

binh phuong cua tap 4m ¢ ddu ra.
a. Tim su phu thudc gilta a v6i do rong xung T, va giai thong tap am cua mach Af .

b. Tim sy phu thudc gitta T, va gidi nang luong tap am td1 uu ctia mach dé tri s6 a dat max.

X
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PHU LUC

BAT PANG THUC BUNHIACOVSKI-SCHWAZT

Pinh Iy: Néu F(X) va (p(X) 13 cac ham phtrc thoa man diéu kién:

T ‘F(x)‘z dx <o T ‘(p(x)‘z dx < oo (X bién thyc)
thi ta co:
o0 2 o0 o0
[ F(x)o(x)dx| < [[F(x) dx. [ |o(x) dx
Chirng minh:
par ¢(x)=—= @ () (a)
e
(Dau * 12 ky hiéu lién hop phirc)
va o= OJ? (p*(x)F(x)dx (b)

Taco:[F(x) —od(x) ][ F(x)—a"0"(x) | =[F(x) ~ oo (x)| "2 0
Theo (a) ta co: OJ? ‘d)(x)‘z dx =1

Theo (b) ta co: I (I)(X)F*(X)dx =a

—00

*

Khi d6 ta c6 thé viét lai (c) nhu sau:

T ‘F(x)‘2 dx + ‘oc‘z —ao —o >0

—00
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Hay T ‘F(X)‘z dx > ‘a‘z (d)

Thay (a) va (b) vao (d) ta c6:

2
. J (p(X)F(x)dx
JIEGO dx
—0 J‘ ‘(P(X)‘z dx
BIEN POI HILBERT

Pinh Iy:
AN

Cho tin hi¢u s(t) va S(jw) la bién ddi Fourier cita n6. Khi dé tin higu s(t) c6 phé:

LT
—j—sign®

S(jo)=S(jo)e

A
. \ . \ . T 22 ~
(tat ca céc thanh phan pho s (t) deu dich pha di mét luong bang —E ) 6 the bicu dién theo

S(t) thong qua bién d6i tich phan sau:

Chirng minh: Ta c6:

.TC .
§(j0)) _S(jo)e iysigne S(jw){cos(gsignmj — jsin(gsignmﬂ

1 khi ©>0
Trong d6: signw=14 0 =0
-1 <0

1 khi ®>0
cos gsignsz 0 =0

-1 on<0
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sin (g signmj =signo

Theo bién d6i ngugc Fourier ta co:

g(t)—L T A( '(x))ej“)tdco——L ]9 isi n(oS( 'oa)ejmtd(o
—27[_00 J = 275_00] g J (@)

1 T .
péyring — | S(jw)cos| —sienm |e’®'dm =0
ot L (B0

Mat khac ta co:

o0 o0 o0

—jot
€ COSMT
J dt= J dt— J
T T
—00 —00 —00
%\/—/
0

sin®T
dr

T

= T e_im dt=-2 jof sinT(M dt=-2jsigno T

0

sin

X
dx
X

o0 . o0 —j(DT
. [ sinx T . , ¢
Vi I dx =— nén ta co: I
X

—0 —0o0

dt=—jn (b)

Thay (b) vao (a) ta dugc:

PINH LY KACHENNHICOV

Pinh Iy: Néu phd cia ham S(t) khong chtra cac thanh phéan tan s6 16n hon E,, thi ham

ndy hoan toan dugc xac dinh boi cac gia tri mau clia no lay & cac thoi diém cach nhau mot khoang

A<
2F,
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Chirng minh:

Ta s€ chiing to réng 6 thé khoi phuc lai dugc S (t) tur:

sp(t)=s(t).8,(t) (hinhC.1.c) (a)
5o(t)= D 8(t—nAt) (hinh C.1.b) (b)
1 1
At=—<—— ; 0g=2nk, ; o, =27k,
F, 2F,

O, (t) 1a mot ham tuan hoan c6 chu ky At, vi vdy ta c¢6 thé biéu dién n6 bang chudi

Fourier sau:

8, (t)= Z snejn‘”‘)t

n=—ow
1 At/2 .
trong d6 S, =— J 34 (t)e " dt
At —At/2
At At
Trong khoang (_T,TJ ham J (t) chinh 1a ham 8(‘[)
At/2 .
Do do: s, =— I S(t)e_mmotdt
t —At/2
1 1l &
Theo tinh chét loc ctia O ta cé s, = E =N (t) = E Z gt
n=—o0

Ta thdy rang diy xung O A(t) gém céac thanh phan dao dong diéu hoa & cac tan sb

0=0, to,, 20, ...

Do d6 ta c6 thé biéu dién duoc phd cua O A (‘[) dudi dang sau:

j(w)zi—n > §(o—nwy) (Hinh C.1.) ©
5A tn:—oo

Theo tinh chét ctia bién ddi Fourier phd cua S A (t) duogc tinh theo tich chap sau:
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S, (m)zijf $(u) [ (0-u)d

Trong do: é((o) 1a pho cua S(t)

S, (o)=L ] S(u) 22 gws[(m-nwo)-u}du

2m -
1 o O,
=— S(u).d| (0—nwy)—u [du
50 2 [Swaf(o-non)-u]
- —00
Theo tinh chit loc cua O ta co:
SA(m):i Y S(®—nw) (Hinh C.1.f) )
n=-—oo
Hinh C.1. Céc d6 thi phd va do thi thoi gian: S(0)
s(t)
(@ /\_’—\ y ¢ (d) y ©
-0, 0 0,
Sa(t) S8, ()

,.\

o

e

—
—>
—»
—>
—»
—>
—>
—
—>

v

-t

—

N
—>
—>
—>
—>
—>
A
e

At 0y =
54 (t) Sa(0)
(c) fT TTTTM >t (H) m(\_ﬂm_(hm > O
_2n
Hinh C.1 0 At

Tir (d) va hinh C.1 ta thdy rang pho cta S A (t) lap lai mot cach tuan hoan dang phé cua
S(t) . Dung mot bd loc c6 déc tinh tan sb dang chir nhat ly tudéng (duong dat nét trén hinh C.1.f

ta c6 thé khoi phuc lai duge s(t))
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sA(t) s(t)

- B6 loc 1y tudng 5

LUAT PHAN BO CHUAN
x _t
Luat phan bd x4c suit: (I)(X) = L I e_?dt
2 =
Mat @6 phan bé x4c suat: W(X)Id)'(x): 1 eXp —ﬁ
J2r 2

xoLoe(x) L w(x) xoe(x) L w(x)
00 | 050 | 039 s | 0964 0,078
001 | 0539 | 0397 L9 L0971 0,065
02 | 0579 | 0301 20 | 097 0,054
03 | 0618 | 0381 21 0982 0,044
04 | 0655 | 0368 22 1 0,986 0,035
05 | 061 | 0332 23| 0989 0,028
06 | 0725 | 0333 24 1 0992 0,022
07 | 0758 | 0312 25 0993 0,017
08 | 0,788 | 0289 26 | 0995 0,013
09 | 0815 | 0266 27 099 0,010
10 | 0841 | 0241 28 | 0,997 0,008
LI 0gsd | 0217 29 1 0998 0,005
12 | 0884 | 0194 30 0,998 0,004
13 1 0903 | 0171 31 0,999 0,003
4 | 0919 | 0149 32 099 0,002
L5 | 093 | 0129 33 0,999 0,001
L6 | 0945 | 0110 34 0999 0,001
L7 00955 | 0094 35 0999 0,001

201




Phu luc

LOGARIT CO SO HAI CUA CAC SO NGUYEN TU 1 PEN 100

X; log, x; | X log, x; | X log, x; | X log, x;
I 0,000 I 4,700 I 5,672 I 6,248
1,000 4,755 5,700 6,267
1,585 4,807 5,728 6,285
2,000 4,858 5,755 6,304
2,322 4,907 5,781 6,322
2,585 4,954 5,807 6,340
2,807 5,000 5,833 6,357
3,000 5,044 5,858 6,375
3,169 5,087 5,883 6,392
3,322 5,129 5,907 6,409
3,459 5,170 5,931 6,426
3,585 5,209 5,954 6,443
3,700 5,248 5,977 6,456
3,807 5,285 6,000 6,479
3,907 5,322 6,022 6,492
4,000 5,357 6,044 6,508
4,087 5,392 6,066 6,523
4,170 5,426 6,087 6,539
4,248 5,459 6,108 6,555
4,322 5,492 6,129 6,570
4,392 5,523 6,149 6,585
4,459 5,555 6,170 6,599
4,523 5,585 6,190 6,615
4,585 5,615 6,209 6,629
4,644 5,644 6,229 6,644
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HAM y(p)=-plog,P, HAM ¢(p)=-(1-p)log,(1-p) , HAM log,p VA
ENTROPIE CUA NGUON NHI PHAN H(A) v(p)+4(p)

p—logop  v(p)  H(A) = ¢(p) -logy(1-p) (1-p)
6643 0,066 0,081 ; 0014 0014 099
5644 & 0,113 © 0141 © 0028 002 . 0098
5059 0 0152 0194 0042 004 097
4644 0186 0242 0056 0059 096
4322 0216 0286 0070 0074 095
4059 0243 - 0327 . 0,084 008 . 094
393 . 0268 . 0366 . 0097 . 0105 093
3.644 0291 . 0402 - 0111 0120 092
3474 0 0313 043 © 0124 0136 091
33220 0332 0469 0137 0152 090
3084 0350 0499 © 0,150 0168 089
3059 0 0367 0529 0162 018 . 088
2043 0383 0557 - 0175 0201 087
283 0397 058 0187 0217 086
2737 0411 - 0610 - 0,199 . 0234 085
2644 | 0423 . 0634 0211 0252 084
2556 0434 0658 0223 0269 0,83
2474 . 0445 0680 - 0235 . 0286 082
2396 0455 0701 © 0246 0304 08l
2322 1 0464 0722 0257 0322 0580
2252 0473 0741 © 0269 0340 0,79
2,184 0481 0760 - 0279 0358 0,78
2120 0488 0778 0290 0377 077
2059 0494 - 0795 - 0301 . 039 . 076
2000 | 0500 | 0811 | 0311 | 0415 | 075

p i -logap i v(p) | H(A) | ¢(p) | —logy(1-p): (1-p)
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1,943
1,889
1,836
1,786
1,737
1,690
1,644
1,599
1,556
1,514
1,474
1,434
1,396
1,358
1,322
1,286
1,252
1,217
1,184
1,152
1,120
1,1089
1,059
1,029
1,000

0,505
0,510
0,514
0,518
0,521
0,524
0,526
0,528
0,529
0,530
0,531
0,531
0,530
0,529
0,529
0,527
0,526
0,523
0,521
0,518
0,515
0,512
0,508
0,504
0,500

0,827
0,841
0,855
0,869
0,881
0,893
0,904
0,915
0,925
0,934
0,943
0,951
0,958
0,965
0,971
0,976
0,981
0,986
0,989
0,993
0,995
0,997
0,999
0,999
1,000

0,321
0,331
0,341
0,351
0,360
0,369
0,378
0,387
0,396
0,404
0,412
0,420
0,428
0,435
0,442
0,449
0,455
0,462
0,468
0,474
0,480
0,485
0,491
0,495
0,500

0,434
0,454
0,474
0,494
0,514
0,535
0,556
0,578
0,599
0,621
0,644
0,667
0,690
0,713
0,737
0,761
0,786
0,811
0,836
0,862
0,889
0,916
0,943
0,971
1,000

0,74
0,73
0,72
0,71
0,70
0,69
0,68
0,67
0,66
0,65
0,64
0,63
0,62
0,61
0,60
0,59
0,58
0,57
0,56
0,55
0,54
0,53
0,52
0,51
0,50

ENTROPIE H(X) CUA CAC LUAT PHAN BO ROI RAC.
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Lué:)ghén Biéu thirc giai tich va do thi Entropie H(X)
1. Phan b 1 H(X) =logm
& — 1<x; <
déu p(Xl—k): m X m
0 m< X <1
p(x; =k)
L
> X,
0 1 2 3 m
2. Phan bé) k=1 ~ plogmp+( )log( p)
boi p(xi —K):{p(l_p) i>0 H(X)=- >
0 <
p(xi =k)
T .
0 1 2 3
3. Phan b kK . H(X)=-m[plogp —
nhi thirc p(Xi _K)={§mp (1 p) 8i’;1 irnri ( ) m[p ogp
Bernoulli ~(1-p)log(1-p)]-
.=k m-1 ~
p(X1 ) _Z Cl:npk(l_p)m klogC]I(n
k=1
|| | ‘ I L
2 3
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4. Phan b k 1
siéu boi CC& 0<x;<m ( )—10gCr —C—r.
p(x;=K)= Ch N
m-1
0 0>x;>m .chl;c log C
p(x;=k)
mCe logC
CN k=1
T
0 1 2 3 m
5. Phan b k o
Poisson 7“_6—7L X; >0 H(X)zklogx+
p(xj=k)=1K! s
o m=d +ZKK, log(K1)
k=1 :
p(x; =k)
B
0 1 2
6. Phan bd K ' 1+ ok
Polya PO(I:LOL}J' H(x')=-Alogh + _—
P(xi=K) =1 (14)..[1+(k-1) ]Xi>0 k
i~ - + ). 1+ —l)ja
. log 1+ock ZPO(I-I—OL?\J
0 x; <0
| .1(l+0c )..[1+(K-1)a ].
pY =p(0)=(1+0L) « K!
I(1+a)..[1+(K-1)a ]
log '
P(Xi:k) K!
‘ I
0 123 4
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ENTRIPIE VI PHAN H(X) CUA CAC LUAT PHAN BO LIEN TUC.

L“é:)éphén Biéu thirc giai tich va db thi Entropie H(X)
1. Phan b 1 H(X)=1

déu x € [xp,xy] (X)=togm

W(X)= XM~ Xm
0 XE[Xm,XM]
W(X)
1 - -
XM~ Xm i i
|  x
Xm XM
2. Phan b 4(x—xp) X, +X Xp — X, )\Je
tam giac (XM—xm)2 XE{Xma m2 M} h(x):log( M m)
(Simson) 4( _n;)
xe{xm ,XMi|
3. Phan bd a a 2 2
W(x)= =—sech”x —log >
sech?x ( 2¢h?x h(x)—log 2a
W (X)
a
2
5 >
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4. Phan bd Llog(a? — x>
1 1 ga X
arcsin x X e(—a,a) h(x)zlogrc+;+;0—512_x2 )dx
—a>X>a
5. Phan b6 W a 1 h(x)=log4ma
CaUChy (X) ; ( —)2 2
X—X] +a
w(X)
1
na i
-\ x
= >
X
6. Phan b6 4 2 X228 1. 27182
x>0 ' 758
3/2 h(x")=|—=lo +Cloge
Maxweel | W(x)= \/E(zgz) (x) 2 & e 8
0 x<0 | c=0,5772

(C — S Euler)
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7. Phan bd

AX €
mii mot w(x)={re " x>0 h(x)=log~--
phia 0 x<0
W(X)
X
8. Phan bd
“Alx— 2e
Laplace W(X)—&e ‘X X‘ h(X):logT
(phan b 2
mil hai W (X)
phia)
X
9. Phan b6 N N ©
siéu mi Za Aen* x>0 h(X) =—Ya i [e*n*
W(X): n=1 o IIZZI " nv([
0 x <0 N N
W) Jog Y a hne"n*dx
n=1
N
Zanxn
]
X
0 >
10. Phén M h(x)=logm!loge—e
bb mii — —e ¥ x>0
Iy thira W(x)=1 m! a1
0 x<0 ~mloge| 3 --~C
k=2
W(X)
net C=0,5772
m! /\ (C — S6 Euler)
o >
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11. Pha
béEIr)la?ll?g B~ v ¢ 50 () =log{ (2 ~1)!] ~logh+
W(x)=1 (a-1)! +{a—(a—1)[lnl“(a)]'}loge
0 x<0
a=1,2,3, [InC(a)] =y (a)
W(X
®) B(a—1) ! 1 \ —
s - 0 y(a) - Ham psi cua Euler
X
0 a1 >
p
12. Phan 2 h(x)=—-logl'(X)-logo +
b o] B g (x)=-logI'(2) Of-f:“
Pearsom W(x)= r() +{k—(k—1)[lnr(k)]}loge
[Inr(2)] =w(2)
e
b?éi;iga 1 Lo x/B L h(x)=logI'(a+1)-aloge.
W(x)— Ba+1r(a+1) .[lnl“(owl)]+(oc+1).1oge+log[3
x<0 [lnr(a+1)]':\p(a+l)
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14. Phan L .
bd Weibull W(X):{QBXG e Px* x>0 h(x):loge{HaT(CnLlnB)}—
0 x <0
—logaf
a>0,B>0 C=0,5772
W(X 1/a ool a—1
() (o -1)a .exp{—T}
0 E » X
a-1)1 "
(5 )
15. Phan . j
bd chuin 1 (X—X) h(X)—log[S—\/Zne]
W(X):\/%S.exp — ¥,
W)
__2ms
i _ X
0 X -
16. Pha
béChuaéi ,/iexp —i x>0 h(x)zlog{S E}
mot phia W(X): 18 252 2
0 x<0
W(x)
8\/n—[
W(x)\
X
bo —-exp _X_2 x>0 h(x):(5+1Jloge
Rayleigh Y (X ) 0 20

C=0,5772

D
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18. Phan —\2 —\2
p (xfx) (x+x) B e
qumOdl'll 1 S o 29 | xs0 h(x)—log 0 )
cua dai W(x)— N
luong
ngz:lunhi’én 0 x <0
phan bo
chuan W(x)
A 1 e—2(§/6)2
A
i X
X
19. Phan 2 —o
Z 2 (x—x) (x+x) \/ﬁS
bo chuan B BT R — h(x)=log -
cuc W(X)=1+2nb " -
_ Xy —X
0 xe[xm,xM] +l I—AXM X.L‘e_( 262)
A 1 2 5 \on
e R v )
— e Adt e 'fdt| | _AXm— TS
\/ﬂ E'). _([ 5 .me loge
W(x)
A
A
J2m8
0 > X
20. Phan 2 a
b6 loga | (ln;;a) h(x):log[Se \/2ne}
hua x>0
chuan W(X) 5 ,_211',
0 x<0
W(x)
A
N\
0 L >—-2
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21. Phan 5 n
b6 modul x 01 exp _Xiz 5621“(11)
clia vécto 29 >0 h(X) _log 2
Y X = - ~"7
nh??u W(X): (282)n/2F n \/5
chiéu 5 n-1 0
——logF(—)
0 x<0 2 2
n=1,2,3, ...
W(x)
A
| X
0 : >
Svn—1
22. Phan m. 2m-1 2 m
b6 Zm X m Xp{—mx—z} x>0 h(x):log—r(m)ge —
nakagami W(x)= I(m)3 5 2\/5
0 x<0 2m-—1
— logI'(m
W) . [logT"(m)]
A 2\/5(2111—1) 2
______ F(m) 2e
| X
0 5 >
2m-1
Phﬁl’lbé) 12 2 _
Beta 7(x=%m)(xm -) h(x)= 1,441n(XM—Xm)
W(X)= (=) ,26
- X €[Xpm, XM
0 X&[Xm,XM]
W(x)
A
0 L, x
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XM

CAC DA THUC TOI TIEU CUA CAC PHAN TU TRONG TRUONG GF (2“‘) )

Sau déy 1a danh sach cac da thuc toi tiéu nhi phan cho tat ca cac phan tir trong cac trudng

mé rong cua truong nhi phan tir GF(Z2 ) t6i GF(Zlo ) .

Céc dong ky hiéu duoc hiéu nhu sau: Dong 3(0, 2, 3) trong muc GF(8) tuong tmg voi da

thirc m(X) =1+ X%+ X c6 cac nghiém 13 cc phan tr lién hop {OL3,OL6,OLS} .

GF(4)
1 (0,1,2)
GF(8)
1 (0,1,3) 3 (0,2,3)
GF(16)
1 (0,1,4) 3 (0,1,2,3,4)
5 (0,1,2) 7 (0,3, 4)
GF(32)
1 (0,2,5) 3 (0,2,3,4,5)
5 (0,1,2,4,5) 7 (0,1,2,3,5)
11 (0,1,3,4,5) 15 (0,3,5)
GF(64)
1 (0,1,6) 3 (0,1,2,4,6)
5 (1,2,5,6) 7 (0,3,6)
9  (0,2,3) 11 (0,2,3,5,6)
13 (0,1,3,4,6) 15 (0,2,4,5,6)
21 (0,1,2) 23 (0,1,4,5,6)
27 (0,1,3) 31 (0,5,6)
GF(128)
1 (0,3,7) 3(0,1,2,3,7)
5 (0,2,3,4,7) 7 (0,1,2,4,5,6,7)
9  (0,1,2,3,4,5,7) 11 (0,2,4,6,7)
13 (0,1,7) 15 (0,1,2,3,5,6,7)
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19
23
29
43
55

GF(256)
1
5
9
13
17
21
25
29
37
43
47
53
59
63
87
95
119

GF(512)
1
5
9
13
17
21
25
29

0,1,2,6,7)
0,6,7)
0,1,3,5,7)
0,1,2,5,7)
0,2,3,4,5,6,7)

0,2,3,4,8)
0,1,4,5,6,7,8)
0,2,3,4,5,7,8)
0,1,3,5,8)
0,1,4)
0,1,3,7,8)
0,1,3,4,8)
0,2,3,7,8)
0,1,2,3,4,6,8)
0,1,6,7,8)
0,3,5,7,8)
0,1,2,7,8)
0,2,3,6, 8)
0,2,3,4,6,7,8)
0,1,5,7,8)
0,1,2,3,4,7,8)
0,3,4)

0,4,9)
0,4,5,8,9)
0,1,4,8,9)
0,1,2,4,5,6,9)
0,1,3,4,6,7,9)
0,1,2,4,9)
0,1,5,6,7,8,9)
0,1,3,5,6,8,9)

27

63

11

19

39

85

111
127

15
19

27
31

215

21 (0,2,5,6,7)
0, 1,4,6,7)

31 (0,4,5,6,7)
47 (0,3,4,5,7)
(0, 4, 7)

3 (0,1,2,4,5,6,8)
(0,3,5,6,8)
0,1,2,5,6,7, 8)

15 (0,1,2,4,6,7,8)
(0,2, 5,6, 8)

23 (0,1,5,6,8)

27 (0,1,2,3,4,5,8)
31 (0,2,3,5,8)
(0,3,4,5,6,7, 8)

45 (0,3,4,5,8)

51 (0,1,2,3,4)

55 (0,4,5,7,8)

61 (0,1,2,3,6,7,8)
0, 1,2)

91  (0,2,4,5,6,7,8)
(0,1,3,4,5,6,8)
(0,4,5,6,8)

(0,4,3,6,9)

7 (0,3,4,7,9)
11 (0,2,3,5,9)
(0,5, 6,8,9)
(0,2,7,8,9)

23 (0,3,5,6,7,8,9)
0,1,2,3,7,8,9)
(0, 1,3,4,9)
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35
39
43
47
53
57
61
73
77
83
87
93
103
109
117
123
127
175
187
219
239

GF(1024)
1
5
9
13
17
21
25
29
33
37

0,8,9)
0,2,3,6,7,8,9)
0,1,3,6,7,8,9)
0,1,3,4,6,8,9)
0,2,4,7,9)
0,2,4,5,6,7,9)
0,1,2,3,4,6,9)
0,1,3)
0,3,6,8,9)
0,2,4,8,9)
0,2,5,7,9)
0,3,4,5,6,7,9)
0,1,2,3,5,7,9)
0,1,2,3,4,5,6,8,9)
0,1,2,3,6,8,9)
0,1,2,7,9)
0,3,5,6,9)
0,5,7,8,9)
0,3,4,6,7,8,9)
0,2, 3)
0,2,3,5,6,8,9)

(0, 3, 10)

(0,2, 3,8, 10)
0,1,2,3,5,7, 10)
0,1,2,3,5,6, 10)
(0,2,3,5,6,8, 10)
0,1,3,5,6,7,8,9, 10)
(0, 1,5, 8, 10)

(0,4, 5,8,10)
(0,2,3,4,5)
0,1,5,6,8,9, 10)

37
41
45
51

59
63
75

95

107
111
119

191
223
255

23
27
31

216

0,1,2,3,5,6,9)
(0,1,4,5,6,8,9)
(0,2,3,5,6,8,9)
(0,2,4,6,7,8,9)

55 (0,2,3,4,5,7,9)
0,1,2,3,6,7,9)
(0,2,5,6,9)
0,1,3,4,5,6,7,8.9)
79 (0,1,2,6,7,8,9)
85 (0,1,2,4,6,7,9)
91 (0,1,3,6,8)
(0,3,4,5,7,8,9)
0,1,5,7,9)
(0,1,2,3,4,8,9)
(0, 1,9)

125 (0,4,6,7,9)
171 (0,2,4,5,7,8,9)
183 (0, 1,3,5,8,9)
(0, 1,4,5,9)

(0, 1,5,8,9)

(0, 5,9)

0,1,2,3,10)
(0,3,4,5,6,7,8,9, 10)
11 (0,2,4,5,10)

15 (0,1,3,5,7,8, 10)

19 (0,1,3,4,5,6,7,8,10)

(0, 1, 3, 4, 10)
0,1,3,4,5,6,7,8, 10)
(0, 1,5,9, 10)

35 (0, 1,4,9, 10)

39 (0,1,2,6, 10)
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41 (0,2,5,6,7,8,10) 43 (0,3,4,8, 10)
45 (0,4,5,9, 10) 47 (0,1,2,3,4,5,6,9, 10)
49 (0,2,4,6,8,9, 10) 51 (0,1,2,5,6,8,10)
53 (0,1,2,3,7,8,10) 55 (0,1,3,5,8,9, 10)
57 (0,4,6,9, 10) 59 (0,3,4,5,8,9,10)

61 (0,1,4,5,6.,7,8,9,10) 63 (0,2,3,5,7,9,10)
69 (0,6,7,8, 10) 71 (0,1,4,6,7,9,10)

73 (0,1,2,6,8,9, 10) 75 (0,1,2,3,4,8,10)
77 (0, 1,3,8, 10) 79 (0,1,2,5,6,7,10)

83 (0,1,4,7,8,9,10) 85 (0,1,2,6,7,8,10)
87 (0,3,6,7,10) 89 (0,1,2,6,7,8,10)

91  (0,2,4,5,7,9, 10) 93 (0,1,2,3,4,5,6,7,8,9, 10)
101 (0,2,3,5, 10) 103 (0,2,3,4,5,6,8,9, 10)
105 (0,1,2,7,8,9, 10) 107 (0,3,4,5,6,9, 10)
109 (0, 1,2, 5, 10) 111 (0, 1,4, 6, 10)

115 (0,1,2,4,5,6,7,8, 10) 117 (0,3,4,7,10)

119 (0,1,3,4,6,9, 10) 121 (0,1,2,5,7,9, 10)
123 (0,4,8,9, 10) 125 (0,6,7,9,10)

127 (0,1,2,3,4,5,6,7, 10) 147 (0,2,3,5,6,7, 10)

149 (0,2, 4,9, 10) 151 (0,5,8,9,10)

155 (0,3,5,7, 10) 157 (0,1,3,5,6,8, 10)

159 (0,1,2,4,5,6,7,9, 10) 165 (0,3, 5)

167 (0,1,4,5,6,7, 10) 171 (0,2,3,6,7,9, 10)
173 (0,1,2,3,4,6,7,9, 10) 175 (0,2,3,7,8,10)

179 (0,3,7,9, 10) 181 (0,1,3,4,6,7,8,9, 10)
183 (0,1,2,3,8,9, 10) 187 (0,2,7,9, 10)
189 (0, 1,5, 6, 10) 191 (0,4,5,7,8,9, 10)
205 (0,1,3,5,7,10) 207 (0,2,4,5,8,9,10)
213 (0,1,3,4,7,8,10) 215 (0,5,7,8, 10)
219 (0,3,4,5,7,8,10) 221 (0,3,4,6,8,9,10)
223 (0,2,5,9, 10) 231 (0,1,3,4,5)

235 (0,1,2,3,6,9, 10) 237 (0,2,6,7,8,9, 10)
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239
247
253
341
347
363
375
383
447
495

0,1,2,4,6,8, 10)
(0, 1,6,9,10)

(0, 5, 6, 8, 10)
©,1,2)

(0, 1,6, 8, 10)
(0,2, 5)

(0,2, 3, 4,10)
(0,2,7, 8, 10)
(0,3,5,7,8,9, 10)
0,1,2,3,5)

251
255
343
351
367
379
439

218

245 (0,2, 6,7, 10)
(0,2,3,4,5,6,7,9, 10)
(0,7, 8,9, 10)
(0,2,3,4,8, 9, 10)
0,1,2,3,4,5,7,9, 10)
(0,2,3,4,5,8, 10)
0,1,2,4,5,9, 10)
(0,1,2,4,8,9, 10)

479 (0,1,2,4,7,8,10)
511 (0,7, 10)
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