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Th.S. Neuvén Hodang Anh Khoa
CHUONG 1. XAC SUAT

1.1. Giai tich t6 hop
1.1.1. Quy tic dém
a) Quy tic nhan:
Cong viéc co k giai doan. Giai doan 1 c6 n; cach thuc hi¢n thi c6 tat ca ny. ny...
cach hoan thanh cong viéc
b) Quy tic cong:
Cong viéc dugc hoan thanh bdi 1 trong k hanh dong. Hanh dong 1 ¢é n; cach
thuc hién thi o tat ca n,+ ny+...+ n, cach hoan thanh cong vi¢e
1.1.2. Chinh hop, t6 hop
a) Chinh hop: Chinh hop chép k cia n phan tir 13 mot bd gém k phan tir c¢6 thir
tu 14y tir n phan tir khac nhau (1<k<n).
n!
(n—k)!

b) Hoén vi ctia n phan ti: Hodn vi cia n phan tir 1a mdt bo sap thu ty cia n phan

S6 chinh hop chap k cia n phan tir: A* =

tor khac nhau

S6 hoan vi ctia n phan tir: P, =n!

¢) T6 hop: T6 hop chap k ctia n phan tir (1<k<n) 14 mot bo gom k phan tir khac
nhau 14y tir n phan tir khac nhau khong ké tht ty.

n!

S4 t6 hop chap k ctia n phan ti: Ck=—————
op Shep P " (n-k)k!

1.1.3. Nhi thirc Newton:

(a+b)' =3 Cla bt

k=0

1.1.4. Cac vi du
1. C6 bao nhiéu cach xép 12 sinh vién vao 4 16p A, B, C, D sao cho mdi
16p ¢6 3 sinh vién.
2. Mot chong sach gdm ¢6 3 cudn sach Toan, 4 cudn sach Ly va 5 cudn
sach Hoéa khac nhau.
a) Co bao nhiéu cach xép 12 cudn sach d6 theo timg mon.
b) C6 bao nhiéu cach xép 12 cudn sach d6 sao cho 4 sach Ly dit k& nhau.

3. C6 bao nhiéu cach phat 10 mon qua khac nhau cho 3 nguoi sao cho ngudi

nao cling co it nhat mot mon qua.
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1.2. Phép thir - bién co
1.2.1. Phép thir: La hanh dong, thi nghiém ... & nghién ctru hién tuong nao do.

1.2.2. Bién c6: La hién tuong co thé xay ra hay khong xay ra trong két cuc cia
mat phép thu

Quy wdre: Dung chit cai in hoa dé ki hiéu cho bién ¢

Vi du: Phép thir 1a gieo 1 con xuc xdc. Bién ¢ “xuat hién mit 3 chdm”, “xuat
hién mit c6 sd chdm 14 s6 chan”. . .

1.2.3. Cac phép toan vé bién cd

- Bién ¢0 chic chin Q : bién cb nhat dinh xay ra khi thuc hién phép thu.

- Bién c0 khong thé & : bién c6 khong thé xdy ra khi thuc hién phép thr.

- Bién c0 tich AB: bién c6 xay ra néu A va B dong thoi xay ra.

- Bién c6 tong A + B: bién c6 xay ra néu it nhat 1 trong 2 bién c6 A,B xay ra.

- Quan hé kéo theo AcB: Néu A xdy ra thi B xay ra.

- Bién ¢ ddi 1ap: bién cb d6i lap cua bién cd A 1a bién cd A=“A khong x4y ra”
- Bién ¢6 xung khic: A va B goi 1 xung khic néu A.B=0

1.3. Xdc suit ciia bién c6

1.3.1. Pinh nghia xic suit c6 dién

Pinh nghia: Néu trong mot phép thir co n bién cb dong kha ning, trong d6 c6 m
bién cb thuan loi cho bién cb A thi ti s6 m/n goi 13 xac suat cta bién cb A, ki
hi¢u P(A). Vay

P(A) =%

Trong 46 m: s6 bién cb so cdp thuan loi cho A, ki hiéu n(A)
n : 86 bién ¢ so cAp dong kha ning, ki hiéu n(Q)

n(A)

n(L2)

Vi du 1: Gieo dong thoi hai xtc xdc can doi va dong chat. Tim xac suat dé tong

P(A) =

s6 cham xudt hién trén hai xuc xic bang 6.
Gidi
Goi A 14 bién c6 tong s6 cham xuét hién trén hai xtc xac bang 6
S6 bién cd dong kha ning n(Q) = 6.6 = 36
S6 bién cb thuan loi cho A la n(A) =5

vy P =T =

2
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1.3.2. Pinh nghia xic suit theo quan niém thong ké
Thue hién n 1dn mot phép thir thidy c6 m 1an xuit hién bién c¢b A. Khi do, ti s6
f,(A):=m/n goi 14 tAn suat xuit hién bién cb A khi thuc hién n lan phép thu.
Néu gi6i han limf, (A) ton tai thi x4c suat cta bién cd A ki hiéu P(A) xac dinh
boi1 cong thuce: P(A) = 1111_{?0 f (A)
Trong thyc té, khi n dt 10n ta c6: P(A) = f (A)
1.3.3. Tinh chit ciia xac suit
Cho A, B 1a cac bién cd bat ky trong mot phép thir ta co:

1. 0<PA)<1; P()=0vaPQ)=1

2. Néu A.B= thi P(A+B)=P(A) + P(B)

3. P(A)=1-P(A)
1.4. X4c suit c6 diéu kién
1.4.1. Pinh nghia: Cho A, B 1a hai bién cb bat ky trong mot phép thir va
P(A)>0. Xac suit co diéu kién ctia bién cb A voi diéu kién bién cd B di xay ra 1a
mot s6 ky hiéu 1a P(A/B) dugc xac dinh boi cong thic:
P(AB)

P(A /B)= oB)

1.4.2. Bién co doc lap:
Hai bién c6 A va B goi 1a doc 1ap néu P(A/B) = P(A) va P(B/A) = P(B)
Céac bién ¢d A,As,...A, goi la doc lap néu A, va A; doc 1ap vOo1 moi 1 #].
1.5. Cong thirc tinh x4c suét
1.5.1. Cong thirc nhan:
Cho A, B 14 hai bién c¢6 ctia mot phép tht, ta co
P(AB)=P(A).P(B/A)

M6 rong:

P(A1ALA;... AL 1AL)=P(A)P(A/A)P(A3/AA).. . P(AVAIALA;. . Ayy)
Dic biét, néu Ay, A,,.., A, doc 1ap timg d6i thi P(AA,..A,) = P(A))P(A,)..P(A,)
Vi du 2: Hai hop chira cac qua cau. Hop thir nhat chira 3 qua do va 2 qué xanh,
hop thtr hai chtra 4 qua d6 va 6 qua xanh. Lay ngau nhién tir mdi hop mot qua.
Tinh x4c suét:
a) ca 2 qua déu do.
b) ca 2 qua déu xanh.
¢) hai qua khac mau
d) qua lay tir hop thir nhat 1a qua mau do, biét rang 2 qua khac mau.
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. ‘ Gidi
a) Goi A la bién c6 ca 2 qua déu do
A 1a bién co qua lay tr hop 1 1a qua mau do

A, 13 bién c6 qua lay tir hop 2 13 qua mau do
Tacd Ay, A, doc lap

34 6
P(A)=P(AA P(A)P(A,)=——=—=0,24
(A)=P(AA,)=P(A)P(A,) S0 25
b)Goi B la bién cd ca2 qua déu xanh.
2 6 6
P(B PA A)=P(A)P(A, =——=—=0,24
(B)=P( ,)=P(A).P(A)) S0 25

¢) Goi C 1a bién c¢b hai qua khac mau.

P(C)=P(A+B)=1- P(A+B)=1-[P(A)+P(B)]=0,52
d) Goi D 1a bién cd qua ldy tir hop thir nhat 1a qua mau do, biét rang 2 qua
khac mau.

P(D) = P(A,/C) =

3

P(AC) _P(AA,) 5
P(C) P(C) 0,

1.5.2. Cong thirc cong:

Cho A, B 14 hai bién cb cia mot phép thtr, ta co

P(A+B)=P(A)+P(B)-P(AB)
M6 rong:
P(ZAJ =>PA)- D P(AA)+ D PAAA)+.+(-D)"PAA,.A))
i=1 i=1

I<i<j<n I<i<j<k<n

Dic biét, néu AjA; = @ v6i moi i #j thi P(A1+Ax+..+A,)=P(A)+P(A,)+..4+P(A,)

Vi du 3: Phat ngdu nhién 9 mén qua cho 3 ngudi. Tinh x4c sudt co it nhat mot

nguoi khong nhan duoc qua.

1.5.3. Cong thirc xac suat day di, cong thirc bayes

Nhém day dia: {A;|i=1,2,3,..n} 1a mot nhém day da néu

Gia st {A;|i=1,2,3,..n} 1a mdt nhom day du va A 1a mot bién cb xay ra chi

khi mot trong céc bién c¢b A, xay ra, khi dé:

a. Cong thirc xac suat diy da
P(A)=P(A)P(A/A)+P(A,)P(A/A)+..+P(A)P(A/A)

b. Cong thirc Bayes

P(A)P(ATA;) _ P(A)P(A/A))

P(A, / A)= b

S P(AP(A/A,)
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Vi du 4: Mot phan xudng c6 sb lugng nam cong nhan gip 4 1an sé luong
nit cong nhan. Ty 1& cong nhan tét nghiép THPT ddi véi nir 13 15%, nam
12 25%. Chon ngau nhién 1 cong nhan cua phin xudng nay. Tinh xac suét:
a) chon duoc:
- nam cong nhan
- nit cong nhan
b) chon dwgc cong nhan di tét nghiép THPT.
¢) chon dwgc nam cong nhan tot nghiép THPT.
d) chon dugc cong nhan nit, biét rang ngudi nay di tét nghiép THPT.
Gidi
a) Goi A la bién ¢ chon duoc cong nhan nam
=>1a A bién cb chon dugc cong nhan nir
4 — 1
P(A)=— va P(A)=—
(A) 5 (A) 5
b) Goi B 1a bién ¢b chon duoc cong nhan da tét nghiép THPT.
Ta c6 A, A 1a nhom ddy du nén
P(B )= P(A).P(B/A) + P(A).P(B/A) %.0,25 + %.0,15 =0,23
¢) Goi C 1a bién cb chon dugc cong nhan nam tot nghiép THPT.
P(C)=P(AB) =P(A).P(B/A) = %.0,25 =0,2
d) Goi D la bién cb chon duogc cong nhan nf, biét réng nguoi nay da tot
nghi¢p THPT.

.0,15

1
P(AB) _P(A)P(B/A) 5 _3

P(B) P(B) 0,23 23

P(D)=P(A/B)=
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BAI TAP CHUONG 1
Caul: Hai ban Pao va Mai hoc xa nha. Xac suit dé Pao va Mai vé tham nha

vao ngay chil nhat twong tng 13 0,2 va 0,25. Tinh x4c suit vao ngdy cha nhat:

a) ca hai vé tham nha.

b) ca hai khong vé tham nha.

¢) ¢6 dung 1 ngudi vé tham nha.

d) Mai vé tham nha, biét c6 dung mot ngudi vé tham nha.

Ciau 2: Mot tin hiéu S dugc truyén tir diém A dén diém B. Tin hiéu sé
dugc nhan tai B néu ca hai cong tic I va II déu déng. Gia st rang kha
nang dé cong tic tht nhat va tha hai dong, twong tng 1a 0,8 va 0,6. Cho
biét hai cong tac hoat dong doc lap nhau. Tinh xac suit:

a) tin hiéu duogc nhan tai B.

b) cong tac thit I mo, biét réng tai B khong nhan duoc tin hi¢u S.

c) cong tac thu I mo, biét réng tai B khong nhan duoc tin hiéu S.

d) ca hai cong tac I va I mo, biét réng tai B khong nhan dugc tin hi¢u S.
Cau 3: C6 3 hop: mdi hop dung 5 vién bi, trong d6 hop tha i c6 i vién bi
trang (i = 1,2,3). LAy ngau nhién tir mdi hdp ra mot vién bi.

a) Tim xac suat 1dy duoc 3 vién bi trang.

b) Tinh x4c suét liy dugc dang 2 vién bi tring

¢) Tinh xac suat 1ay duoc ding 1 vién bi tring

d) Néu trong 3 bi ldy ra c6 dung 1 bi tring, tim xac suit vién bi tring do
1a ctia hop thtr nhat?

Ciu 4: Ba ngudi choi bong r6, mdi nguodi ném mot qua. Xac sudt ném
trang ré cua moi nguoi lan lwot 12 0,5; 0,6 va 0,7. Tinh x4c suit:

a) ca 3 ngudi déu ném trang ré.

b) c6 it nhat mot ngudi ném tring ro.

¢) c6 dang mot ngudi ném khong trang rd.

d) nguoi thi nhat ném trang ro, biét c6 dung mot ngudi ném khong tring
ro.

Céau 5: Hai ban Binh va Yén cung du thi mon xac suét théng ké mot cach
doc lap. Kha nang dé Yén thi dat mon nay la 0,6 va xac suat dé co it nhat
mot trong hai ban thi dat 1a 0,9. Tinh x4c suit:

a) ban Binh thi dat.

b) ca hai ban déu thi dat.

¢) c6 it nhat mot ban thi hong.
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Ciu 6: C6 hai chudng ga: chudng I ¢6 12 con ga mai va 8 con ga trong;
chudng I ¢6 15 con ga mai va 10 con ga tréng. Quan sat thay c6 2 con ga
chay tir chudng I sang chudng II; sau do, ¢4 1 con ga chay tir chudng II ra
ngoai. Tinh x4c sut:
a) hai con ga chay tir chudng I sang chudng II 13 2 con ga mai.
b) trong hai con ga chay tir chudng I sang chudng II ¢6 1 con ga tréng va
1 con ga mai.
¢) hai con ga chay tir chudng I sang chudng II 14 2 con ga trong.
d) con ga chay tir chudng II ra ngoai 1a con ga trong.
Ciu 7: C6 hai chudng thé, chudng I c6 8 tho den va 12 tho trang; chudng
II c6 6 tho den va 15 tho trang. Quan sat thiy tir chudng I ¢6 1 con tho
chay sang chudng II; sau d6, tir chudng II ¢6 2 con tho chay ra ngoai.
Tinh x4c suat:
a) con tho tir chudng I chay sang chuéng II:

- 14 tho tring.

- la tho den.
b) hai con tho chay tir chudng II ra ngoai 1a hai con tho tring.
¢) trong 2 con thé chay ra tir chudng 2 ¢6 1 con tho trang va 1 tho den.
d) hai con tho chay tir chudng II ra ngoai 1a hai con thé den.
Cau 8: Hai xa tha cing bin vao mot muc tiéu (mot xa tha ban mot vién dan).
Biét x4c suit bin tring muc tiéu cua xa thu I va Il lan luot 14 0,8 va 0,9.
a) Tinh xé4c suat ca hai xa thi déu ban tring muc tiéu.
b) Tinh x4c suit c6 dung mot xa thu ban trang muyc tiéu.
¢) Biét c6 diing mot xa tha ban trang myc tiéu. Tinh xdc sudt xa tha ban I tring
muc tiéu.
d) Biét c6 ding mot xa thu ban trang muc tiéu, xa tha ban truot 1an thir nhét tiép
tuc ban 1an thr hai. Tinh x4c suét 1an hai xa thu ban tring muc tiéu.
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CHUONG 2. BIEN NGAU NHIEN

2.1. Khai niém
2.1.1. Pinh nghia: Ham s6 X xé4c dinh trén khong gian bién cb so cip Q dugc
goi 1 bién ngiu nhién (BNN)
Vi du 1: Goi X 1a s6 lan xuat hién mit sip khi gieo 10 1an mot dong xu, khi d6
X 1a mot BNN va X ¢ thé nhan cac gia trila 0, 1,2, 3, 4,5,6,7, 8,9, 10
Vi du 2: Goi X 14 s6 hat giong nay mam khi gieo n hat, khi d6 X 1a mot BNN va
X ¢6 thé nhan céc giatrila 0, 1, 2, 3, ..., n. Ki hiéu X( Q) = {1,1,2,...,n}.
Vi du 3: Goi X Ia thoi gian st dung ctia bong den (don vi gio). Khi do, X 1a
BNN c6 thé nhan cac gia tri trong khoang [0,+o0)
2.1.2. Phin loai bién ngiu nhién
Duya vao tap gia tri cia BNN nguoi ta chia BNN thanh hai loai 1a BNN o1 rac
va BNN lién tuc
Pinh nghia: BNN ma tap hop cac gia tri n6 co thé nhan 1a mot tap httu han hoac
v6 han dém duoc goi la bién ngau nhién 1i rac, nguoc lai goi 1a BNN lién tuc.
Vi du: Trong cac vi du trén: BNN X trong vi du 1 va vi du 2 1a BNN ro1 rac,
BNN X trong vi du 3 1a BNN lién tuc
2.2. Bién ngiu nhién roi rac
2.2.1. Bang phan phoi xac suat: 1a bang cho biét thong tin cac gia tri c6 thé
nhan va xac suit dé nhan cac gia tri do.
Gia st bién ngau nhién X nhan cac gia tri X;, X, X3, ... X, Vi cac X4c sut tuong
g 1a P(X = x;) = p;. Ta ¢4 bang phan phdi xac suit:

X ‘ X1 X X3 X

| P1 P2 P; Pn
Chay: pj+p+... tp, = 1.

Vi du 1: M5t sinh vién lam 2 thi nghiém A, B vé6i x4c suat thanh cong cia cac
thi nghiém tuong Umg 1a 0,6 va 0,7. Goi X la s6 1an sinh vién lam thi nghi¢m
thanh cong. Lap bang phan phdi x4c suét cua X.
Gidi

Céc gi trj X c6 thé nhan  X(Q) = {0;1;2}
Goi A 13 bién c6 sinh vién 1am thi nghiém A thanh cong

B 1 bién c6 sinh vién 1am thi nghiém B thanh cong
Tacod A, B doc lap
P(X =0)= P(A.B)=P(A).P(B) = 0,4.0,3 =0,12
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P(X=1) =P(A.B+A.B)=P(A).P(B)+P(A).PB) = 0,6.0,3 + 0,4.0,7=0,46
P(X =2) =P(A.B)=P(A)P(B)= 0,6.0,7 = 0,42

Bang phan phdi x4c suit

X 0 1 2
P 0,42 0,46 0,42

2.2.2. Ham phan phéi
Ham phan phdi ctia bién ngiu nhién X ki kiéu F(x) duoc xac dinh béi cong thirc
F(x) = P(X<x)

Tinh chit: Gia st F(x) 1a ham phan phdi cia BNN X, ta co:

e F(x)la ham khong giam trén R.

e 0<F(x)<1,voimoix € (-00; +0);

o F(-0)=0; F(+x) =1

e P(a<X<b)=F(b)-F(a)
2.2.3. Cac dac trung
1. Mod: Mét cta X ki hiéu ModX 1a gia tri x; sao cho P(X=x;) = p; 10n nhat
2. Trung vi: Trung vi ctia X ki hiéu MedX 14 gia tri x; sao cho F(x;) < 0,5 va
F(xi+1) > 0,5.
3. Ki vong: EX = Zn:xipi

i=l

Tinh chit:

1.EC=C

2. EkKX =KkEX

3.E(X+Y)=EX+EY, trong d6 X, Y 14 hai bién ngiu nhién doc lap.
4. Phuong sai: VX = Zn:(xi —EX)’p,

i=1

Tinh chit:

1.VC=0

2. VKX =k’VX

3.V(X+Y)=VX+ VY, trong 46 X, Y 1a hai bién ngu nhién doc 1ap.

Chu y: VX =EX*) - (EX)’] véi EX* =) xp,

i=l

5. P9 léch chuan: o(X) = VVX
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Vi du 2: Cho X 1a bién ngiu nhién c6 bang phan phdi xac suét:

X -2 0 1 2 3

P 0,1 0,2 0,1 0,5 0,1

a) Tim ham phéan phoi xac suat cia X .
b) Tinh xé4c suat P (0 < X < 3).

¢) Tinh mét, trung vi, ki vong, phuong sai cua X.

Gidi
a) Ham phan phoi x4c suat
(0 x<=-2
0,1 , -2<x<0
0,3 , 0<x<l1
F(x)=
0,4 , 1<x<2
0,9 , 2<x<£3
I, X >3
b) P(0<X <3)=F@3)-F0)=0,9-0,1=0,8
c) ModX =2
MedX =2

EX=-2.0,1 +0.0,2+1.0,1 +2.0,5+3.0,1 =1,2
EX®=(-2)%0,1 + 00,2 + 1%.0,1 +2%.0,5+ 3%.0,1 =3,4
VX =EX*— (EX)*=3,4-1,2"=1,96
2.3. Bién ngiu nhién lién tuc
2.3.1. Ham mat d¢: Ham f(x) dugc goi 1a ham mat do cia mot BNN lién tuc X
nao dé, néu né thoa mén ba diéu kién sau:
) fx)>0

i1) +jiof(x)dx =1

i) P(a< X <b) = [F(x)dx

2.3.2. Ham phan phdi xac suat

Ham phan phdi ctia bién ngiu nhién X ki kiéu F(x) duoc xac dinh béi cong thirc
F(x) = P(X<x)

Nhan xét:

e F(x)1a ham lién tuc

10




Th.S. Neuvén Hodang Anh Khoa

e Néu X 1a BNN lién tyc thi P(X = x¢) = 0.
e Néu X Ia BNN thi P(a<X<b)=P(a<X<b)=P(a<X<b)=P(a<X<b)=F(b)-F(a)
e f(x)=F’(x) tai nhitng diém f(x) lién tuc
2.3.3. Cac dac trung
1. Mod: M&t cua X, ki hiéu modX 1a gia tri lam ham mat d¢ dat gia tri lon nhat
2. Trung vi: Trung vi ctia X, ki hiéu ModX 1a gia tri x* sao cho F(x') = 0,5.

3. Kivong: E(X)= j xf(x)dx

Tinh chat:
1.EC=C
2. EkKX =KkEX
3.E(X+Y)=EX+EY, trong d6 X, Y 14 hai bién ngau nhién doc lap.

4. Phuong sai: VX = [ (x —EX)*f(x)dx

Chu y: VX =E(X?) - (EX)] trong d6 E(X?)= j x2f(x)dx

Tinh chét:
1.VC=0
2. VKX = kK*VX
3.V(X+Y)=VX+ VY, trong 46 X, Y 14 hai bién ngau nhién doc lap.

Vi du 3: Cho bién ngiu nhién lién tuc X c6 ham phan phdi xac suat nhu sau:

0 ;x<0
F(x)=<ax’+b;0<x<1
I ;1<x

a. Xac dinh ham mat d6 f(x) cta bién ngau nhién X, biét f lién tuc trén R\{0;1}.
b. Tinh ki vong, phuong sai.

Giai
lim F(x) = lim F(x) b=0
a. Vi F(x) 1a ham lién tuc nén {*7° X0
lim F(x) = lim F(x) l=a+b
x—1" x—1"

—a=1vab=0
0 ;x<0vx>1

Ham mat do f(x)=F'(x)=
S (x) (x) {3X2;OSXSI

11
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b. Tinh EX; V(X).
EX = j xf(x)dx
0 1 +00
= j xf(x)dx + j xf(x)dx + j xf(x)dx
—0 0 1

1 4!

1
= [xf(x)dx = [x3x%dx=3. =
'([x(x)x J.XXX 2

0

3
4

0
EX? = j X (x)dx

—00

1
= Jx2.3x2dx
0

X

1
= J3X4dX =3,
! 5

VX =EX* - (EX) =§—(

W

12
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BAI TAP CHUONG 2
Céu 1: Mot kién hang c6 10 san pham, trong d6 c6 6 san pham loai I va 4 san

pham loai II. Chon ngéu nhién (ddng thoi) tir kién hang ra 2 san pham. Goi X 1a
s6 san pham loai II duoc 1ay ra. Lap bang phan phdi x4c suit cta X .

Céu 2: Kién hang I ¢ 12 san pham trong d6 c6 3 phé pham, kién hang II ¢6 15
san pham trong d6 c6 5 phé pham. Chon ngau nhién tir mdi kién hang ra 1 san
pham. Goi X 14 s6 san pham tot chon duoc. Lap bang phan phdi xac suit cta X .
Céu 3: L6 hang I ¢6 10 san pham t6t va 2 phé pham, 16 hang II c6 14 san pham
t6t va 5 phé pham. Chon ngau nhién tir 16 hang I ra 1 san phim va bo vao 16
hang I1I. Sau d6, tir 16 hang II chon ngau nhién ra 1 san pham. Goi X 14 s6 san
pham t6t 14y ra tir 16 hang II. Lap bang phan phdi xac suat cia X.
Ciu 4: Cho X 12 bién ngiu nhién c6 bang phan phdi xac suat:
X 1 2 3

P 0,2 0,5 p

a) Xac dinh p.

b) Tinh ki vong va phuong sai ctia bién ngiu nhién X.

Cau_5: Mot sinh vién dugc lam thi nghiém A tdi da 3 1an, néu c6 1 lan thanh
cong thi dung lai, xac suét thanh cong cua mdi 14n thi nghiém 1a 0,7. Go1 X 1a $6
lan sinh vién l1am thi nghiém. Lap bang phan phdi xac sut cua X.

CAau 6: Mot xa thi ¢6 3 vién dan, anh ta 1an luot ban tung vién dan vao mdt muc
tiéu cho dén khi trang muc tiéu hodc hét dan. Biét xac suat ban tring muc tiéu
ctia mdi vién dan 1a 0,6. Goi X 1a sd vién dan xa tha ban. Lap bang phan phéi
X4c suét ciia bién ngau nhién X.

Cau 7: Mot hop c6 5 vién bi trong d6 c6 2 bi d6 va 3 bi xanh. LAy ngiu nhién 3
vién bi tir hop bi trén, goi X sb bi d6 duoc lay ra. Lap bang phan phdi xac suat
cua X.

Céu 8: Mot chum c6 5 chia khoa trong d6 ¢6 3 chia mo duge 6 khoa. Mot ngudi
md 6 khoa bang cach thir ngdu nhién timg chia cho dén khi mé duge 6 khoa
(loai chia da thir ra khoi chum). Tinh s 1an thir trung binh dé mé duoc 6 khoa.

CAau 9: Cho ham s6
0 x5

a.COSX , X € [_%,%]

a) Xac dinh a dé f(x) 12 ham mat d6 ctia mot BNN X nao do.
b) Tim ham phan phéi cua X, tinh P(0 < X < /4)

¢) Tinh ki vong va phuong sai ciia bién ngau nhién X

f(x) =

13
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CHUONG 3. CAC PHAN PHOI XAC SUAT THUONG DUNG
3.1. Phan phdi nhij thirc
- Day phép thir Becnulli: La diy n phép thir doc 1ap thoa mén 2 diéu kién sau:

1. Mdi phép thir chi xdy ra mot trong hai bién ¢ A hodc A;
2. P(A) = p khong doi trong moi phép thir.
- Pinh nghia: Ky hiéu X 1a s6 1an xuat hién bién ¢ A trong diy n phép thir
Becnulli v6i xac sudt thanh cong trong mdi phép thir 13 p. Khi do ta néi X c6
phan phdi nhi thtrc véi tham sb n, p. Ki hiéu X~B(n;p)
Taco P(X=k)= Cp“(1-p)" ™ v6i k=0, 1,.., n.
Vi du 1: Gieo lién tiép ba 1an déng xu can ddi va dong chat. Goi X 1a s6 1an xuét
hién mit sap trong 3 1an gieo. Lap bang phan phdi xac suit ciia X. Tinh x4c suat
dé trong 3 1an gieo c6 nhiéu nhat 1 1an xuét hién mat sap.
Gidi
Coi viéc gieo 3 1an dong xu nhu tién hanh 3 phép thir Bernoulli voi x4c suat xut
hién mat sdp 1a p = 1/2. Vay X~B(3;1/2)
Bang phan phdi xac suit cua X
X 0 1 2 3
P 0,125 0,375 0,375 0,125
Xéc suit trong 3 1an gieo c¢6 nhiéu nhat 1 1an xuat hién mat sap 1a:
PX<1)=PX=0)+PX=1)=1/2
Pic biét: Khin =1 ( hay X~B(1;p) ) ta néi X c6 phan phdi “khéng - mét” va ki
hiéu X ~ A(p).
Bang phan phdi xac suit cia BNN X ~ A(P).
X 0 1
P l-p p
Néu X ~ A(p) thi EX =p va VX = p(1-p)
Pinh 1y: Néu X 1a bién ngdu nhién c6 phan phdi nhi thirc B(n, p) thi E(X) = np
va V(X) =np(l-p)

Churng minh
Goi X; 1a s6 1an xuét hién bién cd A trong phép thu thor1,1=1,2 .., n.
Khi do, X; ~B(0;1) va X=X;+X,+... + X,
Vay
EX=EX;+X,+...+X,)=np
VX=V(X;+X;+... +X,)=np(l-p)

14
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3.2. Phén phéi Poisson.
Pinh nghia: Bién ngiu nhién X dugc goi 1a c¢6 phan phdi Poisson voi tham sb
A> 0, ki hiéu X~P()) néu tap gia tri cua nd X(Q)={0;1;2;...;n;...} va:

Pinh ly: Néu X 1a bién ngiu nhién cé phan phdi Poison tham sé A thi
EX=VX=A
Bai toan din dén phan phdi Poisson
Goi X 1a sb 1an xuét hién bién cd A trong khoang thoi gian (t;; t,) thoa 2 diéu
kién:
- S6 1an xuit hién cta mot bién ¢ A trong khoang thdi gian (ti;t,) khong anh
huong t6i xac suat sudt hién bién cb A trong khoang thoi gian ké tiép
- S6 1an xuat hién ctia bién cd A trong khoang thoi gian ti 16 thuan ti 16 thuan véi
do dai cua khoang do.
Khi d6 X~P(L) véi A=c(t,-t;), ¢ 1a cuong d6 xuat hién A (sé ldn xudt hién bién
c6 A trén mot don vi thoi gian).
Vi du 2: S6 xe may can qua tram trung chuyén & hAm Hai Van 1a mot bién ngau
nhién trung binh ct 2 phut ¢6 3 xe. Ning luc phuc vu cta xe trung chuyén 1a 10
phut phuc vu duge 20 xe. Tinh xac suit c6 xe mdy phai doi hon 10 phat méi
duoc phu vu.

Gidi
Sb xe dén ham trong 1 phitc=3/2=1,5. A=1,5.10=15
Goi X 14 s6 xe dén ham trong 10 pht, ta c6 X ~ P(15)
Xéc suit c6 xe phai doi hon 10 phut 13 P(X>10)=1 — P(X<10) =
3.3. Phin phdi Chuén
3.3.1. Pinh nghia: Bién ngiu nhién X goi 1a c6 phan phdi chuan, ky hiéu la
X~N(,6°) néu ham mat d6 cta nd c6 dang:

1 _xw?

267

f(x) =

e
oV2T1
Dic biét, néu n =0 va 6° = 1 thi BNN X goi 1a BNN c6 phan phbi chuan tic, ky
hiéu X~N(0;1). Khi d6 ham mat 6 va ham phan phdi twong g c6 dang:

2 t2

X 1 x -t
f(x) = 2 va F(x):fje 2 dt
21 5,

1
——e
2T
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D4 thi: ham mat d6 ctia bién ngu nhién X~N(0;1)

[

3.3.2. Cac dinh li

Pinh li: Néu X ~N(,6%) thi EX =pva VX = ¢°

Pinh li: Néu X;~N(u1,6,%) va X, ~N(,065°) thi X;+X5 ~N(p;+0,61% 65°) (Xem
[4] trang 100)

3.3.3. Tinh xac suit ciia phan phoi chuin

TH1: X~N(0;1)

Ta cod P(a<X<b) = p(b) — ¢(a)

2

voi @(x) = ﬁje_zdt la ham Laplace cho béi bang phu luc 1.
0

Chu y: F(x) =o(x) +0,5
O(-x) = -(x)
TH2: X~N(p,6°)
Pinh li: Néu X ~ N(u;06%) thi aX+b~N(ap +b; a’c?) (Xem [1] trang 63)

Hé qua: X-N(1.6%) < G = =M

~N(0,1)

: : b—p a-p
Do doé, ta co: Pla<X<b)=¢p| —— |—¢| ——

o o
Chi y: Trong MS-Excel: Néu X ~N(0;1) thi F(x)=Normsdist(x)
3.3.4. Dinh li gi¢i han trung tim
Pinh li: Néu X; (i=1;2;..;n) 1a n BNN ddc lap c6 cung luat phan phdi xac suat va
EX=p, VX=c" thi X =Y X,—>N(np;nc’) (Xem /1] trang 66)
i=l

Trong thuc hanh:
- Khi n dt 16n ta xem X ¢6 phan phdi N(np,nc”), viét X ~ N(np,nc”).
- Néu X ~ B(n;p) véi n>30; np>5 va n(1-p)>5 ta xem X ~ N(np;np(1-p))

16
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3.4. Phan phoi khi binh phwong
Pinh nghia: BNN X goi 1a c6 phan phdi “khi binh phuwong” véi n bac tu do, ki

hiéu X~¢*(n) néu ham mat d6 xac suit cta né co dang:
0 ,khi x<0
1 X n

—— e’x? khix>0
22.r(nj
2

trong d6 I'(x) = j t*'e'dt 1a hAm Gamma
0

f(x)=

D4 thi: ham mat d6 ctia BNN X~ »*(10)

-5 a = 10 15 z0 25
x

Pinh li: Néu X,,Xs,...,X, 1a n BNN doc 1ap va c6 cung phan phdi chuén tic thi
X =2 X} ~(n)
i=1

Pinh li: Néu X ~ ¥*(n) thi EX =nva VX =2n

Pinh li: Néu X ~ »*(n) thi X—-->N(n;2n)

Tinh toan xac xuat cho phan phdi “Khi binh phwong” cho trong bang phu luc 2
Vi du 3: Cho X~¢*(10). Tim t biét P(X<t)=0,95.

Trong thwe hanh: Néu X~¢*(n) khi n dt 16n (n>30) ta xem X ~ N(n;2n)

Chu y: Trong MS-Excel ta co: xaz(k)=chinv(a,k)

3.5. Phin phéi Student

Pinh nghia : BNN X goi 14 c6 phan phdi Student véi n bac ty do (ki hiéu

X~t(n)) néu ham mat do xac suat cua no6 cé dang :

F(nj , 12
2 X 2
n-—1 {1+n—1}
Tc(n—l)l“(2]

f(x) =

17
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Do thi: ham mat d6 ctia BNN X~ t(10)

Pinh li: Néu X~N(0, 1) va Y~ y*(n) thi Z= lY ~t(n)
o
Tinh toan xac xuat cho phan phdi student cho trong bang phuy luc 3
Vi du 4: Cho X ~ t(12). Tim t biét P(X<t)= 0,99
Chu y: Trong MS-Excel ta co: t,(k) = Tinv(a,k)

BAI TAP CHUONG 3

Cau _1: Mot xa thu ban 10 vién dan vao mdt muc tiéu, xac xuat tring cua moi
vién 14 0,6. Pé pha hity dugc myc tiéu can phai ban trang it nhat 3 vién, tinh xac
suat dé muc tiéu bi ph4 huy.

Ciu 2: Trong luong san pham X (don vi gam) do mot may ty dong san xuit ra
c6 phan phdi chuan X~N(100:2,56). San pham dugc coi 1a dat ki thuat néu trong
lugng cua no dat tir 98 dén 102 gam.

a) Tim ti 1é san pham dat tiéu chuan ki thuat cia nha may

b) Cho may san sudt 100 san pham, tinh x4c sudt c6 trén 90 san pham dat ki
thuat.

18
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Chuwong 4. LY THUYET MAU
4.1. Pam dong, miu ngiu nhién
4.1.1. Pam dong, BNN cia dam dong
DPam dong 1 tap hop tat ca cac ddi tugng can nghién ciru

Déu hiéu cin nghién ctu thay doi qua cac phan tir cia ddam dong goi 1a bién
ngau nhién cuia ddm dong.

Vi du: Nghién ctru vé trong lugng cua cac lon sita A trén thi truong ¢ TP Hué
DPam dong 1a: Tap hop cac trén thi trudng tai TP Hué

Bién ngiu nhién: trong luong cua cac lon sira

4.1.2. Miu ngéu nhién, miu cu thé, thong ké

Trong thuc té ta thuong khong thé nghién cia tit ca cac phan tir caa dam dong,
dé nghién ctru cac ddu hiéu ciia ddm dong ta dung phuong phap chon mau.

Mau 12 mot bd phan ctua dam déng phan anh duoc cac tinh chit cua dam dong

a) Mau ngiu nhién: 13 tap hop n bién ngdu nhién (X;,X,..., X,) doc 1ap c6 cling
luat phan phdi véi bién NN ciia dam dong

b) Cach chon miu ngiu nhién: Chon ngiu nhién don gian, chon mau theo
nhém, chon theo ¥ kién chuyén gia ...

Chii y: Trong trong mdn hoc nay ta chi xét cach chon méu sao cho mdi phan tir
ctia ddm dong déu c6 kha nang duoc chon 1a nhu nhau

¢) Mau cu thé: Gia su X; nhan gia tri 1a x; voi 1=1,2,..,n. Khi do, (x;,X,,..,X,) g0i
1a mot mau cu thé kic h thude n.

d) Thong ké: Mot ham ctia mau ngau nhién (X, X,..., X,) goi 1a mot théng ké
4.1.3. Cach trinh bay miu ngiu nhién cu thé

Truwong hop 1: MAau nho hodc nhén it gia tri ta dung bang phan phdi tan s6

thuc nghiém dang
X a; a, ... ax
Tan so n; n, N

trong do, a; co n; gid tri voii= 1,2, ...k
Chu y: n;+tn,+...+tn=n.

bit fi=n;/n ta c6 bang PP tan sudt

X a; a, ... ax
Tﬁn SLlé(lt fl f2 cee fk
Chu )": f1+f2+. . .+fn:1
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Truong hop 2: Mau 16n va cac gia tri phan tan ta dung bang phan phdi ghép 16p
dang

X bo-b; b;-b; e by.1-bx

Tan so n, n, N

Chu y: b; thudc khoang b;1-b;. Chon $b khoang k sao cho 2k lpn<k

Ngoai ra ta c6 thé dung cac loai biéu dd

4.2. Cac dic trung miu

Gia stir dam dong X ¢6 EX = u, VX = 6° va p 1a ti 1é cac phan tir c6 tinh chat A
cua ddm dong.

Cho (Xi,..., Xp) la mau ngﬁu nhién kich thudc n va (x;,xs,..,X,) 1a mot mau cu
thé kich thuée n.

4.2.1. Ti 1 mau

a) Dinh nghia
- 1 n - 1 n
Til¢ mau F=—> X, ti 1¢ miu thyc nghiém f =—> x,
n i=1 n i=1

b) Cac s6 dic trung cia ti 18 miu
-Kivong EF=p

- Phuong sai VF = p=p)
n

¢) Phan phoi x4c suit ciia ti 1 miu

1—
- Khi n du 16n theo dinh 1i gidi han trung tdm ta c6 F= N[p,uj hay
n

G=—"L_Jn=N@O:D)
p(1-p)
N . 0 17 \ « X F-— |y
- Trong thuc hanh khi n du 16n va p chua bict ta xem: G = W\/H = N(0;1)

4.2.2. Trung binh miu
a) Dinh nghia

Trung binh miu: X = lZ:Xi
n

i=l

_ n k k
Trung binh méu thyc nghiém x = lle = lZ:aini = Z:aifi
N7 ng i=1
Chii y: Trudng hop dung bang phan phdi tan sé (suit) ghép 16p thi a;=(b;+b;)/2
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b) Ciac s6 dic trung
- Ki vong EX = 1)
- Phuong sai VX =0’/n

¢) Phan phoi xac suat caa trung binh mau

X

2

- Truong hop X ~ N(u,o7) thi X ~ N(M,G—j hay G =
n

—E Jn = N(o; 1)

c
- Truong hgp n > 30 theo dinh i gidi han trung tdm ta co:

X-u X

B /0 =N(0;1)

S

G= Jn =N(0;1) hay G =

4.2.3. Phwong sai mau

n 2
Phuong sai mau :  khi p biét: S* = lZ:(Xi —n)
n g
ol 2
khi pchua biét: S =—3"(X,-X)
N
4.2.4. Phuwong sai mau hiéu chinh, d9 1éch tiéu chuin

a) Dinh nghia
Phuong sai mau hiéu chinh: S = LZ:(Xi - X)

Phuong sai mau hiéu chinh thuc nghiém:

Do 1éch tiéu chuan: s =+/s’

Chii y: s> = — 1[;_(;)2} trong do ;:lef
n_

b) S6 dic trung: ES* =0’
¢) Phén phéi xéc suit ciia phwong sai miu hiéu chinh

n.S?
—~%’(n)
(¢)

- Néu X ~ N(p,0°%) va udabiét thi G =

n—1
2
o]

- Néu X ~ N(p,6°) va u chua biét thi G = S* ~y*(n—1)

Hé qua: Néu X ~ N(u,0%) va o chua biét thi G = X; Hh~tn-1)
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BAI TAP CHUONG 4
Céu 1: Ti 18 phé pham cia 16 hang 1a 5%. Kiém tra ngau nhién 500 san pham

ctia 16 hang néu c6 tir 30 phé pham trd 1én thi 16 hang khong dugc phép xuét
khau. Tinh xé4c suit 16 hang dugc xuat khau.
Céu 2: Kiém tra trong luong clia mot nhom sinh vién nam dugc két qua nhu sau

X (kg)

40-45

45-50

50-55

55-60

60-65

65-70

Tan so

5

15

20

15

3

2

Tinh trung binh mau thuc nghiém, phuong sai mau hiéu chinh thyc nghiém
Cau 3: Thoi gian cua mot cudc dién thoai duong dai tai mdt téng dai 1a bién
ngau nhién c6 phan phdi chuan trung binh 8 phut, do 1éch tiéu chuan 2 phut.
Chon ngﬁu nhién mot mau 25 cudc dién thoai duong dai & téng dai

a) Tim d6 1éch tiéu chudn cua trung binh mau

b) Tinh x4c suat dé trung binh mau tir 7,8 dén 8,2 phut.
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Chuong 5. UOC LUQNG THAM SO

5.1. Khai niém
Gia sir khi nghién ctru DPLNN X va biét dugc phan phdi cua X thuéc mot loai
phan phdi nao d6 (chang han biét X c6 phan phdi chuan hodc biét X c6 phan
phéi Poisson, ... nhung lai khong biét cac tham sd). Mudn xac dinh hoan toan
phan phdi cia X ta phai xac dinh duoc cac gia tri tham sd cua phan phdi do.
Chinh vi vay, viéc di tim u6c luong cho cac tham sb ctia phan phéi 1a can thiét.
5.2. Uéc lwong diém
5.2.1. Kh4i niém: Cho mau ngau nhién (X;, Xo, ..., X,) cia PLNN X, gia sir 0 1a
tham an can uéc lugng. Khi d6 udc luong diém cua tham s6 6 1a PLNN T, =
o(X, Xy, ..., X,) chi phu thude vao (X, X, ..., Xy).
5.2.2. Céc tiéu chuin wéc lwong
a) Uéc lwong khong chéch: Udc luong T, ctia tham sé 0 duge goi 1a udc luong
khong chéch néu ET, = 0
Taco F, X, S*1a u6e luong khong chéch cho p, p, 6.
b) Uéc lwong virng: Udc lugng T, cua tham sb 0 duoc goi 13 wéc luong viing
néu thoa man diéu kién

lim P(|T, -6|<&)=1, Ve>0.

Taco F, X, S* ude luong vitg cho p, p, 6°.

¢) Uéc lwong hié¢u qua:

Pinh nghia: Thong ké T, goi 1 udc lugng hiéu qua cia tham sb 0 néu no 13 uéce
luong khong chéch va c6 phuong sai bé nhit trong cac ude lugng khong chéch
ctia tham s 0.

1

2
nE(aln f(x,e))
00

Pinh li: Neu ET, =0 va VT, =

thi T, 1a uwoc lugng hi€u qua

ctia tham sb 0. (xem [1] trang 129)

TacoF, X , S% 1a wdce luong hi€u qua cho p, p, o”.

5.3. U6c lwgng khoang:

Khai niém

Khoang (0;, 6,) duoc goi 1a khoang udc lugng ctia 6 vo1 do tin cdy 1 - a néu
P(6;<06<0,)=1-q.

0,- 0,=2¢ : € got l1a do chinh xac ctia khoang tin cay
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Bai toan: Tir mau (X,X...,X,) tim khoang (6;; 0,) sao cho P(8; <0 <0,)=1 - a.

Cac budc gidi bai toan:
B1. Chon théng ké G(0,X,, X, ..., X,,) c6 phan phdi xac dinh
B2. Lay t,, t, sao cho P(t;<G<t,)=1-0
B3. Bién doi t;<G<t, < 0,(X1, Xo, ..., Xn) <0< 0x(X;, Xa, ..., Xp)

Van dung nguyén li xac suat 16n

Két luan véi do tin cay 1-a khoang tin cay 1a (0,(xy,Xz,..,X4); 02(X1,X2,..,Xp))
5.3.1. Uéc lwgng khoang cho ti 1¢
Khi n du 16n (nf>10 va n(1-f)>10) ta c6

F-p

G—\/f(T\/_ N(0;1)

Khoang tin cdy d6i ximg

n=.... =
Véidotincay l-a=... > a=... =ty = ¢'(0,5-a/2) = bang phu luc 1
Do chinhxdace=t_, fa=-1)

n

Khoang tin cay (f-g; f+¢)
Vi du 1: Dé wéc lugng ti 16 ngudi Viét Nam c6 nhdm mau O. Nguoi ta kiém tra
ngau nhién 1000 nguoi duoc két qua co 360 ngudi c6 nhom mau O.
a) V61 do tin cdy 95% hay udc lugng ti 1€ nguotl Viét Nam c6 nhém mau O.
b) Véi ti 16 mau va do tin cdy nhu cau a. Néu mudn khoang udc luong c6 do
chinh xac € = 0,01 thi can 14y mAiu gém bao nhiéu nguoi.

Gidi

a) Tacon=1000;f=0,36;1-a=0,95=a=0,05
Mirc phan vi ty, = ¢ (0,5 - a/2) = ¢ "'(0,475) = 1,96

Do chinh xac ¢=t¢ fd-1) - 1,96\/0’36'(1_0’36) =0,03
o 1000
Khoang tin cay (f-¢; f+¢)=(0,33; 0,39)
b) Taco g=t vi(d-1)
o

— n:(% f(l—f)J

5 €

= 8851
Vay can chon mau khoang 8851 nguoi
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5.3.2. Uéc lwgng khoang cho ky vong
Trwong hop: n > 30
- Néu o da biét G=2

—E /o =N(@©0;1)

e)
XH = N1

S

- Néu &° chua biét G =

Trwong hop: n <30
X

—E /0 ~N(@©0;1)

(¢

-Néu X ~ N(u,6°%) va o” dd biét thi G =

-Néu X ~N(u,0%) va o chua biét thi G = Xg“& ~t(n—1)

Cac buéc wée lwong doi xirng cho ki vong

o’ biét o chwa biét

n>30 | n=..;1-a=...
Muc phan vi: ty, = ...

n=...;1-a=...
Murc phan vi: ty, = ...

A 14 14 S
b6 chinh xdc:e=t —=...

2

g)=... | Khoang tin cdy: (;—8;;+8)=

Do chinh xac: e =t

SRS
o

>
+

Khoang tin cay: (; -

n<30 n=..;1-a=...
Muc phan vi: ty, = ...

n=...;1-a=...
Murc phan vi: typ(n-1) = ...

X co o , c A 1 . S
phan Do chinh xdc:e=t —=... D¢ chinh xac:e=t_(n—-1).—==.
phéi VL 2oV
chudn | Khoang tin cdy: (x—g;x+¢)=... | Khoang tin cdy: (x—g;x+g)=...

Vi du 2: Bé uéc lugng khéi luong trung binh cia cac bao gao trong kho, nguoi

ta can ngau nhién 21 bao gao trong kho dugc két qua nhu sau: (don vi: kg)

50 48 49 48 50 51 50
49 50 51 50 52 51 51
50 51 50 49 51 50 49

a) Lap bang phan phdi tan s6 mau thuc nghiém, tinh trung binh mau thuc
nghiém, phuong sai mau hiéu chinh thuc nghiém.

b) Voi do tin cay 95% hay tim khoang tin cay cho khdi lugng trung binh cua
cac bao gao trong kho. Biét khdi lugng cac bao gao trong c6 phan phdi chuén.

Gidi
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a) Bang phan phdi tin s6 miu thyc nghiém

X 48 49 50 51 52
Tanso| 2 4 8 6 1
X = %(48.2 +49.4+50.8+51.6 + 52.1) =50
X :i(482.2 +497.4+50%8+51.6+52.1) _ 52522
21 21
g2 :2 @_502 =1,1
200 21
b)n=21<30
botincay 1 - =0,95= a=0,05
Mirc phan vi t5(20) = 2,0860
Do chinh x4c £ =2,0860. 12’1 =0,4774
Khoang tin cdy (49,5226; 50,4774)
5.3.3. Uéc lwgng khoing cho phuwong sai
2
- Néu X ~ N(p,0°%) va pu da biét thi G :% ~ 2 (n)
c
- Néu X ~ N(p,6°) va u chua biét thi G = 1 _2182 ~y*(n—1)
c
Cac bué6c wéc lwgng cho phwong sai
X ¢6 phan phéi chuin
u biét it chwra biét
n=... n=...
l-aa=...=>a=... l-a=...=a=...
Muc phan vi: 2 (n)=... Muc phan vi: x2 (n—1)=...
2 2
1, (n)=.. v (n=1=..
= -
Khoang tin cdy Khoang tin cay
ns’ ) ns’ (n—1)s® _ (n—1)s?
Xa () % 4 (0) e (=1 o (n=1)
2 2 2 2
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Vi du 3: Tudi tho ciia mot loai thiét bi A (don vi: thang) c6 phan phdi chuan,

ngudi ta diéu tra ngdu nhién 15 thiét bi loai nay dugc két qua:

a) Tinh trung binh mau thuc nghiém, phuong sai mau hiéu chinh thyc nghiém.

b) Véi do tin cdy 98% hdy tim khoang tin cdy cho phuong sai cta tudi tho cua

23 25 23 23 22
24 26 24 24 22
24 25 25 23 24

loai thiét bj A.

Giai

a) Bang phan phdi tan s6 thyc nghiém

X:

o2
X
2

b)n=15

X

22

23

24

25

26

Tan so

2

4

23,8

=1703/3
46/35

Dotincay 1 -a=0,98 =>a =0,02

Mitc phan vi 5y~ (14)=29,1412

Khoang tin cay:

Xf_o (14)=4,6604

(n—1)s’ (n— 1)s®

14.ﬁ

35 .

14.ﬁ

35

2

o (=1 "%

Lo-D |
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BAI TAP CHUONG 5

Céu 1: Kiém tra ngau nhién 500 san pham cua 16 hang thiy c6 15 phé pham.
Vi d6 tin cay 98% hay wdc lugng ti 18 phé pham cua 16 hang.

Cau 2: Tudi tho cua mdt loai thiét bi A (don vi: thang) la bién ngau nhién co

phan phdi chuan, nguoi ta diéu tra ngau nhién tudi tho cua 21 thiét bi loai nay
duogc két qua:

34 | 34 | 35 | 35| 34 | 36 | 35
33 | 34 | 33 | 36 | 35 | 35 | 36
37 | 35 | 36 | 36 | 35 | 36 | 35
a) Lap bang phan phéi tan so thuc nghiém, tinh trung binh mau thyc nghiém,

tinh phuong sai mau hiéu chinh thyc nghiém.
b) Véi do tin cdy 95%, tim khoang tin cdy ddi ximg cho tudi tho trung binh
cua loai thiét bi A.
¢) Véi do tin cay 95%, tim khoang tin cdy cho phuong sai cua tudi tho ctia
loai thiét bi A.
Céu 3: Tudi tho cia mot loai thiét bi A (don vi: thang) 1a bién ngau nhién co
phan phdi chuan, nguoi ta diéu tra ngdu nhién tudi tho cua 40 thiét bi loai nay
duogc két qua:
40 | 41 | 41 | 39 | 41 | 42 | 38 | 38 | 39 | 39
39 | 41 | 41 | 41 | 39 | 42 | 41 | 40 | 40 | 40
41 | 40 | 39 | 39 | 40 | 40 | 41 | 40 | 40 | 39
40 | 40 | 41 | 39 | 40 | 40 | 41 | 40 | 40 | 38
a) Lap bang phan phdi tan s thuc nghiém, tinh trung binh miu thyc nghiém,

tinh phwong sai mau hiéu chinh thyc nghiém.
b) Véi d6 tin cdy 95%, tim khoang tin cdy ddi ximg cho tudi tho trung binh
cta loai thiét bi A.
Céu 4: Mot cira hang vat liéu xdy dung nhdp xi ming tir co s& san xuit A.
Trong lugng ciia cac bao xi mang 1a bién ngiu nhién cé phan phdi chuan. Diéu
tra ngdu nhién trong lugng X(kg) cta 20 bao xi mang tir 16 hang méi nhap vé,
thu duoc sb liéu sau:
X 49-49.5 | 495-50 | 50-50.5 | 50.5-51
S6 bao 3 7 9 1
a) Tinh trong lugng trung binh va phuong sai hi¢u chinh ctia cac bao xi

mang trén.
b) Voi d6 tin cdy 95%, tim khoang udc lugng ddi xing cua trong lugng
trung binh ctia cac bao xi mang.
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Chuwong 6. KIEM PINH GIA THUYET THONG KE
6.1. Khai niém
6.1.1. Gia thuyét thong ké:
Gia thuyét thong ké 1a gia thuyét noi vé:

- Céc tham sd dic trung cta bién ngiu nhién gdc ctia dam dong nhu ti 1é f, trung
binh p, phuong sai 6>,
- Dang quy luat phan phéi cta bién ngau nhién gbc ctia ddm dong
- Tinh ddc 1ap cua dam dong.
Trong chuong trinh ctia mén hoc nay ta chi dé cap dén gia thuyét thong ké néi
vé cac tham s dic trung cta bién ngiu nhién gbc ciia dam dong.
6.1.2 Cac buwéc cin thiét dé kiém dinh mot gia thuyét thong ké
- Phat biéu gia thuyét H, va dbi thuyét H,
- Chon théng ké G ¢6 phan phéi xac dinh
- Thiét 1ap mién bac boé W, (1a mién sao cho P{GeW,| H, ding} = )
- Kiém tra g = G(X1;X2;...3Xp;...) € W, bac bd Hy hoac ggW,, chép nhan H,.
Khi ta chip nhan hay bac bo H, ta mic phai cac sai 1am sau:
e Sai 1Am loai 1: H, ding ma ta bac bo. Xac suit bién cd nay 1a
P{GeW,H, ding} = a
e Sai ldm loai 2: H, sai ma ta chip nhan. Xac suéat bién cb nay la
P{Ge¢W,Hjsai} =
6.2. Kiém dinh gia thuyét vé ti 1 ciia dam dong
Bai toan: Gia st p 1a ti 16 cua dam dong X, chwa biét. Véi muc ¥ nghia o, kiém
dinh gia thuyét: Ho: p = po (po d2 biét)
Khi npg> 5 van(1-pg) > 5, ta co

G :&\/H = N(0;1)
po(l_po)

+ Khi H;: p # po mién bac bdo W, = {|g| > ty»}
+ Khi Hy: p > p, mién bac bo W= { g> t, }
+ Khi H;: p < po mién bac bdo Wy, = { g <-t, }
Vi du 1: O mét nude, mot dang chinh tri tuyén bd rang 45% ct tri s& bo phiéu
cho 6ng A 1a tng ctr vién cua ho. Chon ngau nhién 200 ngudi hoi ¥ kién co 80
ngudi s& bau cho éng A. Vi muc y nghia 5% hay cho két luan vé tuyén bd trén.
Gidi
Gia thuyét Hy: p = 0,45, d6i thuyét H,: p # 0,45
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Mirc y nghia o = 0,05 => t,, = 1,96. Mién bac bo W, = {|g| > 1,96}
f—P, _0,4-0,45

Jool=po) J0,45.(1-0,45)

Viy chua du co sd dé bac bo tuyén bb trén.

Tacd g= V200 =-1,42 ¢ W,

6.3. Kiém dinh gia thuyét vé trung binh ciia dam dong
Bai toan: Gia st p 1a ki vong (trung binh) ctia dam dong X, chua biét. Vi mirc
y nghia o, kiém dinh gia thuyét Ho: p = po (1o d biét)

Khi H, dtng ta sir dung cac tiéu chuan kiém dinh G trong céc trudng hop sau:

Truong hop 1: n> 30, ¢° da biéttaco G = ﬂ& = N(0;1)
c

+ Khi Hy: p # po mién bac bo W, = {|g| > ty»}
+ Khi Hy: p> po mién bac bo W, = { g> t, }
+ Khi Hy: p < po mién bac bo W, = { g <-t, }

Truwong hop 2: n> 30, 6° chua biét: G= m\/g = N(0;1)
S
Mién bac bo nhu trudng hop 1
Truimg hop 3: n < 30, X~-N(1,6>) va o> da biét thi G = ~—Ho /i ~ N(0:1)
c

Mién bac bo nhu truong hop 1

Truong hop 4: n<30, X ~ N(u,6%) va o° chua biét thi G = X _S“O Jn~t(n-1)

+ Khi Hy: p # po mién bac bo W, = {|g| > ty(n-1)}
+ Khi Hy: p> po mién bac bo W, = { g> t(n-1) }
+ Khi Hy: < o mién bac bé W, = { g <- ty(n-1) }
Vi du 2: Trong luong cua cic bao gao 1a bién ngiu nhién c6 phan phdi chuan
vo1 trong lugng trung binh binh thuong 1a 50kg. Nghi ngd may dong bao gao
lam viéc khong binh thuong lam cho trong lugng cua bao gao ¢6 xu hudng gidm
sut. Nguoi ta can thu 25 bao dugc khoi lugng trung binh 1a 49,25kg va do Iéch
chuan 0,81 kg. Vi mirc y nghia 1% hay cho két luan vé nghi ngo trén.
Gidi
Gia thuyét Hy: p = 50, ddi thuyét Hy: p < 50.
Mtrc y nghia o = 0,01 => t(,(24) = 2,4922. Mién bac bo W, = {g <-2,4922}
g= %\/ﬁ :%8150\/% =-4,6296 € W,. Vay nghi ngo trén dung.
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6.4. Kiém dinh gia thuyét vé phwong sai ciia dam dong
Bai toan: Gia sir dam dong X c6 phan phdi chuan N(j,6°) phuong sai V(X)=c"
chua biét. Vi mire ¥ nghia o, kiém dinh gia thuyét Hy: 6° = 64" (0o” d3 biét)

2

- Néu p da biét thi G = % ~ 2 (n)

Oy
+Khi H;: 6° # o, mién bac bo W, = {g < Xlz , (n) hodc g > > (n)}
2 2
+ Khi H;: o* > o, mién bac bo W, = { g > v (n) }
+ Khi H: 6° < 6, mién bacbo W,={g < . (n) }

(n—1)S?

- Néu p chua biét thi G = ~x*(n-1)

0

+ Khi H;: 6° # o, mién bac bé W, = {g < x> _ (n-1) hodc g> %> (n-1)}
1-= @

2 2
+Khi H;: 6° > o, miénbacbo W,={g > y2(n-1) }
+Khi H: 6° < 6, mién bacbo W,={g < yx_ (n-1) }
Vi du 3: Trong luong ctia mot loai san phém do mot may san xuét ra 1a mot bién
ngau nhién c6 phan phdi chuan. Nghi ngd vé do dong déu vé trong luong san

pham c6 xu hudng giam sut ngudi ta can thtr 12 san pham duoc (don vi: gam):

450 448 449 452
450 449 451 450
448 451 449 450

Vé6i mirc ¥ nghia 5% hdy két ludn vé nghi ngd trén biét rang binh thuong
phuong sai ciia trong lugng san pham 13 1,2 (gam)’.

Giai

448 | 449 | 450 | 151 | 452
Tan s 2 3 4 2 1
Tacod x = 449,75, x° =202276,4167; §? = 1,4773

Gia thuyét Hy: o° = 1,2, ddi thuyét H;:o® >1.2.

Mirc ¥ nghia a. = 0,05 => 5% 0s(11) = 19,6751.

Mién bac bo W, = { g > 19,6751}

o (n—Ds* _ 11.1,4773

c, 1,2

X

7

(@)

[ )

= 13,5419 ¢ W,. Chap nhan H,
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BAI TAP CHUONG 6
Ciu 1: L6 hang la du tiéu chuan xuat khau néu ti 1é phé pham cua n6 khong

vugt qua 2%. Kiém tra ngau nhién 500 san pham cua 16 hang thdy c6 15 phé
pham. Véi mirc y nghia 5% 16 hang c6 dugc xuat khau khong?

Céu 2: Trong luong ciia san pham A (don vi: kg) 13 bién ngu nhién c6 phan
phdi chuan, nguoi ta kiém tra ngau nhién trong luong cua 21 san pham nay
duogc két qua:

35 | 35 | 34 | 36 | 34 | 34 | 35
33 | 36 | 35 | 35 | 33 | 34 | 36
36 | 36 | 35 | 36 | 37 | 35 | 35
a) Lap bang phan phéi tan s6 thuc nghiém, tinh trung binh mau thyc nghiém,

tinh phuong sai mau hiéu chinh thyc nghiém.
b) Trong luong trung binh cua loai thiét bi A theo quy dinh 1 36 kg, nghi
ngd trong luong trung binh cua loai thiét bi A giam so véi quy dinh. Vai
mirc ¥ nghia 1% hdy cho két luan vé nghi ngo trén.
¢) Nghi ngd vé do dong déu vé trong lugng san phim cé xu hudng giam sut
so voi quy dinh. V&i mtic y nghia 5% hay cho két luan vé nghi ngd trén
biét phuong sai cta trong luong san phdm A theo quy dinh 1a 1 (kg)*.
Ciu 3: Trong luong cua cac bao gao 1a bién ngiu nhién c6 phan phdi chuan véi
trong luong trung binh binh thuong 1a 50kg. Nghi ngd may dong bao gao lam
viéc khong binh thuong lam cho trong luong trung binh ctia cac bao gao c6 xu
huéng giam sat. Ngudi ta can thir ngau nhién 40 bao duoc khéi luong nhu sau:
49 | 50 | 49 | 48 | 50 | 51 | 48 | 49 | 50 | 50
50 | 49 | 49 | 50 | 49 | 48 | 50 | 51 | 49 | 49
50 | 49 | 50 | 49 | 48 | 50 | 50 | 50 | 51 | 50
51 | 48 | 49 | 49 | 50 | 51 | 48 | 49 | 50 | 50

a) Lap bang phan phdi tan s thuc nghiém, tinh trung binh miu thyc nghiém,

tinh phwong sai mau hiéu chinh thyc nghiém.
b) Véi mic ¥ nghia 1% hiy cho két luan vé nghi ngd trén.
Céu 4: Mtc hao phi xang ctia mot loai 6 t6 chay tir A dén B 1a mot bién ngiu
nhién c6 phan bd chuan, c6 trung binh 13 50 lit. Poan dudong duoc xur 1y lai,
ngudi ta cho ring muc hao phi xing trung binh giam xudng. Quan sat ngiu
nhién 50 6 t6 cung loai, nguoi ta thu dugce sb liéu sau

Mtrc hao phi x | 48,5—-49 | 49-49,5 | 49,5-50 | 50-50,5 | 50,551

S6 chuyén 5 15 15 10 5

Hay két luan vé ¥ kién trén v&i muc y nghia 5%.
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Phy luc 1: Ham Laplace @(x)=

1

2z

X t
Ie 2dt
0

2

X

1

3

4

5

7

9

0.0

0.0000

0.0040

0.0080

0.0120

0.0160

0.0199

0.0239

0.0279

0.0319

0.0359

0.1

0.0398

0.0438

0.0478

0.0517

0.0557

0.0596

0.0636

0.0675

0.0714

0.0753

0.2

0.0793

0.0832

0.0871

0.0910

0.0948

0.0987

0.1026

0.1064

0.1103

0.1141

0.3

0.1179

0.1217

0.1255

0.1293

0.1331

0.1368

0.1406

0.1443

0.1480

0.1517

0.4

0.1554

0.1591

0.1628

0.1664

0.1700

0.1736

0.1772

0.1808

0.1844

0.1879

0.5

0.1915

0.1950

0.1985

0.2019

0.2054

0.2088

0.2123

0.2157

0.2190

0.2224

0.6

0.2257

0.2291

0.2324

0.2357

0.2389

0.2422

0.2454

0.2486

0.2517

0.2549

0.7

0.2580

0.2611

0.2642

0.2673

0.2704

0.2734

0.2764

0.2794

0.2823

0.2852

0.8

0.2881

0.2910

0.2939

0.2967

0.2995

0.3023

0.3051

0.3078

0.3106

0.3133

0.9

0.3159

0.3186

0.3212

0.3238

0.3264

0.3289

0.3315

0.3340

0.3365

0.3389

1.0

0.3413

0.3438

0.3461

0.3485

0.3508

0.3531

0.3554

0.3577

0.3599

0.3621

1.1

0.3643

0.3665

0.3686

0.3708

0.3729

0.3749

0.3770

0.3790

0.3810

0.3830

1.2

0.3849

0.3869

0.3888

0.3907

0.3925

0.3944

0.3962

0.3980

0.3997

0.4015

1.3

0.4032

0.4049

0.4066

0.4082

0.4099

0.4115

0.4131

0.4147

0.4162

0.4177

1.4

0.4192

0.4207

0.4222

0.4236

0.4251

0.4265

0.4279

0.4292

0.4306

0.4319

1.5

0.4332

0.4345

0.4357

0.4370

0.4382

0.4394

0.4406

0.4418

0.4429

0.4441

1.6

0.4452

0.4463

0.4474

0.4484

0.4495

0.4505

0.4515

0.4525

0.4535

0.4545

1.7

0.4554

0.4564

0.4573

0.4582

0.4591

0.4599

0.4608

0.4616

0.4625

0.4633

1.8

0.4641

0.4649

0.4656

0.4664

0.4671

0.4678

0.4686

0.4693

0.4699

0.4706

1.9

0.4713

0.4719

0.4726

0.4732

0.4738

0.4744

0.4750

0.4756

0.4761

0.4767

2.0

0.4772

0.4778

0.4783

0.4788

0.4793

0.4798

0.4803

0.4808

0.4812

0.4817

2.1

0.4821

0.4826

0.4830

0.4834

0.4838

0.4842

0.4846

0.4850

0.4854

0.4857

2.2

0.4861

0.4864

0.4868

0.4871

0.4875

0.4878

0.4881

0.4884

0.4887

0.4890

2.3

0.4893

0.4896

0.4898

0.4901

0.4904

0.4906

0.4909

0.4911

0.4913

0.4916

24

0.4918

0.4920

0.4922

0.4925

0.4927

0.4929

0.4931

0.4932

0.4934

0.4936

2.5

0.4938

0.4940

0.4941

0.4943

0.4945

0.4946

0.4948

0.4949

0.4951

0.4952

2.6

0.4953

0.4955

0.4956

0.4957

0.4959

0.4960

0.4961

0.4962

0.4963

0.4964

2.7

0.4965

0.4966

0.4967

0.4968

0.4969

0.4970

0.4971

0.4972

0.4973

0.4974

2.8

0.4974

0.4975

0.4976

0.4977

0.4977

0.4978

0.4979

0.4979

0.4980

0.4981

2.9

0.4981

0.4982

0.4982

0.4983

0.4984

0.4984

0.4985

0.4985

0.4986

0.4986

3.0

3.1

3.2

3.3

34

o(x)

0.49865010

0.49903240

0.49931286

0.49951658

0.49966307

3.5

3.6

3.7

3.8

3.9

o(x)

0.49976737

0.49984089

0.49989220

0.49992765

0.49995190

4.0

4.5

5.0

o(x)

0.49996833

0.49999660

0.49999971

33



Th.S. Neuvén Hodang Anh Khoa

Phu luc 2: X ~¢*(n); P(X> x.(n)))=a

i)

ST

n\a | 0.995 0.99 0.975 0.95 0.05 0.025 0.01 0.005
1 | 0.00004 | 0.0002 0.0010 0.0039 3.8415 5.0239 6.6349 7.8794
2 0.0100 0.0201 0.0506 0.1026 5.9915 7.3778 9.2103 | 10.5966
3 0.0717 0.1148 0.2158 0.3518 7.8147 9.3484 | 11.3449 | 12.8382
4 0.2070 0.2971 0.4844 0.7107 9.4877 | 11.1433 | 13.2767 | 14.8603
5 0.4117 0.5543 0.8312 1.1455 | 11.0705 | 12.8325 | 15.0863 | 16.7496
6 0.6757 0.8721 1.2373 1.6354 | 12.5916 | 14.4494 | 16.8119 | 18.5476
7 0.9893 1.2390 1.6899 2.1673 | 14.0671 | 16.0128 | 18.4753 | 20.2777
8 1.3444 1.6465 2.1797 2.7326 | 15.5073 | 17.5345 | 20.0902 | 21.9550
9 1.7349 2.0879 | 2.7004 3.3251 | 16.9190 | 19.0228 | 21.6660 | 23.5894
10 | 2.1559 2.5582 3.2470 3.9403 | 18.3070 | 20.4832 | 23.2093 | 25.1882
11 | 2.6032 3.0535 3.8157 4.5748 | 19.6751 | 21.9200 | 24.7250 | 26.7568
12 | 3.0738 3.5706 | 4.4038 5.2260 | 21.0261 | 23.3367 | 26.2170 | 28.2995
13 | 3.5650 | 4.1069 5.0088 5.8919 | 22.3620 | 24.7356 | 27.6882 | 29.8195
14 | 4.0747 | 4.6604 5.6287 6.5706 | 23.6848 | 26.1189 | 29.1412 | 31.3193
15 | 4.6009 5.2293 6.2621 7.2609 | 24.9958 | 27.4884 | 30.5779 | 32.8013
16 || 5.1422 5.8122 6.9077 7.9616 | 26.2962 | 28.8454 | 31.9999 | 34.2672
17 | 5.6972 6.4078 7.5642 8.6718 | 27.5871 | 30.1910 | 33.4087 | 35.7185
18 || 6.2648 7.0149 8.2307 9.3905 | 28.8693 | 31.5264 | 34.8053 | 37.1565
19 | 6.8440 7.6327 8.9065 | 10.1170 | 30.1435 | 32.8523 | 36.1909 | 38.5823
20 | 7.4338 8.2604 9.5908 | 10.8508 | 31.4104 | 34.1696 | 37.5662 | 39.9968
21 | 8.0337 8.8972 | 10.2829 | 11.5913 | 32.6706 | 35.4789 | 38.9322 | 41.4011
22 | 8.6427 9.5425 | 10.9823 | 12.3380 | 33.9244 | 36.7807 | 40.2894 | 42.7957
23 | 9.2604 | 10.1957 | 11.6886 | 13.0905 | 35.1725 | 38.0756 | 41.6384 | 44.1813
24 | 9.8862 | 10.8564 | 12.4012 | 13.8484 | 36.4150 | 39.3641 | 42.9798 | 45.5585
25 | 10.5197 | 11.5240 | 13.1197 | 14.6114 | 37.6525 | 40.6465 | 44.3141 | 46.9279
26 | 11.1602 | 12.1981 | 13.8439 | 15.3792 | 38.8851 | 41.9232 | 45.6417 | 48.2899
27 | 11.8076 | 12.8785 | 14.5734 | 16.1514 | 40.1133 | 43.1945 | 46.9629 | 49.6449
28 || 12.4613 | 13.5647 | 15.3079 | 16.9279 | 41.3371 | 44.4608 | 48.2782 | 50.9934
29 || 13.1211 | 14.2565 | 16.0471 | 17.7084 | 42.5570 | 45.7223 | 49.5879 | 52.3356
30 | 13.7867 | 14.9535 | 16.7908 | 18.4927 | 43.7730 | 46.9792 | 50.8922 | 53.6720
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Phu luc 3: X~t(n) ; P(X>t,(n)) = a

n\a 0.005 0.01 0.02 0.025 0.05 0.1
1 63.6567 31.8205 15.8945 12.7062 6.3138 3.0777
2 9.9248 6.9646 4.8487 4.3027 2.9200 1.8856
3 5.8409 4.5407 3.4819 3.1824 2.3534 1.6377
4 4.6041 3.7469 2.9985 2.7764 2.1318 1.5332
5 4.0321 3.3649 2.7565 2.5706 2.0150 1.4759
6 3.7074 3.1427 2.6122 2.4469 1.9432 1.4398
7 3.4995 2.9980 2.5168 2.3646 1.8946 1.4149
8 3.3554 2.8965 2.4490 2.3060 1.8595 1.3968
9 3.2498 2.8214 2.3984 2.2622 1.8331 1.3830
10 3.1693 2.7638 2.3593 2.2281 1.8125 1.3722
11 3.1058 2.7181 2.3281 2.2010 1.7959 1.3634
12 3.0545 2.6810 2.3027 2.1788 1.7823 1.3562
13 3.0123 2.6503 2.2816 2.1604 1.7709 1.3502
14 2.9768 2.6245 2.2638 2.1448 1.7613 1.3450
15 2.9467 2.6025 2.2485 2.1314 1.7531 1.3406
16 2.9208 2.5835 2.2354 2.1199 1.7459 1.3368
17 2.8982 2.5669 2.2238 2.1098 1.7396 1.3334
18 2.8784 2.5524 2.2137 2.1009 1.7341 1.3304
19 2.8609 2.5395 2.2047 2.0930 1.7291 1.3277
20 2.8453 2.5280 2.1967 2.0860 1.7247 1.3253
21 2.8314 2.5176 2.1894 2.0796 1.7207 1.3232
22 2.8188 2.5083 2.1829 2.0739 1.7171 1.3212
23 2.8073 2.4999 2.1770 2.0687 1.7139 1.3195
24 2.7969 2.4922 2.1715 2.0639 1.7109 1.3178
25 2.7874 2.4851 2.1666 2.0595 1.7081 1.3163
26 2.7787 2.4786 2.1620 2.0555 1.7056 1.3150
27 2.7707 24727 2.1578 2.0518 1.7033 1.3137
28 2.7633 2.4671 2.1539 2.0484 1.7011 1.3125
29 2.7564 2.4620 2.1503 2.0452 1.6991 1.3114
30 2.7500 2.4573 2.1470 2.0423 1.6973 1.3104
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